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PREFACE. 

This work originated from the conception that the practicing 
engineer or engineering student would welcome a consolidation 
of the formulas and constants for which he is accustomed to 
search through several volumes and that the application of each 
formula might be explained more concisely than in texts devoted 
exclusively to the process of derivation. With this end in view 
those engineering formulas, mathematical operations and tables 
of constants which appear to be most useful are presented in 
systematic order and in a size of book designed to fit the pocket. 

Each formula is preceded by a statement in which its appli- 
cation, the symbology of the involved physical quantities and 
definite units of measurement are indicated. It is believed that 
this method of presentation increases the speed of selection and 
understanding of a desired formula and insures greater accuracy 
of substitution since data units of any kind may be converted 
into specified units by reference to the table of conversion fac- 
tors. The sequence of the formulas is based generally upon their 
order of derivation so that the understanding of a formula may 
be entailed by inspection of the formulas which precede it. 
All catchwords, symbols and formulas are printed in full face 
type and each formula or group of formulas is numbered to facili- 
tate reference to the text or cross reference between formulas. 

For the practicing engineer the aim throughout has been to 
enable him to obtain results quickly and accurately even in a 
branch of engineering to which he can give little attention. For 
instructional purposes the object has been to present a summary 
of the important relations which may be derived from funda- 
mental principles so that the student may give his undivided 
attention to the sources of engineering knowledge, the evolution of 
engineering formulas and their applications. It is suggested that 
class room exercises devoted to the derivation of the stated formu- 
las be given to increase the student's comprehension of the origin of 



his working formulas and of the mathematical operations which 
intervene as well as to create discrimination between those re- 
lations which are fundamental, derived and empirical. In the 
solution of problems original data may be given in terms of 
units not speci&ed in the formulas and for conditions not defi- 
nitely prescribed in the text. 

The writer wishes to express his obligations to his assistants 
for their cooperation in preparing the work, to Mr. C. H. Suther- 
land and Mr. A. F. Brown and to Professors H, B. Phillips and 
W. V. Lyon for many effective suggestions and reading of proof. 
While every effort has been made to insure accuracy of statement 
in both formulas and tables experience indicates that in texts 
containing so many symbols and numbers minor errors may still 
exist and the authors will be grateful for notice of them. 

RALPH G. HUDSON. 
Cambudge, Mass., 
November, 1916. 
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MATHEMATICS 



ALGEBRA 

1 Powers and Roots 

a" = B-a*a-...toii factors. a-" — — • 

a"..--«"^-; 5 = a—. {ab)- = a''b-; (fe)"" g* 

(a")« = (a-)" = a™. (^)™ = g. 

.i=^a. a^=<^. ^b = >/-a^; ^^ - ^. 

2 operations with Zero and Infinity 

«-0 = o;a-M =co; o-°oia indeterminate, see page 37. 

I --I— 5 37. 



a" = CO, if a*>i; a" = o, if a'<i;a"= i, if a' = i, see also 
a-" =0, ita'>i; a-" =00, if a'<i: a-"-i, if a' = i, sees 
a — a=-o; 00 — a^oo; 00 — oois indetenninate, page 37. 

3 Binomial Expansions 
(a ± b)' = a' ± a ab + b>. - 

(a ± b)' = 8' ± 3 at 4- 3 ab* ± !>'■ 
(■±b)* = a*±4a'b + 6an»'±4ab» + b*. 



Note, n may be positive or negative, integral or fractional. When n 
b a positive integer, the series has (n + i) terms; otherwise the number of 
terms ia iafinite. 



: .•, . , , . M<|thMiutiC8 

aial, EzpaAsipns 

i+4'+'.i .3^-i'+b'.-tV+d'+...+a«Cb+e+d+. . .) 

+ d+ . . . )+2c(d4- ...)+■■- 

the squares of each term and twice the product of each term by 

I of the ternia that folbw it. 

c)> - [(■ + b) + c]' = (1 + b)' + 3(a + b)"c + 3Ca + Wc" + c». 



C«+b)(a-b). 

(a + bV=7)(a-b-«/^). 

(a-b)(a' + ab+b»). 

Ca+b)(a'-ab+b'). 

(a> + abv^ + b') (a» - ab V5 + b>). 

-(a~ + b»)(a"-b"). 

. (a - b) (a--' + a— n> + eT-^V + . . . + b"-"). 

. (a + b) {a»-' - a"-* + a.'-V - ... - b"-") if n ia even. 

' {a + b) (a*-' - a-'-^b + a'-'b' - . . . + b--') if o ia odd. 

ad ProportdoQ 

c :.d, or j- = ^, or ad => be, then 



t + d. a + t b + d 
c-d' .-c b-d 




ma mc 






a» c» 


? = .... then 




e a+c+e+ 


.. pa+qf+i.+ ... 


1 b+d+f+ 


.. pb+qd + rl+... 


.„d ?-f..h„s-,^ 





It Factor of Proportionality, fe 
y varies as x, or 7 is proportional to x. 
J varies inversely as x, or 7 is inversely proportional to X. 

E, 7 varies jointly as z and z. 

-, 7 varies directly as x and inversely as c 



8 Logarithms 

(a) Definition. If b is a finite positive number, other than i, and b' — N, 
then z is the logarithm of H to the base b, or loga N = z. If logi, If = z, then 
V = W. 

(b) PiopertieB of logaiithma. 

, . , , 1 + 00 . when b lies between o and i 

logfc b = I ; logM ^ o; lo» - I _ ^ ^j,^ J, ,i^ ^^^^ , ^^j ^ 

logfcM-H-logiM+logfcM. logfc-^ =logfcM~log4N. 

iogbTX" = plogbV- lo8* v^ = -J logs N. 



»N-'^^. lo»b* = lT;b- 



_ 1<^W 

lOgab' 

(c) Systems of logaritiuns. 
Common (Briggsian) — base lo. 

Natural (Napierian or hyperbolic) — base 2.7183 — , (designated by • or t). 
Note. The abbreviation of "common li^arithm" is "log" and the 
abbreviation of "natural Ic^rithm ia "In." 

(d) Characteristic or integral part (c) of ttie common togarithm of s 
iuimb«r (N). 

If H is not less than one, c equals the number of integral figures in N, minus 
one. 

If N is less than one, c equals 9 minus the number of zeros between the 
decimal point and the first significant figure, minus 10 (the —id being written 
after the mantissa). 

(e) Mantissa or decimal part (m) of the common logarithm of a number H. 
If Hhas not more than threefigures, find mantissa directly in table, page 234. 

If If has four figures, in - mi + 73!™" — "li). where mi is the mantissa 
corresponding to the first three figures of N, mi is the next larger mantissa in 
the table and f is the fourth figure of N. 

(f) Number (K) corresponding to a common log^ritimi iriiich has a chai- 
acteriatic (c) and a mantissB (m). 

If N ia desired to three figures, find the mantissa nearest to m in the table, 
page 234, and the corresponding number is H. 

If N is desired to four figures, find the next smaller mantissa, m,. and the 
next latter mantissa, mi, in the table. The first three figures of H correspond 

to mi and the fourth figure equals the nearest whole number to 10 I — ] • 

\m, — mi / 
Note. If c is positive, the number of integral figures in H equala c plus 
one. If c ia negative (for example, 9 — 10 or — i), write numeric c roinua one 
zeros between the decimal point and the first significant figure of H. 

(g) Natural logarithm (InJ of a number (N). 

Any number, N, can be written N — Hi X io±p, where Ni lies between I 
and 1000. Then InN = InNi ± pin 10. 

If H] has not more than three figures, find InH] directly in table, page 336. 



If Hi has (our figures, Ni is the number composed of the first three figures of 
Su and f ia the fourth figure of IT], then 

InN, = InN, + ^ [to (H, + r) - InHJ., 

(h) Number (H) coiTeBpondiiig to a natural logarithm, to H. 

Any logarithm, In N, can be written to H = In Hi ± p to lo, where In Hi lies 
between 4.6052 = to loo and 6.907S = to 1000. Then H ■ Ni X io±P. - 

The first three figures of Hi correspond to the next smaller l<^rithm, In Hi, 
in the table, and the fourth figure, t, of Hi equals the nearest whole number to 

/ toWi-toH.. \ 
'°lto(H,H-i)-toH,i' 

9 The Sohititm of Algebraic Equations 
(a) The quadratic equation. 

If ax* + ta + c = o, 

- b ± Vb'-4ac 



then X = — 

^^ I the roots are real and unequal, 
Ifb* — 4ac =o| the roots are real and equal, 

[ the roots are imaginary. 
(b> The cubic equation. 

Any cubic equation, J* +t^ + <a +t = a may be reduced to the form 
x' + aT+b = »byaubatitutingfory the value (x— ^J. Here a = t(3q— J*), 

Algebrolc Solution of^ + ax+b-o. 



-■s/-H'^^f,---\/-h 



J. ,i=- I ' ■**' "^^- 2 conjugate imaginary roots. 

It — I "o|3 real roots of which 2 are equal, 

[3 real and unequal roots. 
Trigonometric Scriution ofx*-t-az + b»o. 

In the case where — | < 0, the above formulas give the roots in a form 

impractical for numerical computation. In this case, a b negative. Compute 



=v/H 



the value of the angle 1^ from cos ^ = V~ ''" ( ^1 (see page 260), then 



i = =F 



,y/^«..i,=F, ;/-!». (| + „o-),=F.y/Ii COS (4 + ,4o-). 

where the Upper or lower signs are to be used according as b is po»tive or 
negative. , , ^.v.,.-,^.^ 



Algsbni fi 

In the case where — | > o, compute the values (rf the angles ^ and ^ 

from cot 2 ♦ = 1/ — -i- — , t«n + = "i^tan if; then the real root of the equa- 



•-V3 



cota+, 



where the upper or lower sign is to be used according as b is positive or 
negative. 

In the case where — + — = o, the roots are 

where the upper or lower signs are to be used according as b is positive or 
negative. 

(c) Tbe biquadratic equation. 
Any biquadratic equation such as 

y*+pj' + qy'+i7 + " -• 

may be reduced to the form 

r'+ax> + bx + c-o 

by substituting for y the value I z — ")■ 
If x* + ax" + bx + c ■" o, form first the cubic equation 

and solve as indicated in 9 (b). 

If the roots of the above cubic equation are t,m, and n, then the roots of the 
biquadratic equation are: 
if b is posifioe, 

i=.--v1~VS-VS, -Vl + Vi + Vn, 
Vt-vm + v^ Vi + Vm- Vij 
if b is ittgalive, 

liVI + VS + v^, vt-vm-Vi, 
-vt + Vm-VH, -vT-V^+Vi. 

(d) Gra^cal solution of the cubic and biqiudiatic equationo. 
To find the real roots of the cubic equation 

x* + ax + b — o, 

draw the parabola Cp^e aa) y* — 2 x, and the circle (page 21), the coSrdi- 

nates of whose center are x =■ . J = — -5 ■ *•"! which passes through the 

4 " 

vertex of the parabola. Measure the ordinates of the points of intersection; 

these give the real roots of the equation, ' .^.vi^s'^ 



6 Mstbenuties 

To find the real roots of tbe biquadratic equation 
i< + (ut" + bx + c - o, 
draw the parabda 7* — 2 x, and the circle the coordinates of whose center are 
x = 4^^,y- -land whose radius iBi/f^—^V+f-sV--. Measure 



^\/m 



the ordinates of the points of intersection 1 these give the real roots of the 

Note. The one parabola y* = 3 z drawn on a large scale suffices for the 
solution of all cubic and biquadratic equations. 

(e) The binomial equation. 

If ^ = a, the n roots of this equation are: 
if a is pontile, 

if a is negative, 

, . .yr:(...M±i); + v-,^ '-^ii^'). 

where k takes in succession the values o, I, 2, 3 .... n — I. 

(f) The general quadiatic equation. 

If ax«" + bx" + c = o. 

then ^^-b^V^ac, 

and X is found as in g (e). 

(g) The general equation of the nth degree. 

P s pox" + p,x"-' -1- PiX"^ + . . . + p»_i X + fn-'O. 

There are no formulas which give the roots of this general equation if 
n>4. If n>4, use one of the following methods. These are advant^eous 
even when n = 3 or n — 4. 

Method I. Roots by factors. 

Find a number, r, by trial or guess such that x •^ r satisfies the equation, 
that b, such that 

por" + ftr"-' + pir"-« + . . . +pB-ir + Pn = 0. 

(Integer roots must be divisors of pn.) Then x — r is a factor of the left 
member of the equation. Divide out this factor, leaving an equation of 
degree one less than that of the original equation. Proceed in the same manner 
with the reduced equation. 

Method II. Roots by approximation. (The "pinch" method.) 

If for X = a and X = b, the left member, P, of the equation has oppo^te 
»gnB, then a root of the equation lies between a and b. By this method the 
real roots may be obtained to any desired degree of accuracy. For example, 
let P have the signs given in the following tables: 

roots lie between ~3 and —I, be- 



Pl - + + + ■ 

X I r ... 1.3 M i-S - 



It lies between 1.4 and 1.5. 



Pl + + - 

X [ 1.46 1.465 r.47 



t lies between 1.46 and 1.47. 
it lies between 1.465 and 1.47. 



PI 

Therefore one root ia x = r.47 to the nearest second decimal. 

10 ProgreB^ons 

(a) Arithmetic progreBBion. 

a, ft + d, a 4- 3 d, a -|- 3 d, . . . , where d = common difference. 
The nth term, tn = a + (n - i)d. 

The sum of n terms, S, = 5 [2 a + (a - i)d] = | (a + 1,). 
The arithmetic mean of a and b = ■ 

(b) GMunetric progresuon. 

a, ar, ai*, ai*, . . . , where r = common ratio. 
The nth term, U = ar^'. 
The sum of n terms, S, = al " ~M = ^~* - 
If r'<i, Sn approaches a definite limit a 



The geometric mean of a and b = v^. 

Interest, Annuities, Sinking Funds . 

11 Amount (An) of a sum of money or principal (P) placed at a rate 
of interest (r)* for s years. 

At wmple interest: A„ = P (l + nr). 

At interest compounded annually; An = P (l + r)". 

At interest compounded q times a year: An = Pli + -J ■ 

12 Present value (P) of an amount (An) due in n years at a rate ot 
interest (r),* 

At simple interest: P - -^ — 

*^ i+nr 

At interest compounded annually: P = r — ;. .„ ■ 

At interest compounded q times a year: 



hir 



Note. The present value of an amount due in n years is the sum of money 
which ]riaced at interest for n years will produce the given amount. 

13 True discount (D) or the difference between the amount (A.) due 
at the end of a years and its present value (P). 

D = A„ - P. 

14 Annui^ (N) that a principal (P), drawing interest at the rate r," 
will give for a period of n years. 

• Expressed as a decimal. ^.v'>/^,,ii 



ded anaually: N = P 



lQdi«in>tic9 



r)« 



ty ia a fixed sum paid at r^ular intervals. 

llue (P) of an annuitY (N) to be paid out for n con- 

nterest rate being t* 

dedannuaUy: P-N ^'^^^'~' - 

a smldllg fund (S) created by a fixed inveatment (N) 
lODipound interest (r)* (or a term of n years. 
g^j^ (i + r)--i 

Stment (N) placed annually at compound interest (f)* 
a to create a einldng fund (S). 



" (I + r)- - I 

TRItiONOMETRT 
«Ie 

mount of rotation (in a fixed plane) by which a stra^ht 
from one direction to any other direction. If the rotation 
the angle is said to be positive, if clockwise, negative. 

ft 

t the plane angle about a point. 

gle subtended at the center of a circle by an arc equal in 

c Functions <i£ on Angle 
= Z. 



cotangent (cot) a 
secant (sec) a 



r' 

Fic. i8. 



cosecant (esc) a^ 
exsecant (exsec) a = seca — i, 

yersine (vers) > •= i — cos a. coreisiiie (covers) a i i — sino. 
Note, i is positive when measured along OX, and negative, aloi^ OX ; 
J is podtive when measured parallel to OY, and negatile, parallel to OT'. 
* Expressed as a decimal.^ \ 



Trigntoautry 
19 Signs of tba Ftmctioos 



QwdnU 


^ 


«» 


^ 


.c. 


-e 


ac 




t 


+ 
+ 


+ 

+ 


+ 

+ 


+ 
+ 


+ 
+ 











20 Functions ot o°, 30°, 45°, 60°, 90°, 180°, 370°, 360° 





'■ 


30" 


„• 


fio" 


90* 


iBo- 


.™- 


Jfa" 




' 






'vi 

V3 


o_, 


.^-_ 


CO 


CO 'j 






cot ( 




CO 


3 




,Vi 

3 


«, 











21 Functionof Angles in any Quadrant in Tenns of Angles in 
first Quadrant 





- 


9o°±« 


iSo'^a 


,„•.* 


i>{3*0)°±* 


sin 


-sin a 




Tsin« 


-COS* 


±sina 




+cosa 




-cos« 


±sin« 


+COS* 


tv,..> 


-tan» 


Tcot* 


itaoo 


Tcota 


±tan* 




-cot* 


=Ftana 


±cota 


Ttan* 


±cot* 


sec.... 


+seca 


Tcaco 


-sec« 


±csc« 


+sec* 


CSC.... 


— C8C« 


+seca 


Tcscc. 


—sec* 


±csc* 



\ Note. In the last column, n ■= any integer. 



10 HathematicB 

22 Fimdamental Relations Among tlie Functions 
COS" = 



"""-a^' 




aeca' 




cot a 


C08» 


CSCB-- 


na' 


s«« 


"cob-' 


COt« 


"Sn^" 


s^ 


Sin'a + c 


«s'» = I 


sec'B 


-tan'a = 


; csc>- 


-cot>« 


= I. 


23 Functions of Multip 


e Angles 








Bmaa = 


3 Bin a cos ah 










coBsa •= 


acoB^n- 


-1 = 1 


-2 8in'- = 


cotf-- 


^<«. 




«n3» = 


3Sina- 


4 Bins a 










C0S3a = 


4COs'a 


-3 "SB 










Bm4a - 


4SUiacc 




Bill>acOB>; 








CoS4a = 


Scos'a 


-8 COB' 


i + I. 








Sinna- 


3sm(n 


-l)«CO 


sa - sfal (n 


-2)«; 






coan4 = 


2cos(n 


-i)ico 


s a — COS (n 


-2)*. 







21 Functions of Half Angles 

* On a. I +coaa V i +co8n 

25 Powers of Functions 

Bin'- = i (i —cos 2 a); cos'a = 1 (l +C0S2«). 

Bin' a - i (3 sin a — Bin 3 «) ; COB*a - IfcoBja + 3C08«}. 

8ill"« - i (C0S4« -4C0S2« +3); C08*« = i(COB4a + 4COB3a4-3)- 

Bia"«=* }- — ly.- -] J C08"a ^-i-fy + -1 . 

Intbelast two formulas, expand!; ± ~) byj and then write! y* + r; J 
= 2ciBkxand^y* - ^ ) _ 2 V^ sin kx. 

26 Functions of Sum or Difference of Two Angles 

nn (a ± p) = sin a cob p d: cob a sin p. 
cos (> ± P) = cos a COB p 7 sin a sin p. 

*"t'=^P>= i=Ft«n4tanp - 

27 Sums, Differences and Products of Two Functions 

sinaiwnp - 2 sin K» ± P) cos i {» =F P). 

cosa + cosp - acosi C + P) cosi {»-P). „,|,, 

cos* - COB P - -2Binl {»4-P) sinH"-P). --"-y"- 



Trigonometry 

,„.±,„j - 1° '•*?' . 

■^ cosbcobP 

sini a - Bin* P = sin (a + P) sin (a - p). 

cos*a - cos' p "^ - sin (a + P) Sin (a - P). 

cos*a - sin' p ^ COB (a + P) cOB (a - P). 

mnaaiiip ^ icos (a - P) - Jcos (a + P). 

cosacoap = jcoB (a - P) + jcoa (a + p), 

sinacosP = jsn (« + P) + i sin (a - p). 

28 Equivalent Ezpresmons for sin a, cob a, and tan a 



Vi +twi'* vT+coPa 
^ cos* ^ tan* ^ sinzo _ vTTT" 
cot « sec a 2 cos «■ 



= 2Bin -cos- 







I 


COta I ^ 


/sw'. - r 




V 


+ t«i'« 

^COltt^ 

^Csca ^ 


Vi+coPa seca 


.csc« 


-«..".. =^: 


^;.VH. +».... 






V^ 


-'■^■^— ;-■ 




-COB"* 


c—L- . VEec>a-l s- 
cota -V 




Vi - Bin>a 


CBC'a- I 


tint. Bec« 




Bill2(i 


2tsn? 
I - cos 2 a 2 




CO>a GBCa 


+ COBa* 


8^2' , t.„,? 





29 DeflnitionB of Inverse or Anti-functions 

Sin~' & is defined as the angle whose sine is b. Sin~' a has an infinite 
number of values. It « is the value ot dn"^ a whicfa lies between —90° and 
-1-90° {— - and + - radians I , and if n is any integer, 

dir^«= {-!)"»+ n-iSo" -(-i)"a + n«. [similarly tor csc"' al 
I Cob-' a is defined as tfie angle whose cosine is a. Cos'' a has an infinite 
number of values. It a is the value ot COS-' ft which lies between 0° and 180° 
' (o and It radians), and if n is any integer, 

-< COB-' a = ±a + o • 360° = ± « + a n w, [^milarly tor soc^ a] 
Tan— ■ a is defined as file angle irtiose tangent Is a. Tan-^ a has an infinite 
number of values. If n is the value of tan-* a which lies between 0° and 180° 
(o and « radians), and it n is any integer, 

taii~>a * a -|-n> iSo' " t, + jfw. I^niilarly for cot~' a] 



12 Madiematics 

30 Some Relations Among biverse Fmictions 



COS-' a = dn~' Vi —t? =• 




tanr'a = sin"* 

-esc-* 

cot-' a — tan-'- ; sec' a = cos-'-; esc-' a — siii-» -■ 

TerB->a-=coB-'(i — a); covorr-'a — siii-'O — a) ; exsccr-' a 

Bin-'a isin-'b = dn-'(a Vi - jj^i b Vi - a"). 

cos-" a ± cos-' b = cos-' (ab T Vi -a' Vi -b^. 

tanr' a ± tso-' b = tan-' -- . ■ 
1 =Fab 

sill-' a + COB-' a " 90"; tan-' a + cot-' a = 90°; aac-" a + 

if filn-' s, tan-' a, esc-' a lie between —go" and +90° 

and cos-' a, cot"' a, see-' a lie between o" and 180°. 

81 Solution of Trigonometric Equations 

By means oC the relations expressed in 18 to 30 inclusive, reduce the given 
equation to an equation containing only a single function o[ a single angle. 
Solve the resulting equation by algebraic methods, 9, for the remainini 
function, and from this find the values of the angle, by 39 and table, page 260, 
Test all these values in the original equation and discard those which do nol 

Solution of Some Spedal Equations. 

If sin a = sinP, then <»= ( — i)"p + n' 180°. (n = any integer) 

If COS a = cos P, then * = ± P + 2 n • 180°. 

If tana = tanp, then <> = ft + n-i8o°. 

If coaa = Hinp, then a •-±pT9o'' + 2n' 180°. 

If tana ^ cot P, then* = -P +9o" + n- 180°. 

Ifacosa + b^na = c, and a, b, c are any numbers, and ^ ^ af + V 

then a = tan-' - + cos-' , 

»■ Va' + b" 



32 Properties of Plane Tritngles 

notation, (i, P, 7 = angles; a, b, c — sides. 

A = area; U = altitude on b; s - ) {« + b + c). 

r = radius of inscribed circle; R — radius of di- 

cumacribed circle. 
» + ?+> = '80" = » radians 

a ^_b c__ 

tina sinP BI117 

«+b tan Ka + P) , 

a _ b " tan i (a - P) 

a'^b' + C— 3 bccoao,* a — bcosT + ccosP.* 





bi -cdn«« -arin-f* - | Vg (a - a)(B - b)(8 - c).« 

^.^ t.-.)(.-b) gHi.(.-.)a„|.- 



A ~ Jbh»* ~i ab bidy 



, a' gin Pain If *^ 



^^ =Vs(.-.)(a-b)(s-c)-r.. 



33 Solution of the Right Triai^^e 

Given any two sides, or one eide and any acute angle, «, to find the n 
maining parts. 



a=> V'(e + b)(e-b) =cdna = btana. 

b-p V<c+a)(C-«) =CCOSa = ;;^- 



slaa cosa 
A c= i ab = -^ 



= v'a' + b». 
ytan* c'si 



'Two more formulas may be obtained by retracing a by b, b b^ c^ c b^ a, 
a by P,P by If. If by*. ^^ '-■'' 
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Haflumalics 



34. Solation of Oblique Triangles. {For numerical work, uae 
tables on page 360.) 

I. Given any two angles a and ft, and any ade c. 

II. Given any two sides n and c, and an angle opposite one of these, say «. 

NoTB, 1 may have two values, yi < 90° aid Th = 180* — Tfi > 90°. If 
« + Ih > 180°, use only ifi. 

Fio. 34 0)- Fro. 34 (It). I 

III. Given any two sides b and c and their included angle n. Use any one 
of the following sets of fonnulas: 






(I) *0+T)-9o"-i'': taniO--»)"^taiiiO+-») 

P = i(P+t) + iO-7); 7-i(P+Y)-l(P-Y); •- _^ 

{2) a - v'b>+c'-2bcco8o ; ^ P = lL™i ; Y _ 180° - (* + P). 



c Bin* 
ainY 



^r^ 



IV. Given the three sides a, b, and c 
Use either of the following sets of formulas. 

(.).-ic + b+c). ,,y/ c-')c-t)( EZi. 

taol.-^-^> *«»*P-i-rb' **°l'i'"r^" 



HenBoratloii: Lengtiis, Anu, Volumes 



MENSURATION: LENGTHS, AREAS, VOLITMES 

Notation : s, b, c, d, ■ denote lengths, A denotes area, V denotes vdume. 



35 Right Triangle 

A — J ab. (For other formulaa, see 33) 

c - Va» + b>, ■ - Ve»-b», b - V^^l?. 

36 Oblique Trion^e 

A = i bh. (For other formulas, see 3a, 34) 



37 Equilateral Triangle 




38 Square 
A = a«; d - a V£ 



/ 



39 Rectangle 

A - ab; d = Va« + b». 



40 Parallelogram (oppoeite aides parallel) 



d, - Va' + b* -3abcosa; 
d, = Va' + W + 2 «b cos a. 

41 Trapeioid (one pair of opposite aides parallel) 
A = ih(a + b). 

42 Isosceles Trapezoid (non-parallel sides equal) 
A-ih(a + b) = icsina(a+b) 

— c sin a (a — c cos a) ~ c sin « (b + C COS a). 



7^ 

L 



FtG. 39. 






Fig. 40. 

I 

Fio. 41. 



Uattiematics 



43 Trapezilim (no aides parallel) jT^'--. \V 

A - i {ahi + bhj) = sum of areas of 2 triai^es. 



44 R.g„l« Polygon of n Sides j-'l:^;^,! ^r. 
P = — — i8o° — — - — « radians. 

360° a « ,. 
B— '^-— = -— radians. 






■ 




B 


A 


irVj.RVJ 


i.V5 


uv^ 




U'v^ 


-31"^ 


4 


i,-Ev^ 


i. 


laVJ 




a' 


-4r'-iR' 


6 


fiVJ-E . 


t«^ 


ft 




ia'Vj 


-=,.V5 


8 


2r(V;-,) 


H(VI+i) 


iaV4+aV5 


1 a' (VI + 


-»R-Vi 
) .8r'(Vj-,) 




- » Va - V3 










-2R>V5 


n 


.,».? 


?„t? 


"r«r? 




!^».5 


























































» 




A(elr6l«) = »R' = lirD» = JRC = JDC. 



Hensunitioii:_L«iictlu, Areu, V^nmM 
I) =A{,,etw> -A{trtail«) -iR'(»-sina) - JRfc -R«il 
- JlV4R« -P =R>c<w-'5-dv'a' -# 



=R'c< 

46 Ellipse* 
A =mb. 
Perimeter (a) = 



3R 
^R-h 



(R-hWaRii-W. 



® 



-+'>D+'(S?rM(S-3'+di(S?y+-]- 



47 Parabola* 

A = !ld. 

Lei^h of arc (b) - i Vi6d' + P + g^li 

-[■ + .(¥)--'(^ 

Height of segment (di) - n (1' - Ii')- 
Width of segment {!■) - 1 V^-j^' ■ 

48 Cycloid * (r •= radius of generating circle) 

. A = 3 w*. 

Length of arc (b) = 8 r. 



49 Catenary* 

Length of arc (s) ~ 1 1 i + 1 1 -p I I approximately, 
if d b small in comparison with 1. 



60 Area by Approximatioa 

Let ;«, fi, yi, • ■ ' , 7ii be the measured 
lengths of a aeries of equidistant parallel 
chiM'ds, and let h be their distance apart, 
then the area enclosed by any boundary is 
given approximately by one of the following 




* For definition and equation, see Analytic Geometry KPRv?ii7?7" 
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Mathematics 



A,-h[iCf. + y,)+y.+y,+ . . . +y,-,l 

(TrapeicdiUl Role) 

A, = hio.4(yo + y-) + i->{y.+T-^)-[-y. + T.+ . . . +y-.l 

(Dnnnd's Rule) 

A,=ih[(yo+y,)+4(yx+y. + . ■ ■ +y-i) +2{y,+y. + . . . +y«_)J 
(Smpson's Rtilei where n is even). 

The lai^^ the value of n, the greater is the accuracy of approximation. 
In general, Eor the same number of chords, A« gives the most accurate, Av, 
the least accurate approximation. 



61 Cube 

V = a>; d - av^. 
Total surface = 6 a*. 



fiS^ 



62 Rectai^ular Prism 

V = abc; d = Va» + 1)> + €». 
- Total surface = 2 (ab + be + ca). 



' 63 Prism or Cylinder 

V = (area of base) X (altitude). 
Lateral area ^ (perimeter of right 
section) X (Uteral edge). 



64 Pyramid or Cone 

V = J (area of base) X (altitude). 
Lateral area of regular ^ure •• 

) (perimeter of base) X (slant 
height). 

66 Frustum of Pyramid or Cooe 

V = J (Ai + A, + VaTx^) h, 
where Ai and Ai are areas of bases, and 
h is altitude. 

Lateral area of regular figure = 
) (sum of perimeters of baaeB)X(slant 
height). 




Hensuratioii; Lengths, Atmb, Volumes 



66 Prismatoid (bases are 
V = iCA, + A, + 4Am)h, 



n parallel planes, lateral 
! triangles or trapezoidB) 




' S7 Sphere 

A(ipiuti> 



V((pliBrica) Mctor] 



-4«R>='tD>. 

= 3 «Rh - wDh. 



V(ipheric>l Mgmaal ol ons buc) 

- irt,(3r.» + h,') = irt,"(3R-h). 

V(aphericil nfiiHat of two bassi) 




68 Solid Angle (4'), at any point (P) subtended 
by any surface (S), is equal to the portion (A) of the 
surface of a sphere of unit radius which ia cut out by 
a conical surface with vertex at P and the perimeter 
of S for base. 

The unit solid angle (<!') is called a steradiUL 

The total solid ai^e about a point =4'* steradians. 



69 EUipSoid 
V = Jwabc 



SO Paraboloidal segment 

V(M(iD«nt of one Ixiel ^ i irri'h. 
VfMsiDBiiI of two bMN) = i «d (r,* + r^). 




..EPK^fie. 



61 Torus 
V -2w'Rr». 
Surface (S) - 4 tflRi. 



62 Solid (V) or Surface (S) of Revolution, 

generated by revolving any plane area (A) or arc (a) 
about aa axis in its plane, and not crosdi^ the area 



V = 2 «RA; S ^ 3 *E 
where R = distance of o 
arc from axis. 



X of gravity (G) of a 



^-(9 



ANALYTIC GEOMETRY 



63 Rectangular Codrdlnates. CFig. 63) 

Let two perpendicular lines, X'X {x-axjs) and 
YT Cy-axia) meet in a point (origin). The 
portion of any point P (J, y) ia fixed by the dis- 
tances z (abscissa) and y (ordinate) from YTf and 
X'X, respectively, to P. 





Z' 




"\ 






X' 


r" 


— X 



la + above and — be- 



64 Polar Coordinates. (Fig. 64) 

Let O (origin or pole) be a point in the plane and OX initial line) be any 
line through O. The position of any point P (r, V) is fixed by the distance 
f (radius vector) from O to the point and the angle 6 (vectorial angle) measured 
from OX to OP. 

Note, r Is + measured along terminal side of 8, r is — measured along 
terminal adeofO produced; 6i3 + measured counter-clockwise, 6 is — measured 
cidckwise. 



66 Relations connecting Rectangular and Polar Coordinates 



r- Vx» + y«, e-taii->|,i 



" v^+y' 



Aiulytlc GeometiT 

66 Pt^ts and Slopes. (Fig. 66) 

Let Pi (ft, yi) and ft {^, yi) be any two points, 
and let <> be the angle from OX to PjPi, measured 
cou nter-clockwise. 

P.P, = d - V(^-ft)' + (y,-y,)». 
Mid-point of P,P, is (^^^ . ^-j^*} 
Point which divides P| ft in tlM ratio mi : mi ia 
/ mtt + nWi miyi + miyi \ 
V nii+nit ' nii+mi / 

Slope (rf PiPi- tan* - m ■ ^ ~^' - 




Angle between two lines of slopes nii and nii isp- tan-"— ^ ■ 

Two lines of slopes mi and mi are perpendicular if nit = • 

67 Locus and Equation 

The collection o[ all points which satisfy a given condition is called the 
locus of that condition; the condition expressed by means of the variable 
<:o5rdina.tes of any point on the locus is called the yjuation of the locus. 

The locus may be represented by equations of three kinds: 

Rectangclar equation involves the rectangular coordinates (z, y). 

Polar equation involves the p<^ codrdinates (r, fl). 

Parametric equations express z and ; or r and A in terms of a third inde- 
pendent variable called a parameter. 

The follow!:^ equations are given in the system in which they are most 
simply expressed; sometimes several forms of the equation in one or more 
systems are given. 

68 Straight Line. (Fig. 68} 
Ax + By + C=o[-A + B -slope] 
7 - mx + b. [m — slope, b — intercept on OY] 
y - y, = m (x - i,). |m - slope, P, (ft, y,) is 

a known point on line] 
d= A^+BJ' + C 

±va»+b» 

point Pi (xj, yi) to the line Ax + By + C =• o| 

69 Circle. Locus of a point at a constant distance (radius) from a fixed 
point C (center). (For mensuration of circle, see 45] 



[d-d 






■^ 






\^ 



r(x-h)' + (y-k)' = a'. 
|i«+b'-abreos(« -p) -a'. 



C (b, k), lad. = a. 
C (b, P), rad. = a. 
C (a, o). rad. - a. 
C(«,o),rad. =ai.v,ot^lc 







C (o, o), nd. = a. 

C(o,o),rad. - n. 

C (0,0), »d. = a, ^ " angle from 
OX to radiua. 



70 Conic. Locus of a point whose distance 
(rom a fixed point (focus) Js in a constant ratio, e 
(called eccentricity), to its distance from a fixed 
Etra^ht line (directrix). [Fig. 70) 

IX* + y* — e* (d + 1)'. [d •■ distance from (ocus 
de to directrix] 
' ~ I — ecoafl" 
The conic is called a parabola when e = I , an 
ellipse when e < i, a hj^perbola when a > i. 

71 Parabola. Conic where e - i. [Foi 






Fro, 70. 
of parabola, see 47] 




T 



Fio. 71 (1). 



. n (.). 



- k)' - « (X - ii). Vertex (h, k), a 
Vertex (o, o), a: 



ill OX. |Fig.7i(i)l 
IS along OX. 
- h)' - a (y - k). Vertex fh, k), axis || OY. [Fig, 71 (a)] 
Vertex (0, o), axis along OY. 
Distance from vertex to focus — VF = 1 a. 
Latus rectum = LR » a. . , ^.v/v^s'^ 



w 



Analytic Geometry 
72 Ellipse. Conic where e < i. [For mensuratipn d ellipse. Bee 46] . 




(«-h)' , (y-fc)' 



Center (h, k), axes || OX, OY. 
Center (0, o), ajtes along OX, OT. 



b.Fi».Jj(i) b>.,PI(.M(j) 



Major atia 

Blinor a^ 

Distance from center to eiAer focns . . 

LatUB rectum 



Eccentrid^, e 

Sum of distances of any point from Qie fod, 
PF + PF 



73 Kyperbvla. Conic where e > 




(X - h)' (y - k)^ . 



Fig. 73 (3). 
II OX. iFie.?3(i)l 



I. C(h, k), transverse axis II OY, (Fig.73(2)l 



■Transverse a^ = 2 a; conjugate axis = a b. 
Distaiue from center to either focns ■• Va* + b*. 



,,Coot^lc 



Latiia rectnm "» 



aV 



Eccentridty, e = " "^ '^ - 

Diffeience of diatancea of any point from the fod = 2 ii. 
Asymptotes are two lines through the center to which the branches of the 
hyperbola approach indefinitely near; their slopes are ± - (Fig. 73 (l)] or 

± J [Fig. 73 (2)]. 
Rectangular (eqailatnal) hyperbola, h =a. The asymptotes are perpendicular. 

(x - h) (y - k) = ± -■ Center {h, k), asymptotes || OX, OY. 
(3) 

^ ■■ ± — Center (o, o), asymptotes along OX, OY. 
Where the + sign gives the' smooth curve in Fig. 73 (3). 
Where the — sign gives the dotted curve in Fig. 73 (3), 

74 Cubical [Fig. 74 (i)] and Semicubical [Fig. 74 (2)1 Parabolas 
78 Witch. [Fig.75l 



1] 



V 



Fio. 74- 

(1) y =8i». 

(2) y« = ax". 

76 Cissbid. [Fig. 76] 

77 Strophoid. [Fig. 77] 




Analytic Geometiy 
78 Sine Wave. IFig. 78I 



L. 



y -mi 
The cur 



79 Tani 

80 Seca 



(i)y-«tanta. (i) y - a sec ta. 

(2) y = acotbx. ' (2) y = acac bsgk 



Hathttiuittcs 
itial or Logarithmic Curves. [F^. si] 




y » a«±"» and i = a«±"« ai 




Wave of Decreasiiig Amplitude. 




'urve made by a chain (x cord of 

ipended freely between two points 

[Fig. 83.1 [For mensuration of 



-?(i + .-.)- 



C,B8;j^. 



Analytic Oeometir 



84 ■ Cycloid. Curve described by a /^^^"^""^-•^ 

point on a circle which rolls along a fixed ^\ Jf^ } ^\ y' 
straight line. [Fig. 84] J Vfgy i y 



lx = B(+-Bin4.). 



86 Epicycl(rid. Curve deacribed by a point 
on a circle which rolls along the outside of a fixed 
circle. [Fig. 85} 

= (a + b) cos ♦ - . cos f !^t^ ♦]. 



y = (a + b)siii^-aaia( 



86 Cardioid. Epicycloid with radii of fixed 
and rolling circles equal. 

r - a{i + cosei. [Fig. 86] 

r = a(i +siii«). [Fig. 86 rotated through 



«(i 



'S8). [Fig. 86 rotated through 



= tt(i-aliie). [Fig. 86 rotated through 
-90'1 



87 HypOCycloid. Curve described by a point on 
a circle wbtch rolls alo:^ the inside of a fixed circle. 



T = <a-b)cos+-acoB^'^+J. 
y = (a-b)sin+-aaiii[?-=-^+). 



Fig. 88. 

88 Hypocycloid of four cusps : radius of fixed drclc equals four times 
the radius of the rolling circle. (Fig. 88J 
xl + yl = al. 

x = acos*^, y = aBiiii+. , , ^.v/,.-,^,^ 




89 Involute o( the Circle. CuiVe described 

by the end of a string which is kept taut while 
being unwound from a circle. [Fig. B9I 

ly =. a Biii+ -■ + »»+. 



90 LenmiSCate. Locua of a point which moves 
80 that the product of its distances from two fixed 
points (foci) is constant, or PF' X PF = a*. 

f* = 2 a' cos 2 6. [Fig. 90] 

I* = 3 a' Sia 3 S. [Fig. 90 turned through 45°] 



91 N-leared Rose 

(1) r -asinnf. (Fig. 91 (')] 

(2) r = «coan«. [Fig- 91 Wl 

There are n leaves if n-is odd, 2 n leaves if n is ,--'' ^ 




92 Spirals. [Fig. 92) 




Fig. 91 (i). 

(i) ArcIilinediaiL 











c 


"■■ i 


V2 


J; i 



F.C. 92 (i). 
(2} HTperboUc 



Figs. 91 (1), 91 (i). 



Fig. gx (3). 
(3) LogaiiUunic 



AiulTtic G«ometiT 



n. Solid 

93 CoSrdinates 

Let three mutually perpendicular planes, XOT, TOZ, ZOX (coordinate 
planes) meet in a paint O (origin). 

Rectangular syBtem. The position of a point 
P (i, J, z) in space is lixed by its three distances 
X, y, and x from the three cofirdinate planes. 

Cyliudiical system. The position of any point 
P (r, 0, z) is fixed by z, its distance from the 
XOY plane, and by (r, 9), the polar (»3rdiiiates 
of the projection of P in the XOY plane. 

Relatioiu connectiiig rectangular and Cj^indrl- 
cal coBrdinates are the same as those given 
in 65. 

94 Points, Lines, and PUnes 
Distance (d) between two points Pt (xi 



^ 


■ 




""" — / 


<H!C' 


/. ^ 


/i 







y,, ii) andP,(i„y:,ii). 



d = V(i, - !,)> + (y, - yO' + (z, - zi)'. 
Direction cotines of a line (cosines of the angles a, fi, y which the line o 
any parallel line malces with the coordinate axes) are related by 
COB* a + cos" P + COS* 7 = I. 
If COS a : cos p ; ctis Y = a : b : c, 



then cos a = 



Va' + b" + c»' 



cosp •= 






Va" + f + C 
Direction cosines of the line jtAidng Pi (zi, ji, zO and Pi (%, yi, Zi}, 

cos a ; cos P : COS 7 = ii — Xi : yi — yi : Zi — ti. 
Angle (S) between two lines, whose direction angles are a,, p,, 1, and a,, Pi, f,, 

COS e ^ cos a, cos a, + cos pi cos pi + cos ti cos 71. 
Equation of B plane is of the first degree in z, y, and z, 
Ax+By + Cz+D=o, 
where A, B, C are proportional to the direction cosines of a normal or per- 
pendicular to the plane. 

Angle between two planes is the angle between their normals. 
Equations of a straight line are two equations of the first degree, 
Ai« + B,y + C,x + D, = o, Aj + Bj + C,z + D> = o. 
Equations of a straight line through the point Pt {X|, yi, Z|) with direction 
cosines proportional to a, b, and c, 



96 Cylindrical Surfaces 

The locus in apace of an equation containing only two of the coSrdinates 
X, y, z is a cylindrical surface with its elements perpendicular to the {Jane of 



the two coordinates. Conwdered as a plane geometry equation, the equa- 
tion represents the curve of intersection of the cylinder with the plane of the 
two coordinates. 




ClrcuUr Grinders. IFig. 95] [For mensuration see 53I 



(I) 



\t^ + r = 



w 



Parabolic cylinder (3) y* =- ax. 

96 Surfaces of Revolution 

Equation at fbc surface of revolution obtained by revolving the plane 
curve y = fCx) or z - f{x) about OX, 

y+z' = t((x)l«. 
Sphere (revolve circle x* + y* = a* about OX) 

x* + y* + I' = a». (For mensuration of sphere, see 57] 

Soherold (revolve ellipse ~i + u ~ ' ^bout OX) 

^ + ^ + '' = I (fffolate it a > b, oblate if b > a). 
[for mensuration of ellipsoid, see 59] 
Cone (revolve line 7 — mx about OX) 

yi -f- 1> = mix*. [For mensuration of cone, see 54] 
Paraboloid (revolve parabola y* - ax about OX) 

y> -|- z* " ax. [For mensuration of paraboloid, see 60] 

97 Space Curves 
A curve in space may be represented by two equations 

connecting the coSrdinates x, y, i of any point on the curve, 
or by three equations expressing the coordinates x, y, z in 
terms of a fourth variable or parameter. 

Helix. Curve generated by a point movii^ on a cylinder 
BO that the distance traversed parallel to the axis of the cyl- 
inder is proportional to the angle of rotation about the axis. 
x — acost, y — asinS, z =k0, [Fig. 97] 
' where a = radius of cylinder, a 'ric = pitch. , ^ -i 
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DIFFERENTIAL CALCXJLUS 

98 Definition of Function. Notation 

A variable 7 is said to be a function of another variable z, if, when x ig given, 
y is determined. 

The ^mbols f{x}, F(i), +(x), etc., represent various functions of I. 
The symbol f (a) represents the value of f(x) when z ■• 4. 

99 Definition of DeriTative. Notation 

Let y = f(i). If Ax ia any increment (increase or decrease) given to z, 
and Ay is the corresponding increment in y, then the derivative of y with 
respect to z is the limit of the ratio of Ay to AlZ as Ax approaches zero, that is 

S-e(S)-5''« -'"<"• N*"v.,iv.l 

S-s(S)-5'"<" -""'«• W1«i".™i 

The symbols f'(a), f"(a) f'"i(a) represent the values of f (I), ("(a) 

■ • • I f""(i), respectively, when z — a. 

100 Some Relations Among Derivatires 



H.-fW, then g-.+g 




Ha-W), and , - F(t), then %-§*% 




lfy-t(u), and u-EW, then s"^-^- 




101 Table of Derivativea 




Functions of a are represented by n and t, constants a 
n, and e. 




£<«- 




^<..-«. 




5<»±'±---)-S±E*---- 




S«"5- 




E<'"'-"E + '5- - 


,z.>j=,.Googlc 



I") 


^di-^di 


t" 


(u-) = 




lofou 


log.edu 
ti di' 


Inn- 


idn 
udi' 


«" = 


.,..?!. 



;i 



f cotu - -c«.«SS. 
dz dx 

d ^ do 

^seeu-secotMiu^. 

d 

3-cacu= — cscncot 



dit 



— .ain-^u - , -r- I where Biir^ u lies between and'H — 

ox . Vi — tf dx \ 2 2 

— COB-' u — ■ -p (where coB"' u lies between o and w). 



di ^ . i+u'dx' 

^ sec-' u = — - — ■■ J- (where sec-" u lies between o and «). 



where cbc"' u Ilea between — and -1 — 



-J- vers^ u » — ■ - ■ ■ - ^ (where vers-' u lies between o and »). 

102 The nth Derivative of Certain Functions 



Ctoa)-a*. 






(-.)-' In -t , 


i-i-J-3. 


. (n-i). 


I" ' 


—-(«+?)■ 






.-.-».(«+=} 


■ 


z..j:,.Googlc 
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103 Slope of ft Curve. Tangent and Noimal 

The slope of the curve (slope of the tangent line 
to the curve) whose equation is y — f (x) is 
Slope =m-t«i+=g=f'(x). 
fflopeatz -zilsmi -f(Xi). 
Eqnstian of btngentHne at I^ (xi, yO is 

y - yi - mi (x - xi). 
Equation of normal at P| (i^.yi) is] 

mi 
Angle (ft) of intersection of two currf 8 whose slopes at a common point are 

mti and mi b B = toa-^ ^ ~ ■ 
I +mimi 

KM Derivative of Length of Arc. Radius of OurTature 

If s is the length of arc measured along the curve y •• f(x) from some 
fixed point to any pcnnt P {i, y), and ^ b the inclination of the tangent tine 
at P to OX, then [Fig. 103] 




s of curvature (p) at any pcunt of the curve y = f (x). 



r-mAW- 



d. [' + (E)"] ti+lfWPl' 



Ctirvatuie(k) at any point iak~ — 
106 Mazintum and Minimum Values of a Function 

value of a function, f(x), in an interval x = a to x « b, 



is the value of the function which 



llarger 



than the values of the function 



-in its immediate vicinity. Thus in [Fig. 105], the value of the function at 
Hi an^d Hi is a maximum, its value at mi and mi Is a minimum. 
Test for a tni"""""" at z >■ xi: f'(zi) = o or 00, and f"(xi) < o. 
Tost for a minimnm at x = ^: f (x,) = or co, and f'(Xi) > o. s'^ 



IfF'CxO-offl 



I , then for a maximum, f"'{zi) >= o or ea , and f (zg) < o, 
I, f '"(zi) - o or * , and ("(xi) > o. 



Fig. I OS- 
: not maximuin o 



and Mmilarlyif f"(i|) = oor«o,etc. 

In a pra^ical problem which sug- 
geats that the function, f(z), has a 

interval x — a to i = b, merely equate 
f (x) to zero and solve for the required 

value of X. To find the largest or 

smallest values of a. function, f(x), in ' 

an interval i = a to z = b, find also 
the values f(a) and f(b), tor (see Fig. 

105 at L and S) these may be the 
largest and smallest values although they 
values. 

106 Points of Inflection of a Carre 

Wherever f"(x) < o, the curve is concave domi. 

Wherever f"(x) > o, the curve is concave up. 

The curve Js said to have a point of inflection 
at X = ii if f"{Zi) = o or 00 and the curve is con- 
cave up on one side of x' = Zi and concave down 
on the other (see points Ii and Tt in F^. 106). 



107 Tayloi's and Maclaurin's Theorems 
Any f(z) may, in general, be expanded into a Taylor's Series. 





T 


/??*)< 


/ 


•..,.y 




^ 


U)<t 




" 




J 



f (z) = ((a) + f'(>) - 



where a is any quantity whatever so chosen that none of the expressions f(a), 
f'(a), f '(a), . . . become infinite. If the series is to be used for the purpose of 
computing the approximate value of f(x) for a given value of z, a should be 
chosen so that fx — a) is numerically very small, and thus only a few terms 



of the s 



s need be used, Rn = f '•' (xi) 



I; 



where Xi lies between a 



3, and gives the limits between which the 
■ies for the value of the function. In = 



0, the above series becomes Maclaurin's Series. 



This series may be used for purposes of computation when x is numerically 
verysmall. '■ • .^-vvys'^ 
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Some Standard Series 

The followii^ series are obtained through expansions of the functions by 
Taylor's or Maclaurin's theorems. The expression in brackets following each 
series gives the region of convergence of the series, that is, the values of 2 for 
which the remainder, R,, approaches zero as n increases, so that a number of 
terms of the series may be used for an approximation of the function. If the 
region of convergence is not indicated, it is to be understood that the series 
converges for all finite values of X. (In •• I ■ 3 ■ 3 • • • n.) 

108 Binomial Series 

(a + X)" = a" + na' 



in-i J + "fn- ') ,»-*(, ^ n(n-i)(n-3) ^^ 



-*+■■ 



number of terms 
(a -ta)-.; 



\1 \I 

4 consists o((n + i) terms when o is a positive integer; the 
infinite when n is a negative or fractional number. 



109 Exponential Series 
a' = t +xlna + ^ 



■ C"^-)' 



(ilna)' 
|3 



^If"B" 



110 Logarithmic Series 



[z between o and 1 
|3t>il 
[x positive] 



kto(,+.)..-f+|-^+.... 

,n (. + .) ..na + . [^+:(^J" + |(j^y+ . . . ] 



G positive *1 

between —a and +00 J 



HadiematicB 



(z positive] 






Ill(l + 


vr+^)-i 


-l?-j 


■3^ ■ 
•45 2 


J. 

4 


_5!: 
67 


111 Trigoaometric Series 








sinx = 


-E-B- 


i- 








COBX = 


-E-E- 


E- 








tani = 


-!-^ 


-^- 


2835 + 






dn-'i 


= -if-^ 


■ihv 


,.67 + 






twr-'x 


■»-J' + i>'-(i' + 









112 Logarithmic Trigonometric Series 



■"•^'--'-l-a-iS---- 


ll'O'l 


to».x.-S-^-^_;zi"-.... 

2 12 45 2520 


[-?] 


■»-" ■»'+f+^+is+-- 


[-g 



113 Ezpoaeatial Trigoaometric Series 

■^ ■+' + !£ L4 15+ L'"^ 

,i«f .,+, + ^ + 3* . jr" . 37^ . .. 



[<S,|Jk 
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114 i^iproximations of Expressions Containing Small Terms 

These may be derived from various infinite series given in 108-113. Some 
first approximations derived by neglecting all powers but the first of the 
small po^tive or negative quantity z — s are given below. ■ The expression 
in brackets gives the next term beyond that which is used and by means of 
it the accuracy of the approximation may be estimated. 



(I + B)" - I + nt. 


[+»<»-■>*] 


6- = I+S. 


[+g 


In (I + 8) - 8. 


[-g 


sins = 8. 


[-g 



[-g 



(1 + B,) (I + B.) - (I + S, + 8,) [+8,8,1 

The following expressions are some that may be approxtmated by i + s, 
where s is a small positive or n^ative quantity and n is any number. 

(■ + :)•• -•_ ■ + '»v/f?i- 

vTTni. ' 2—tr*, i+nsin — 



V-f 



116 Evaluation of Indeterminate Forms [see Algebra, a] 
Let f(x) and F(z) be two functions of x, and let a be a value of x. 

(1) If ^ - ? o' ^. "« S^ for tlie value of this fraction. 

If s?rt ■• - w IT. u* p.„ 1 for the value of this fraction, etc. 
f (.a) o 00 r (aj 

(2) If f{a) . F(a) - o • 00 or if f (a) - P{a) - 00 - 00 , evaluate by changing 

the product or difference to the form -or — and use (i). 

(3)lf({a)F(« =o"oroo»or i",then f(a)FW - e»f«)-inW, [Algebra.SJand 
the exponent, beii^ of the form o ■ •», may be evaluated by (2). 



3S Hathenutics 

116 Differential of a Fimctioa 

If y — f (x) and Ax = increment in x, then the differential of x equals the 
increment of x, or dx — Ax; and the differential of y is the derivative of y 
multipired by the differential of x, thus 

dx 



ij'^<^ = ^^-t'iz)ta. 



If X = fi(t) and y = f,(t), then dx = f,'(t) dt, dy = fe'(t) dt 
Every derivative fonnula has a corresponding differential formula; thus 
from the table lOi, we have, for example, 

d(u7) -odv + Tdu; d(Biiio) -coaudn; d(tsii-^n) - ~^ , , etc. 

117 Functions of Several Variables. Partial DerlTatives. 
Differentials 

Let z be a function of two variables, z ' f(z, y), then its partial derivatives 



- = ^ when y is kept c 

■;^ — 3- when X is kept constant, 
ay dy 

as?' ax\ax}'' af~ dy\3j}'' axdy "" ax\ayj" ay\3x^ ^ dyax' 

Similarly, if z — f{x, y, u, ■ - ■ ), then, for example, 

dz dz , 1 . . . 

- = ^when y, u, ... are kept constant. 

If z = f fx, y, ■ ■ ■ ) and i, y, ■ ■ ■ are functions of a »ng1e variable, t, 
dz _azdx,^^, 

dt ~ ax dt "^ ay dt ■ ' ' ' ' 

Ifz.f(x,y, . ..), th, 

IfF(x,y,z, ■ ■ ■)=<>■ then ^dx+gdy-l-^d2+ ■ ■ - o. 

Iff(x,y).o.theng.-^.|. 

118 Maxima and Minima of Functions of Two Variables 

If u = f(x,y), the values of x and y which make u a 
mum must satisfy the conditions 



au 3u ^ ^ a^ y {shx\ /ahi\ 
ax ^ "' ay °< {ardj) ^ \si?) Uf)' 
il , . , _., a»u , a 

[also requires both ^and - 



^ Inegativ 
Ipositivt 



DUf«rential Calculiu 38 

119 Space Curves. Surfaces (see Analytic Geometry, 93-97) 

Let X = fi(t), 7 = fi(t), z = fi(t) be the equations of any space curve. 
The direction cosines o( the tangent line to the curve at any point are pro- 
portional to di, dy, and di, or to-^, -^, and ^. 

Bquatlona of tangent line at a point (zi, 71, Zi) are 

T5^ ^ ^S " tS' *''*'* '^'' " ™'''* "' ^ ^"*' ^" "'■ "^ 
Angle between two space curves ia the angle between their tangent lines, 
(see Analytic Geometry, 94) 

Let F(x, 7, z) ^ o be the equation of a surface. 

I>i»ctioD coBtnes of ttie Donnal to the aniface at any point aie proportional 
^ OT OT 
° ax' dj' dz' 
EquaUons of the normal at any point (z,, yi, Zi) are 
z -zi y -71 z -Zi 

Equstioa of the tangent plane at any point (zi, 71, zi) ia 

^^'-'■>(S).+j->(|),+"-'(g),-«. 

where I TZ ) ia the value of — at the point (zi, 71, Zi), etc. 
Angle between two suifaces is the angle between their normals. 

INTEGRAL CALCULUS 

120 Definition of Integral 

F(z) is said to be the integral of f(z), if the derivative of F(z) is f(z), or the 
differential of F(z) is f(x) dx; in symbols: 

F(z) - j'f{z) dx if ^^ - fCx). or d F(z) - f(z) dz. 
In general: I f(z) dz •• F(z) -f- C, where C is an arbitrary constant. 

121 Fundamental Theorems on ^tegrals 
Jdf(z) -((x)+C. 
dj'f(z)dz-f(z)dx. 

J*lf,(z) ± (,(z) ± . . . 1 dx = J"f,(x) dx ± fUx) dx ± . . • . 

J a f (z) di = & ff (z) dz, where a ia any constant. 

J u"du - —r — t-C (n?^ — I); u is any function of ^_n^,jj|^. 



r — B In n + C; n ia any function of z. 
Judr — UT— Jvdniu and Tare any functions of & 

Table of Integrals 

Note, In the following table, the constant of integration (C) is omitted 
but should be added to the result of every integration. The letter z represents 
any variable; the letter n represents any function of i; all other letters repre- 
sent constants which may have any finite value unless otherwise indicated; 
In = logii all angles are in radians. 

Functions containing az + b 
122 j"(Mc+b)-dx = ;p^i^tM+b)'H^'. (n^-i) 

124 /x(.z + b)-dx = ^^(az + b)M.-^^^(„+b)»«. 

J ■'Lii + 3 n + 2 n + ij 

(I1.--I, -J, -3) 

^^ /if^ -f.|j (" + «'-»«"■ + W+I>"l«(u +b)]. 
129 /iif|%. - i [<" + '>-"""'" + W- SVJ • 

IS" /5?lT5i-i[-'" + -> + FF^-Si57w]- 
131 Ji-ta+Wdi 

- ,(„, ^'^ ^ ,) [»"(«n-b)'Hi-nibJ'»~-'(«>+b)'di] 

- ^-q:^^ [x-+^<M+b)" + nb j'x"{M+b)--*dxj , 

^^ /»(» + b) "E'°5Tb' 
"S/^STFbi-- 

10A f ^ I I I aa + b 

"* Ji(«x + b)' b(«z + b) b-™ X • „,,„,.,, .Google 



^]. SB 



_ax + b 



Intefnl Calcuhu 

b + atx .2a. «i + b 



■*■*" J x'(ax + b)» b^(M + b) "^ b* x 

J ivai + b Vb *" Vax + b + Vb 

137 f-^^-;;i=t„-.l/^- (bneg.) 
Jxvax + b v^b V -* 

•'j(ax + b)* b(n - 2) (ax + b)'li ''-' xCax + b)i"' \ ?*»■ ' 



ax+b + Vb 
■*> /^^^dx-2vi;rrb-2Vrbtan-'\/^- (b«e«.) 

,41 /(Jl±j)!d^ ■g(^ + b)-.+ b/ (" +1»'"' d,. {noddandp«.) 

.42 f— ^ ^^^ 



Vax + b + Vb In - 



ix+b- Vb 



(bpos.) 



■^ x'Vax + b 



L43 f ^ ^«'+b » 

-^ x'Vax + b bx b V^ 



2 bVb Vax + b + Vb 



■*5 /ciii+bfe+i)-bF^[^+bF^'"STb]- (»P-'^'*»5 

■*® J(ax + b)»Cpx+qr=(m-i)(bp-«q)L(M+b)— (px+q)— ' 

-'■<'"+° -'>/ (« + b)-'S- + q)"- ]- 
(m > I, n pos., bp — aq ^ o) 

■« / (,x+b)'S»+q) = bF^G*" t"_+^! -;in(px+q)]- (bp-.,^c) 

^*^ J{a«+b)»(px+q) bp-aqL "(ax+b) bp-aq'"ax + bj 

(bp - «q ?^ 0) 



^*^ /v m + b d* = ^ <3 «l - a bp + ■!») "^"x + b- 



■y^"±_bj, _ 2Vax + b_ at/ aq-ly , .t /p(ax+b) 

V aq — bp ' 



""/STT 



(px + q)v'ai + b v^ Vaq - bp 



Vptu+b)+Vbp-aq 

(p pos., bp > aq) 

/ p(M+b) 
t aq-bp 



Cp pos., aq > bp) 



153 r dx_^_ .^^^^v^^^b^ 

■"^ J (px + q)VK + b Vp Vbp - aq Vp(M + b) + 



Vbp - «q 

(p pos., bp > «q) 



•^ vax + b * av^ 

In (v'p(ax + b) + Va(px+q)). (a and p, aame ^gn) j 
. bp-aq V-ap(ax+b) ' 



. - V(ax + b) (px + q) 



^tan--- , - 

k'-ap avpx + q 

(a and p have opposite signs) 

-lV(,x + b)(p. + q)+ ^yJl 
■ 3 aV -ap 



2 api + aq + bp , . , ... I 

— . _* — -■ (a and p have opposite signs) ' 



Functions containing ax' + b 

i« /^b=rv^-^-^^- (*-^-) 

I , Vb+x-v^^ , . , 

= — r:;^Ui-^^ j=- (a neg., b pos.) 

2V-ab vb -xv-a 

li}7 C — - ^—+ '°~^ f ^ /">integ.\ 

"' JCflX' + b)" 2(n-i)b(ai'+b)"-'^2(n-i)hJ{a^+b)"-' \ >i } 

168 /(ax' + b)''xdx-^^5^^i^'- (ii^-i) 

1®0 /xCai? + b)-rb'"i^ + b- 

ifti C-^JE- * .^ f ^^ ■■ 
■^^^ Jax> + b a aJaxi + b 

i(ra r ^^ I « , I f dx 

•^'^ JCwP + b)" 3(n- i)a(ax» + b)'--i'^2(n- i)aJ (axi + b)"-' 

(n integ. > i) 



168 f Vai' + bxdi- — (Mf + b)'- 

170/^ 

173 /wfe^T^^^-^-'l'V^- '''"^^■: 



, Vaxt + b 
a»' + b - Vb „ , 



(bpos.) 
(b neg.) 



174 J"^^ax'+bx'dx--^(ax' + b)'-^Vaj^ + b 

^lii(xv« + Va^ + b). (apoa.) 

8avi 

17fi J v'ax' + b X" dx = ^ (a^ + b)* - ^ Va^ + b 
176 /^ " 

178 ;%tid.. 



=lii(iV; + Va^ + b). (apoB.) 



■W-D- 



;;5^ + v;to(.v:4.vi5Tb). (.po,.) 



/. i"dx 



x^i Vax* + b (n - 



il b /• x'^dx , - I 



182 J.v^?Tb.-=J<^)'-^^J^v;^n;a. 

(n poe.) 

183 C ^i^Tb dx ^ (a" + b)l (n - 4) « r V^^^ ^ ,_ ^ 

183 J js b( n-i)x- ' (tt-i)hJ x^ '*'- *"»* 

toA f ^ ■ Vax' + b (11-2) a /- dx 

^^ J 1" Vax» + b ° b(i»-i)x~-' (n-DbJ^n-iVi^qib' t^P"*"' 

186 J (ax" +b)'<ta = |{2»^ + 5b) Virf+b 

+ ^ln(iVi + VBx» + b). (apofc) , 

186 J(«^ + b)' dx = g {2 «« + 5 b) V«^ + b ^ 

.87 f—^—, p^=- I 

■' (W + b)' b Vax* + b ' 

((at? + b)'xdx -— (ax" + b)*. ] 

.89 f^^ yJ=- ' 

/ (aa? + b)' a Va^ +b , 

-'(ai' + b)* aVwE> + b aVa *^^ 

.81 f '''^ . ^^ + ^^al.-,{,4/_M. (,„.., 

■'(aj" + b)' aVaii + b aV-. ^ V b/ > •' | 

'^ fx (ai- + b) ' K '" ai' + b' 



93 f '^ ._!_^ 

■^xv'ax" + b nVb Var" + b +V b 

104 (• '' . ' ™- \/z^. 



Functions containing az^ + bx + c 
r + b - a/^^ 



95 ("— J? I ,. 2ai + b- Vb'-4ac 

Jai' + bx + c Vb>-4ac aar + b+ ^b* - 4ac 



Integral (Mtnha 






200 f ■ ■ ^ --L.in(aai+h + 3V«VM'+h» + c). («p<w.) 

■^ VaT« + br + c Va 

201 f, '^^ --^ria-' -'"-"■ (aneg.) 

^ VaF+ta + c v-a Vy-^ae 

rViF+brFcd.^'-^V ax'+ta+c + i^f^=^^ 

r ^ . -'-^^"^ ^ - 

V«^ + bi + c 



r »di ^ Vaj^+bx + c b /• 

J V«^ + bi 4- c « aaJv 



"var-t-Di+c " --■' vajp + DI + C 




[VaFl 

206 f , "^ „ ■ rin-.-^L±y^. (e«(,) 
■^ X Vaxi + hx + c V^ X Vb" - 4 ac 

207 f ,^ =-.^Vax' + bi. 
•'xVai'+bx " 

r(2, 



•'(ax' + bx + e; 



e)' (b>-4ac) v'ax'+bx + c 

Functions coataining sin ox 

209 J dn u do = —cos u. (a is any function of x) 

210 Jsiiiaxda = ~- coaax. 

211 fsin'axdx = ?_^!^**«. 
J . 2 4a 

212 rsin'axili = — cosax + ~-2C(M^az. 

213 Jsin* axilx>*| x — ^sinaax-l tin 4 az. 

214 fain-ax dx- ~ ^"""""" + g^ J^-'axdx. (npoe.integ.) 

216 (-. ■ =-lntan— = ilii(c8cax-cotai). 

Jsmsx a 2 B 

216 /5^=--"'t'«- 



46 Hathenutics 

219 f ^ ■icotf^-g?)- 

J I -ainox a \4 2 / | 

220 J i, . f^. „ — #=to-.rv/Eito(:-f)]. (!..>.■) 

Jb + csuiBz a Vb" — c* Ltd + c \4 a /J | 

S21 L^". ^zi_i„ '+"'»" +'^'"'^"'° . (Of) 

J b + c Bin az ^ Vc* — b> b + c sin ax 

222 j™„^bxdx.!|f^--i>±ip. W^b.) 

Functions containing cos az 

223 Jcosndu — sina (u ia any function of z) 

224 fcos az dz =■ ^ sin az. < 
226 /coB'azdz = f + ^^- 

226 1008* az dz •• - sin az sin' az. 

227 Jc(w'az<Jz = |i+^dn2az + -j^sto4«z. 

228 j'«>B"azdz.. "'°""'^'^" + g-=-^/cM-'azd«. (n pos. integ.) I 

229 f-^ = -lntanf— + -'l=-ln(taiiaz + BMaz). | 
^^ JcoBBza V24/a 

230 ;^-:-- ■ ■ ! 

o« f d« 1 ,^ c + bco8ax + Vc'-yslnM ,.,^t^ 

236 /»,s„..^b.j.- '^;;:^;' + '^;;+g' . <..^b.) 

Functions containing sin az and cos az 

;237 /^„»..bxd.--![ '°'^'J,'"' + '"^%+,''" ]- W-W 

238 J"8m"wtcosaxdi-j~;r,8ta'H*ai. (n?i-i). 

239 /^'to->*"- ,...„)glc , 
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240 JCb + CBtoaij-coawdi-^^T^^jj^Cb+cstoM)**!, (n »* -i) 

241 /g^^ = ^to<b+c«in«)- 

242 rcos-aisiiiaxdx = -— ——- jcot-^ax. (ns^-i). 

243 /^dx^-itacoaax. 

244 fcb + c cos «x)" sin ax di = j-^r — r (b + ccosax)*+*. {o?«-i) 

^ ac(n + i) 

246 Jg^p^^^dx= -^lii(b+c«»ax). 

246 fi— ; ^ -i inrt.iilf.T + t«ii-ig]"[. 

"^ yb^ax + ccoB«x aVw+c' L ^V b/J 

247 ram'«cc«^«dx = f-^^i^- 

248 f-i — ^ - = -laUaia. 

^smaxGossx a 

2*9 / ■i...>^^ -;"""-"'°'- 
260 /|^ax.;[-a.«.+i.t.;{e+^)], 

2S2 fd.--^««-»a. - _ "--""'7" 

J a (m + n) 

+ — j— fsiii'*-' ax cos" ax dx. (m, n pos.) 

,%BH /■ . -. _ J 8in™+' ax cos"-' ax 
363 Jsui"axcos"axdx = — j^^^^^^^ 

„, rcos"ax. -cos*H«x 

2W /a^'^' a(m-.)six.--ax 

m - n - 2 /• cos" ax ,^ (m, n pos.. m p* i) 
Biii>Miax 



) cos"^ ax 
.+3 r sin" ax 



266 r^5::i«dx-^ 

**^ J cos"ax a(n- 

m— n+2 /■ sin"ax . , , , 

^^ /S^''* "f " la'nl;"'" ''^ (Expand, divHe, and use M4-IM) 

267 f^gglJij. ■ f ■ -.■'»-°)- fc (Expand, divide, ..du«..o-.,5) 
J sinax J sinox v i~ , 



/{i — COB* ax)" . . 
1 — Bin BT iIt 
cosaz 

(Expand, divide, and use 243-243) 

*** J simu "^ J sinsx «"»'»• 

(Expand, divide, and use 338-339) 

Functions containine tan ax ( = — : — 1 or cot ai ( = — - — I 
V cotax/ V tanaz/ 

260 Jtui u dn >= —In cob n. (u is any functkia of z) 

261 ftMnAxiz= — Incostz. 

262 ftui'axdz = - Unax-x. 

263 ftan'Mtdx = -T^^^. t«ii"-^ax- ftsn-^aadx. (n integ. > 1) , 

264 Jcotndn ^InsJnu. (n is any function of z) 1 
260 Jcotaxdx = j'g^jj = ^ loaiiiai. | 

266 /cot.«dx=/^--lcotax-x. | 

267 /cot-axdx^=/^j;^--j;^l^cot-^«-/«rt-«dx. I 

(a integ. > i) j 

270 f, '^ -Iitop. 
-' V I + tan' az * 



271 f , *" - ' -.— fv/''-''-.-n-) (bpoB.,tf>c«> 

Functions containins secazf = ) or esc ax ( = -. 1 

^ V cos ax/ \ sin ax/ 

272 rsecudu=In(accu+t«nu)=lnt«nl- + jl' (u is any function of z) 

273 j*sBC«zdx=^tat«n (" + -y 

274 J sec' az dz = - tan az. 

276 fsec"azdx — r^-^- ^?^ - +^^ faec-'azdz. (ninteg.>i) 
J a(n— i)cos'^'ax n— i J ' ^ ' 

276 f CSC u du = In (esc u — cot u) = In tan - ■ (n ia any function of x) 



377 fcsctxdx" ^ IntMi— ■ 

278 Jctfc'tidx = -^ eotax. 

279 /'=«=''«dx = -;^^^^^ + J^/csc-«xdx. (ninteg.>i) 
Fanctious containing tan ax and sec az or cot az and esc ax 

280 Ttan u sec U du = sec n. (u ia any function of x) 

281 ftanaxBecaxdx = - BBcax. 

282 ftan"axBec'axdx=° ^ ' , teii*+'ai. (n^-i) 

**• J tanaz ■ 

284 fcotncscndit = — Gscu. (n is any [unction of z) 

285 f«rtaxcscaxdx= -^CBcax. 

286 fcot"axcsc'axdx= -jj-Tj^r-jj cofH^w. (n?*-!) 

287 f^^^^.-^lncoto. 
***' J cotM a 

Inverse Trigonometric Functions 

288 /Bio-' ax dx = X an"' ai + ^ Vi - a'^. 

289 fcoB-'axdi =xcos-'Bx-^v'i - aV. 

290 ftan-'axdx = xtaa-'ax- ^ lii{i +aV). 

291 fcot-'axdi = icor'ax + ^ InCi +a'r'). 

292 jfsec-'aidx = x sec-' ax - i In (aS + VaV - i). 

293 (Tcsc-'axdx = xcsc-'ax + i la (ax + VaV - ij. 

\ 

^ Algebraic and Trigonometric Functions 

294 fxsinaxdx = ^sinai - -xcosax. 

296 ("^"i^axdx = --x'toaax +^ Jx""' cos ax dx. (n poe.) 

_^ r^5^?i^ = .T-^'+^'- ■ ■ ■ ,T. 



60 MaOiMnatlci 

297 rxGosazdx — -|COBaz + -XBinaz. 

298 Jx"ci>Baidz - ji"slnaJt Ji"^' sin ax dr. (npos.) 

Exponential, Algebraic, Trigonometric, Logarithmic Functions 

300 /*•"<**"£-£■ <u is any function of i) 

301 J e" dn = e". (u is any function of x) 

303 J«"di.je". 

«» /6?n^-- ITS ■""("" V^) «■•»■'«■»" . • 

308 />*" dx = ^ (ajt - I). 

310 fx^e" di --!"«"- 5 ri—ie^dx. (npos.) 
Sil /^dx-lnx + ax + J| + ||+.... 

312 /S'>* = s~ri[~S + '/^''*]- (''i"'*8->') 

313 ("e-^lnidi = -e"lnx~- f^dx. 

314 re"sinbxdx = -;— r-cjCarinbi — bcosbx). 
J a' + D* 

316 fe^cosbxdx = -j^j^{acoabx +b^bx). 
316 J xe"sinbxdi -• ^-x^(«sinbx — bcoBbx) 
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317 Jxe" cos bi dr = 1^^ (a cos bx + b sill bx) 

~ (FtW ""'"'""""''"' *'"'""'■ 

318 riiiaxdx = xbiax-x. 

319 J(biax)''ita = x(toax)"-iir(biax)»-idx. (npoa.) 

320 Jx-to.xdx-x"+>[^^-jj-!-jjj]. (npo..) 

321 J-(!iL|e:d..(!i^. (.^.„ 

324 j*siii(liiaz)dx = -[Eiii(lnaz) -cosOhbx)!. 
326 JcoB (In m) di = 5 [sin (In m) + cos On ax)]. 

Some Definite Integrals 

326 fVir^&i = —- 

327 rV2K-i' dx - — ■ 

Jn ■, 4 

•330 r'tin«axdx= T'cos-aito = ' '■^■' ■ ^' ' ---■ ''"^^ — . (n,eveninteg.) 
■/d >'o 3>4>o-...n3a 

331 J'sin"a3[dx = J'cos"aidi= ''^'*'^' -^''^'^ ^. (n, odd integ.) 

332 J sin ax sin bx ds = J cos ax cos bx dx ^ o. (a 7' b) 

333 J"'Bin'axdx=J'cos'axdi-^- 

334 fj'^'"'^-l^- 

335 j["l»e--dx = ^. (n integ.) up„z..j.,.GoOglc 



336 Definition and Appioxiinate Value of the Definite Integral 

If f(z) is continuous from X = ■ to X ~ b inclusive, and this interval is 
divided into n equal parts by the points a, Zi, zi, . . . Xi>_f, b such that 
Az — (b — ft) -i- n, then the definite int^ral of f(z} dz between the limits 
z-atoz = bis 

jVzjdz- Ito [fCa)Az + £(z,)Az+tCz,)Az+ ■ ■ • +t(x^,)Ax]. 
= [/tW<I«]*= [f(z)]* ■.FCb)-P(.). 

If yo, yi, Ji, ■ ■ . . y-i-i. yn are the values ot ((z) when z ■• a, Z|, ^, , . . , 
z»-i, b respectively, and i( li - (b — a) ■*■ n, then apptoximate values^ of 
this definite integral are given by the Trapezoidal, Durand's, and Simpson'a 
Rules on page i8. 

337 Some Fundamental Theorems on Definite Litegrals 

/*ll,(zi + f,{j) 4- . . . ] dz = JJ'fid) dz + £u(x) dz + . 

f*k£(x)dz = k j''((z)dz., (k is any constant) 
J^Vz)dz= -_fi(z)dz. 
^^{z) dz = fjix) di + £m dz. 
J f (z) dz = (b — a) f(Z)), where Zi lies between a and b. 

r" ((z) dz - Itm f *f (z) di. 



Some Applications of the Definite Integral 
: Plane Area 
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1 






(a) Area (A) bounded by the 
X = a, X = b. 



Fio. 338 (b). Fig. 333 (d). 

:urve y — f (x), the axis OX, and the ordinates 
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dA -ydx, A= C\(i)6i. 

(b) Area (A) bounded by the curve z — f(;), the axia OT, and the abscissaa 
c = c,x = d. 

dA-xdy, A-J^'wdy. 

(c) Area (A) bounded by the curve x - f,(t), y = f,(t), the axia OX, and 
: = a, t = b. 

dA - y dz, A - /**i(t) f.'{t) dt. 

(d) Area (A) bounded by the curve r - £(•) and two radii » = «,» = ?. 

dA = i r>de, A = i J* [f(«}]» d». 
)39 Length of Arc 



to.e) 


M 








- ^ 


Fic. 339 (a). 


Fio. 339 (c). 


(a) Ungth (e) of arc of cur 
{b,d). 


.^f{i,y) = from the point (a,c) to the point 




•=/>+(g)--=/V.+(g)v 


■ dB = V(dz)' + (dy)', 


(t») Ungth {s) of arc of cur 


ve X = f.{t), y = f,(t) from t - a to t - b. 




-rs/o-+©'- 


ds- V(dx)' + (dy)'. 


(c) Ler^h (b) of arc of cur 


ve r ■ f (•) from S — a to B ■ P 









d« = V(dr)>4-(rde)', 



- Wt), y - W). ! - !.«) ftom 



d.W(5jnHdrtMW. ■-/.'vWHiT+W*- 
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340 Volume of Revolution 

(a) Volume (V) of revolution generated 
by revolving about the line y = k the 
area enclosed by the curve j — f(i), the 
ordinates z = a, z = b, and the line 
y = k. 

dV = «R' dx = « (y - k)» di, 

v=»J^If(x)-k]'di. 

(b) Volume (V) of revolution generated 
by revolving about the line i — k the '^"" **"' 

area enclosed by the curve x => f{y), the abscissas y ~ c, y = d, and the 
line I - k. 

dV = wRMy = w (T - k)' dy, V - w j"* [f (y) - kj' dy. 

341 Area of Surface of Revolution 

(a) Area (S) of surface of revolution -^ m.iti 

generated by revolving the arc of the 
curve f(i, y) = o from the point {a, c) to 
the point (b, d). 

About y = k: dS =■ sirRds, 



s-„/>-B0+(iy^. 



About X = k: dS = a «B ds, 

«-"XV-«v/r^d,. 

(b) Area (S) of surface of revolution gienerated by revolving the arc of the 
curve r - f (fl) from = a to 9 = p. 



Fig. 341. 



About OX: dS = 2irRds, S = aw J^rMnB y r" + (^VdB. 
itOT: dS = 2»Rds, S = 2« J^rcosOy r» + [pVd*. 



342 Volume by Parallel Sections 

Volume (V) of a solid generated by 
moving a plane section of area Aj per- 
pendicular to OX from X 3 a to X = b. 



d?-A^dx, 






Axdx, 
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343 Mass 

Mass (m) of constant or variable density (S). 

dm-SdA or Eds or SdV or EdS, m - fdm, 

where dA, ds, dV, dS are the elements of area, length, volume, surface in 338- 
34i, and S - mass per unit element. 

344 Moment 

Homent (H) of a mass (m). 

About OX: Hi = I T dm — Tr sin dm. 

About OY: M^- ridm= frcosBdm. 

About O: Mg = fv^ + y" dm = frdm. 

345 Moment of Inertia 

Moment of inertia (J) of a mass (m). 

MoutOX: J, = fy'dm -J'r'^'edm. 
About OT: J, - rx>dm = fr'cos'Odio. 
About O: Jo - ("(x* + y*) dm = fr" dm. 

346 Center of Gravity 

Coflrdinatea (i, y) of the center of gravity of a mass (m). 

Tz dm Ty dm 

J dm J*" 

Note. The center of gravity of the element of area may be taken at Its 
mid-pcdnt. In the above equations x and y are the coardinates of the center 
of gravity of the element. 

347 Work 

Work (W) done in moving a particle from s <= a to B ^ b against a force 
whose component in the direction of motion is Fr 

dW = F,ds, W =J*F,ds, 

where F, must be expressed as a function of S. -, LiOOgIC 



Hathemfttica 



Pressure (p) against an area vertical to the aur- 
face of the liquid and between depths a and b. 






[dy, 



p =X*^ 






Sarftc* ef Uqlllil 



where w ^ weight of liquid pef unit volume, J ~ 
depth beneath surface of liquid of a horizontal 
element of area, and x = length of horizontal ele- 
ment of area; z must be expressed in terms of 7. 

349 Center of Pressure 

The depth (f) of the center of pressure against a 
surface of the liquid and between depths a and fa. 




J_y dp 



area vertical to the 



(for dp see 348) 



DIFFEREIfTIAL EQUATIONS 

360 Definitions and Notation 

A differential equation is an equation involving differentials or derivatives. 

The order of a differential equation is the same as that of the derivative of 
highest order which it contains. 

The degree of a differential equation is the same as the power to which the 
derivative of highest order in the equation is raised, that derivative entering 
the equation free from radicals. 

The solution of a differential equation is the relation involving only the 
variables (but not their derivatives) and arbitrary constants, consistent with 
the given differential equation. 

The most general solution of a differential equation of the nth order con- 
tains n arbitrary constants. If particular values are assigned to these arbi- 
trary constants, the solution is called a particular solution. 

Notation. M and H denote functions of x and y; X denotes a function of Z 
alone or a constant, Y denotes a function of y alone or a constant; C, Ci, Ci 
. . . , Cn denote arbitrary constants of integration, a, b, k, 1, m, n, . . . de- 
note given constants. 

Equations of First Order and First Degree. M dz + N dy ■= o 

361 Variables Separable: X,Yi dz + Z,Y, dy = o. 

Solution; S%^'^Sy^' " ^ 



;,. Google 



Diff«rentkl Sttutions 67 

362 Homogeneous Equation: dy-flMdx-o. 

Srfutioii: x = Ce '*''-■ and y-^- 

Note. Here, H + N can be written in a form such that x and y occur 
only in the combination y -^ z; this can always be done if every term in H 
And H is of the same degree in z and y, 

3S3 Linear Equation: dy + (Xj - ^)dz - o. 
solution: y - T-^^''' (/x/"^''' + c)- 

Note. A similar solution exists for dx + (TTi i — Yi) dj = o. 

3U Exact Equation : M dx + H dy = o, where ^ - g. 

atfution: J'Mdi + JFn-^ jMdxldy-C, 

where y is constant when int^rating with respect to z. 

36S Non-exact Equation: Hdz + Ndy-o, where ^ H ^- 

S<dntion: The equation may be made exact by multiplying by an integrat- 
ing factor )i (z, y). The form of this factor is readily recognized in a large 
number of cases. Then solve by 354. 

Certain Special Equations of the Second Order. ^= ^('•^'^l 



Srtution: y = xJ*Xdx- J"xXdz + C,i + C^ 

357 Equation: S"^- 



■h 



368 Equation: g-^g). 



From these two equations eliminate P ~ ^ if necessary. 



soiua™,. --;,ijo-"-"'-j J5y 
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369 Equation: S^'l^'l)' 

Solution: Place ^ ■ P ^nd j2 ■" hJ- ^^"^ bringing the equation into the 



form "1^ = f (x, p). This is of the first order and may be solved for p by 351- 



355- Then replace p by j- and integrate for y. 

360 Equation: ^ = fly, 



: Place ^ ~ P and ^ = P ^' ^^^ brir^ng the equation int 
dy 



= *(Ji p)- This is of the first order and may be solved for p by 



Linear Equations of Physics. Second Order witii Constant 
Coefficients. . ^ + 2 1 ^ ± k^ = f (t) 

361 Equation: ^ - i?i = o. 
Solution: z = Cie*' + €,«-*<. 

362 Equation of Simple Harmonic Motion ; ~ + Vx=a, 

Solution: This may be written in the following forms: 
(al i-Cfi^^' + C^-"^^. 

(b) i = C,coskt + C.sinlrt. 

(c) x = C.sin(lrt + C.). 

(d) x = C,cos(Irt + C). 

363 Equation of Harmonic Motion with Constant Disturbing 
Force: g + k'x-«. 

Solution: i'-C,«>skt + Cisinfct + ^, 

or x.C,8in{kt + C0+^- 

364 Equation of Forced Vibration 

(«) ^ + k'x — acosnt + b sin nt, where n ?^t 



:, Google 



DiflercntiAl Equations 
Solution: i =■ Ci cos kt + Ci Bio kt + p-^— ^ (a cos nt +bsinnt). 

(b) ^ + k>x = aco8fct+bstokt 
Sohitioa: s = Ccoskt + C|8inkt + ACat^kt- bcoskt). 



Solution: H P = k", x = o"" (C, + C,t). 

If P > k*. X = e-«{c.B^'^^' + C^-^^0. 

If P < k", X = e-" (C, cos v^^^H't + C, sin Vv~^'t) 

OT X = C,e-" sin (Vk' - l»t + C). 

366 Equation of Damped Vibration with Constant. Disturbing 
Ftuve: 



Solution; ■ x-xi+^, 

where % b the solution of equation 365. 

367 General Equation: ^ + 2l^ + k^ -f(t) -T. 
Solution: z = zi -)- 1, 

w{iere Zi is the solution of equation 365, and I is given by 

{«) P = k>. l-e-"[tj'e"Tdt-Je"Ttdt]. 

(b) 1' > k", I - j^ [«"'/«""' T dt - e* Je-Pi T dtl , 
where • = - 1 + Vp^T^, p = - 1 - Vv^^. 

(c) P<k«, I = ^r8inptJ«-°^coBPtTdt-cosPtJ'e-'''ainptTdt], 
■where . a = -1, p = Vk' - 1'. 

Note, I may also be found by the method indicated in 369. 

Linear Equations with Ccmstant Coefficients: nth Order 

368 Equation 

d°x d""'z d"^z dz 

*-dF!+"^'dr^ +"«dtS^+'-' + '>dt''"'^°''- 

Solution: Let D = oi, <h, oj, . . . , On be then roots of the auxiliary alge- 
braic equation «»D" + *,^iD"-' + a„_iD'^+- - ■ + aiD+B, = o. 



HathemstiGa 

(ft) If all roots are real and distinct, 

X = C.e-"' + Crf-^ + ■ ■ ■ + Cne"^. 

(b) If 2 roots are equal: oi = a,, the rest real and distinct, 

I - t,-*{Cx + CD + C^«' + ■ ■ ■ + Ce"^'. 

(c) If p roots are equal; »i = «^ = - ■ ■ = »p, the rest real and distinct, 
I - e'"'(C, + C,t + C.P + ■ • ■ + C,^"-') + ■ ■ ■ + Cn*"^. 

(d) If 2 roots are conjugate imaginary: o, "P+Tf V— i, oj^p— tcV" — i 

. = e«(C,cosyt + CsinYt)+Crt'^+ ■■ ■ +0,6-^'. 

(e) If there is a pair of conjugate imaginary double roots: 

•i - P + If v'^ - 0,, a,= p - K %/T7 = a,_ 
I = e*[(C, +Cit)co8yt+ (C. + C.t) sin ^t] + . ■ ■ + Ce*^. 



d"x , d"-'x , , dx , ,,,, 

»» dr + ■"-' dF^i + ■ " + " dt + "* = '<*'• 
Solution: z = Zi + It 

where Zi is the solution of equation 368, and where I may be found by the 

following method. 

Let f(t) = Ti + Tj + T, + ■■ ■ ■ . Find the ist, zd, 3d, . . . derivative* 
of these terms. If tt, tj, Ti, . , . t„ are the resulting expressions which have 
different functional form (disregarding constant coefficients), assume 
I - At, + Bt, + Ct, + _. . . + Kt* + ■ . - + Nt,. 

Note. Thus, if T = ■ un nt + bt^*', all possible successive derivatives of 
sin at and f e^ give terms of the form : dn nt, cos nt, e'', to'', t*e^, hence 
assume I-Asmnt+BcoBnt + Ce" + Dte« + Ef b«. 

Substitute this value of I for z in the given equation, expand, equate co- 
efficients of like terms in the left and right members of the equation, and Hclve 
for A, B, C, . . . N. 

Note. If a root, a*, occurring m times, of the algebraic equation in D 
(see 368) gives rise to a term of the form Tt in ii, then the corresponding tenn 
in the assumed value of I is Kt"Tt. 

370 Simultaneous Equations 

[''■aF+^"a?+ ■ ■ ■ +*S + '"^ + '^ + *^ = ''<^'- 

Solution: Write the equations in the form: 
f(tj>-+ ... +a,D+ao)x + (bJ)"+... +bJ) + bo)y = f.(t), 
1 (c(I>t + ■ ■ ■ + CD + Co) X -H (siD' + ■ • • + giD + Kb) y - f.(t), 

«he« ^"i I>*-S':'--.. ,,. 
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R^arding this set of equations as a pair of simultaneous algebraic equations 
in z and ;, eliminate y and x in turn, getting two linear differential equations 
of the form 369 whose solutions are 

X = xi 4- Ii, J - yi + I>. 

Substitute these values of z and 7 in the original equations, equate co- 
efficienta of like terms, and thus express the arbitrary constants in yi, say, in 
terms of those in Xi. 

Partial Differential Equatitois 
371 Equation of Oscillation: ^°a*^- 

Solution: y = 2) Cie''^+"'-' + 2) Ci'e<'-«"', 

where C,-, C^', o^ are arbitrary constants. 

37S Equation of Thennodynamics: ^ ~ *' ^■ 

Solution: " = S C'**^*''^' 

where Cj and ftj are arbitrary constants. 

373 Equation of Laplace or Condition of Continuity of In- 
compressible Liquids: ai" ■*■ S* " "" 

Solution: u - J) 0(6^'+*'^"' H-'j) C,'«<'-»^^ *«, 
where Cf, C/, ^ are arbitrary constants. 

COMPLEX QUANTITIES 

374 DefinitioQ and Representation (tf a Complex Quantity 

If 2 = X + jy, where J — V— i and x and 3 are 
real, Z is called a complex quantity, z is com- 
pletely determined by z and y. 

If P(x,y) is a pdnt in the plane (Fig. 374) then 
the s^ment OP in magnitude and direction is said 
to represent the complex quantity z = x + jy. 

If 6 is the angle from OX to OP and r is the — 
length of OP, then 

x-x + Jy-r(cosB-l-isin») = re^, 
where 6 - tan-'^, r = +Vz' + y", and e is the ^"^- 374- 

base of natural logarithms, z + if and z — jy are called conjugate c 

quantities. 1 . , .^n/v.^s 
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376 Properties of Complex Quantities 

Let z, Zi, Z| represent complex quantities, then: 
Sum or Difference; Zi ± zi ■> (zi :J; zi) + j (71 ± yi). 
PlodMct: Zl■z,-r,^,[co8(•l^-eo+ja^Il(e,.+ eo^ 

- fiTrt'*"'*' - (ziz, - yj,) + ) (ftj, + xaO- 
Quottent: | = ^ (cos (»! - S.) + j sin (6, - •Ol 

_5 j(»i-« _ z,z, + yiy, . z,yi-zty, 
r, x.' + y^ ^* z^+y,* 

Power: z" = r" [coe n* + j sin n<] = r'e*^. 

Root: ";^=-f^[cos'-^t^ + jsin?^^]--C5^e'^, 

where k takes in succession the values o, I, 2, 3, , . . , n — I. 

Equation; If z, = u, then Zi — Ii and yi = yj. 

Periodicity: i = r{cose + jsinO) = r[coB(fl + 2kw) + Jdn(e + 2k«)], 
or J = re* = iV ""^ *'' and e"'' - i, where k is any integer. 

Exponential-TTigonometiic Relations: 

e** = cosz + Jsinz, e~'* — cosz — jsinz, 

cosi = i(e^_+e"*), sini = ^(e''-e'^. 



VECTORS 

376 Definition and Graphical Representation of a Vector 

A vector (V) is a quantity which is completely specified^ by a 
magnitude and a direction. A scalar (s) is a quantity which 
is completely specified by a m^nitude. 

The vector (V) may be represented geometrically by the seg- 
ment OA, the length of OA signifying the magnitude of V and 
the arrow carried by OA signifying the direction of V. 

The segment AO represents the vector —V. FlG. 376. 

377 Graphical Smamation of Vectors 

If Vi, Vi are two vectors, their graphical sum, V = V, +Vi, is formed by 
drawing the vector Vi = OA from any point O, and the vector Vi = AB from 
theendofVi, and joining O and B; then V = OB. AlsoVi + Vj-- V. + Ti 
and V, + V, - V = (Fig. 377a). 

Similarly, if Vi, Vi, Vi, . . , Vn are any number of vectors drawn so that 
theinitialpoint of oneistheend pointof the preceding one, then their graphical 



Bum, V — Vi + V» + . . , + Vn, is the vector joining the initial point of Vi 
with the end point ot Vb (Fig. 377b). 




A vector {V) considered aa lying i 
coordinate plane is completely detern 



!r^ Fig. 377 (a). 

^8 Compoaents M a Vector. Analytic Representation 

ed by its 
horizontal and vertical components x and ;. If 
1 and j represent vectors of unit magnitude along 
OX and OT respectively, and a and b are the 
magnitudes of the components z and 3, then 

V may be represented by V = ai + bj, its mag- 
nitude by IVl = + Va' + b", and its direction 
by «= tan-i -■ 

A vector (V) considered as lying in space b 
completely determined by. its components z, y, 
and Z along three mutually perpendicular lines 
OX, OY.and OZ,' directed as in Fig. 378. If 
i, j, k represent vectors of unit magnitude 
along OX, OT, OZ respectively, and a, b, c 
are the magnitudes of the components z, 7, z 
respectively, then V may be represented by 

V = ai + bj + d^ its magnitude by |V| = 
+ V^' 



r 




Properties of Vectors 
V-ai + bj or V-ai + bJ+ck. 

379 Vector sum (V) of any Qiunber of vectors, Vi, Vi, Vi, . . 

V-V,+V, + V,+ ••• .(a, + ii, + a,+ ■•. )i + (b, + b,^- 
+(c,+c,+a+ .. Ok. - ^V 



380 Product ot a vector (V) by a scalar (s) 

8V=(M)i + (Bb)j + (8c)k. 

(9, + B,)V = »iV + 8iV; (V. + V,) » - V,» + V,8. 
Note. bV has the same direction as V and itE magnitude b : 
m^nitude of V. 

381 Scalarproduct of 3 vectors: v>-Vi. 

V, • Vi - [V.[ |V,| COB f , where ^ is the angk be- 
tween Vi and V,. 
Vi-Vt- V,-Vi; Vi-V, = |V.p. 
{Vi + V.) - V, - V, . V, + V, . V.i 
(Vi + V,) . (V, + V,) - V, . V, + V, ■ V, + V, . V, 

+ V,.Vt '■ 

I.i-j.j =k.k-i; i.j-].k-k-i -o. "°- 3»'- 

Insane: Vi-Vi - aiai + b,bi; in space: Vj-Vj - aiOi + bibi + C|Ci. 
Note. The scalar product of two vectors Vi ■ Vt is a scalar quantity and 
may physically be represented by the work done by a constant force of magni- 
tude |Vi| on a unit particle moving through a distance |V,|, where f ia the 
angle between the line of force and the direction of motion. 

382 Vector product of 2 vectors: Vi x V,. 

V, X Vi - 1 |V,j |V,| Bin ^, where 4 is the angle from V, to V. and 1 is a unit 
vector perpendicular to the plane of the vectors Vi and Vi and so directed 
that a right-handed screw driven iy the direction of t would carry Vi into V|. 

V, X V, = -V, X V,; V, X V, = o. 

(V, + V,) X V, = V, X V. + V, X V,; 

V, X {V, X V.) - V, (V, . V.) - V. (V, - V,). 

Vi ■ (V, X V.) - V, • CV, X V,) - V, . (Vx X V,); 

(V. -I- V,) X (V. + v.) - Vi X V, -H V, X V* -h V. X V, -I- V, X V*. 

iXi-JXj-kXk-o; 1 X ] - k; j X k = 1; k X i - j. 




Fig. 381 (a). Fig. 38! 

In ^ane: Vi X V, = (a,b, - ajb,) k. 

In space: Vi X Vi = (b,c, - bici) i + (cai - cia.) j -I- (aibi - aib,) k. 
Note. The vector product of two vectors is a vector quantity and may 
physically be represented by the moment of a force Vi about a point 
placed so that the moment arm is y = |Vi| dn ^ (see Fig. 383 b). 
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HYPERBOLIC FUNCTIOHS 

383 Defiiiiti<ms of Hyperbolic Functions. (See Table, p. 372.) 
HrperboUc sine (iinh) z ■= H^-f-^i csctaz --r^ 



Hyperbolic 1 



e (cosh) X 



■■H«' + *-*); 



HTperbolic tangent (taah) x = -^r-, — -;; eoth z = , . 

e* + e tutu z 

where « — base of natural Ic^arithms. 

Note. The circular or ordinary trigonometric functions were defined with 
reference to a circle; in a similar manner, the hyperbolic functions may be 
defined with reference to a hyperbola. In the above definitions the hyperbolic 
functions are abbreviations for certain exponential functions. 
384 Graphs of Hyperbolic Functions (a) 7 - ^nta z; (b) j - cosh z; 
(c) 7 " tanh z. 



I 



Fio. 384 (a). Fig. 384 fb). 



Fio. 384 (c). 



386 Some Relations among Hyperbolic Functions 
sinli = 0, cosh 0^1, tanh o = o. 

ainhoo = 00, coahoo '• ao, tanheo •* i. 

dnh (—1) = -~sinhz, cosh (— z) ^ coahi, tanh (— z) = —tan 
cosh' X — sinh> z - i, sech' z + tanh' z = i , csch' x — coth* x = 
sinh 2 z =° 2 slnh z cosh z, cosh 3 z ^ cosh' x -{- slnh* x. 









• cosh X + I 



siah (z ± y) = unh i cosh j ± cosh z sinh y. « 

coA (z ± y) = cosh z cosh 7 ± slnh z sinh j. ^ 

. . , , , tanhz±tanh7 
'*'^<'-^y> = .±tanhztanh7 ' 

386 Hyperbolic Functions of Pure Imagiiiary and Complex 

Quantities 
ainhjy - }Bio7; coshj7 = cos7; tsnh J7 = j tan 7. 
slnh(z+j7) =shihiC08y + jcoshxsm7. (""n,-,al,- 

cosh (x4- if) =coshxcosy +J8hihzsin7. i,..,,...,, v., my 11. 



■iiih <x + 2 }*} - sinh x; coih (x + 2 jw) = cofh z. 
Biiili(x + j«) = — sinltz; coah (z + jw) = — coohz. 
Binli (> + ) i*) = jcoaliz; co8h(z + i j*} = jarnhx. 

387 Inverse or Aatt-Hyperlxdic Functioiis 

Hz — rink y, then r is tbe anti-l9perb<dic ane of z or 7 —dnh^x. 
riiib~>z — InCz +v'z> + ij; CBCh~'z = sinh-'-' 

w»h-' z = In (z + VF^^); 



388 Derivatives of HyperboUc Functions 
-j-sinhz = coshx; ;r-coshz= rinh 



- e«ti» z "■ —each' : 



-sechZ'' — aechztanh 



«ecli->x = w«h 


z' 


coft-' X = ttnli 


i' 


IS 

^taiihx = «ecli»x. 


^>i— 


GSChZCOOlX. 


i-— 


I-X» 


?^^--= 


xV^+i 



389 Some Int^^als Leading to Hyperbolic Functions 

rsinlizdz = coshz; .( coshxdz = sinliz; J tauhzdz = In cosh x. 
fcothxdxdnainhz; rsectizdx=^n~i (tonhx); Jcschzdz<^Intaiih-- I 







a' J v^Z 
-lainh-?; 


= =coali-'- 
a» ■ 

J z Va' - 


/. 

9 




Jx 


Va' + z* 








J z* - a> a 


tanh->?. Cx>«) 


/^ 


/z" - a« dx 


^EVz'-a'- 


f'^-l 






/^ 


/x* + a'dz 


-|V,? + a.+j8inh-.?. 






390 Expansions of Hyperbdic Functions into Series 




Binbz^i 

codiz- 

tuilixxz 




^-••• 




)p,z..j ..Google 



dtih~'x = 



Hyperbolic Functions 



^2 2I> 2-4 4X«^ 



2 2J[' 2-44X* 2-4'66x' 
tanh-'x = ! + - + - + - + ■ ■ ■ 
391 Tlie Catenary. (For definition, see 83) 




If the width of the span is 1 and the sag is d, then the lei^h of the arc (s) 
is found by means of the equations; 



where z is to be found approximately by means of the table, p. 272, from the 
first of these equations and this value substituted in the second. 
If a and 1 are known, d may be found similarly by means of 



„z^d;,.Googlc 



MECHANICS 

KINEMATICS 
Rectilinear Motion 

Velocity (v) of a particle which moves unifomily s feet in t 

seconds. 

392 ^ ~ t ^^^' P^'^ second. 

Note. The velocity (v) of a moving particle at any instant equals ^ . The 
i velocity but has no 

Acceleration (a) of a particle whose velocity increases uniformly 
V feet per second in t seconds. 

393 * ~ T ^^*' P^' second per second. 

Note. The acceleration («) of a moviog particle at any instant equals -^ 

or TS-. The acceleration (g) of a falling body in vacuo at sea leveland latitude 
45 degrees equals 33.17 feet per second per second. 

Velocity (vj) at the end of t seconds acquired by a particle 
having an initial velocity of Vo feet per second and a uniform 
acceleration of a feet per second per second. 

394 Vt = To + at feet per second. 

Note, a is negative if the initial velocity and the acceleration act in oppo- 
site directions. 

Space (s) traversed in t seconds by a particle having an initial 
velocity of To feet per second and a uniform acceleration of a 
feet per second per second. 

395 s = Ti,t + i at* feet. , ,^„ 



space (s) required for a p>article with an initial velocity of Va 
feet per second and a uniform acceleration of a feet per second 
per second to reach a velocity of Vt feet per second. 

396 s = ^^^' feet. 

Veloci^ (Vi) acquired, in travelling s feet, by a particle having 
an initial velocity of Vo feet per second and a uniform accelera- 
tion of a feet per second per second. ^ 

397 Vt = Vvo* + 2 as feet per second. 

Time (t) required for a particle having an initial velocity of To 
feet per second and a uniform acceleration of a feet per second 
per second to travel s feet. 

ono . -To + Vvo' + 2 as . 

398 t = seconds. 

a 

Unifonn acceleratioQ (a) required to move a particle, with an 
initial velocity of Vo feet per second, 8 feet in t seconds. 

399 a = ' " ■■■'■ |a ' ~ feet per second per second. 



Circular Motion 

Angular velocity (<i>) of a particle moving uniformly through 
9 radians in t seconds. 

400 « = T radians per second. 

Note. The angular vdocity (■*) of a moving particle at any instant equals 



Normal acceleration (a) toward the center of its path of a 
particle moving uniformly with t feet per second tangential 
velocity and r feet radius of curvature of path. 

401 a = — • feet per second per second. 

NOTB. The tangential acceleration of a particle movti^ with constant 
speed in a circular path is zero. ' .^.vi^s'^ 



70 Mechanics 

Anenlar acceleration (a) of a particle whose angular velocity 
increases uniformly » radians per second in t seconds. 

462 "• ~ T '^^'^"^ P^^ second per second. 

Note. The ai^ular acceleration (a) of a moving particle at any instant 
.d-d* 
equals -jj or 5^- 

Angular velooity (««) at the end of t seconds acquired by a 
particle having an initial angular velocity of m radians per 
second and a uniform angular acceleration of a radians per 
second per second. 

403 ot = coa + at radians per second. 

Angle (6) subtended in t seconds by a particle having an 
initial angular velocity of Oo radians per second and a uniform 
angular acceleration of a radians per second per second. 

404 e = (Dot + J at= radians. 

Angle (0) subtended by a particle with an initial angular 
velocity of <oo radians per second and a uniform angular accelera- 
tion of a radians per second per second in acquiring an angular 
velocity of <0t radians per second'. 

406 e = 5idll«2! radians. 

2a 

Angular velocity (»t) acquired in subtending 6 radians by a 
particle having an initial angular velocity of (Oo radians per 
second and a uniform angular acceleration of a radians per 
second per second. 
406 ttt = V W + 2 ofl radians per second. 

Time (t) required for a particle having an initial angular 
velocity of <oo radians per second and a uniform angular accelera- 
tion of a radians per second per second to subtend 6 radians. 



407 t. -'^+^f + ' .^secoMs. 

Uniform angular acceleration (a) required for a particle with 
an initial angular velocity of mo radians per second to subtend 
6 radians in t seconds. 

408 a = j3 radians per second per second. 
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Velocity (v) of a particle r feet from the axis of rotation in a 
body making n revolutions per second. 

409 V = 2 Trm feet per second. 

Velocity (v) of a particle r feet from the axis of rotation in a 
body rotating with an angular velocity of » radians per second. 

410 V = »r feet per second. 

Angular veloci^ (») of a body making n revolutions per 
second. 

411 » = 2 im radians per second. 

Path of a Projectile* 
Horizontal component of velocity (Vi) of a particle having an 
initial velocity of Vo feet per second in a direction making an 
angle of P degrees with the horizontal. 

412 Vx = To cos P feet per second. 




Fic. 4t3. 

Horizontal distance (x) travelled in t seconds by a particle 
having an initial velocity of Vo feet per second at p degrees with 
the horizontal and a uniform downward acceleration of a feet 
per second per second. 

413 X = Tot cos p feet. 

Vertical component ot velocity (t,) at the end of t seconds of a 
particle having an initial velocity of To feet per second at p degrees 
with the horizontal and a uniform downward acceleration of a 
feet per second per second. 

414 ' ' T,' = Vo sin p — at feet per second- 
Vertical "distance Cy) travelled in t seconds by a particle having 

an initial velocity of To feet per second at p degrees with the 
• Friction of the air is neglected throughout. s'^ 
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horizontal and a uniform downward acceleration of a feet per 
' second per second. 
416 y = Tot sin p - J at* feet. 

Time (t,) to reach the highest point of the path of a particle 
having an initial velocity of Vo feet per second at p degrees with 
the horizontal and a uniform downward acceleration of a feet per 
second per second. 

416 ty = " ' seconds. 

a 

Vertical distance (d,) from the horizontal to the highest point 
pf the path of a particle having an initial velocity of Vd feet per 
second at P degrees with the horizontal and a uniform downward 
acceleration of a feet per second per second. 

417 4,_I^£^fee,. 

2 a 

Velocity (v) at the end of t seconds of a particle having an 
initial velocity of Vo feet per second at P degrees with the hori- 
zontal and a uniform downward acceleration of a feet per second 
per second. 

418 T = Vvi* + V,* = Vvo' - 2 To at sin p + a*f 

feet per second. 

Time (th) to reach the same horizontal as at start for a particle 
having an initial velocity of Vo feet per second at p degrees with 
the horizontal and a uniform downward acceleration of a feet 
per second per second. 

419 ti=i^ii^ seconds. 

a 

Horizontal distance (dh) travelled by a particle having an 
initial velocity of Vo feet per second at p degrees with the horizon- 
tal and a uniform downward acceleration of a feet per second 
per second in returning to the same horizontal as at start. 

420 d> -'•■'"' P feet.. •*''-''^"*'' 

* it- 

Time (t) to reach any point P for a particle having an initial 
velocity of Vo feet per second at p degrees with the horizontal and 



a uniform downward acceleration of a feet per second per second, 
if a line through P and the point of starting makes d degrees with 
the horizontal. 

421 t- "'™'^-'" seconds, 

a COS 







Harmonic Motion 

Simple harmonic motion is the motion of the projection, on the 
diameter of a circle, of a particle moving with constant speed 
around the circumference of the circle. 
Amplitude is one-half the projection of 
the path of the particle or equal to the 
radius of the circle. Frequency is the 
number of complete oscillations per unit 
time. 

Displacement (x) from the center t 
seconds after starting, of the projection 
on the diameter, of a particle moving 
with a uniform angular velocity of to 
radians per second about a circle r feet in radius. 

422 z = r COS »t feet. 

Velocity (v) t seconds after starting, of the projection on the 
diameter, of a particle moving with a u,niform angular velocity of 
« radians per second about a circle r feet in radius. 

423 T= —at sin cat feet per second. 
Acceleration (a) t seconds after starting, of the projection on 

the diameter, of a particle moving with a 
uniform angular velocity of .« radians per 
second about a circle r feet in radius. 

424 a = — tt*r cos «t = — a'x feet per 

second per second. 

Note. If the time (t) is reckoned from a posi- 
tion displaced by t radians from the horizontal 
(called lead if positive and lag if negative) the 
formulas becotne: r — r cos (nt -|- •) feet, v = — "»r 
Bin (at +9) feet per second and ft — — "*re« 
(*t + t) feet per second per second. 
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RELATIONS OF MASS AND SPACE 
Mass 
Moss (m) of a body weighing w pounds. 



Note. The mass (m) of a body may be measured by its we^ht (w), 
designated " pounds (abs.)" etc., or by its weight (w) divided by the acceler- 
ation due to gravity (g), designated " pounds (grav.)" etc In this test the 
latter u.nit is uaed throughout. 



Ceoter at Gravity 

Center of gravis of a body or system of bodies is that point 
through which the resultant of the weights of the component 
particles passes, whatever position be given the body or system. 

Note. The center of mass of a body ia the same as the center of gravity. 
The center of gravity of a line, surface or volume is obtained by considerii^ 
it to be the center of gravity of a. slender rod, thin plate or homt^neous body 
and is often called the centroid. 

Moment (M) of a body of weight (w), or of mass (m), about 
a plane if z is the perpendicular distance from the center of 
gravity of the body to the plane. 

426 H = wx or M == mx. 

Statical moment (S) of an area (A), about an axis X if x is the 
perpendicular distance from the center of gravity of the area to 
the axis. 

427 S = Ax. 

Note. The statical moment of an area about an axis through its center of 
gravity is zero. 

Distances (zo, yo, Zo) from each of three codrdinate planes 
{X, Y, Z) to the center of gravity or mass of a system of bodies, 
if ]&w is the sum of their weights or ]Sm is the sum of their masses 
and Swz, Swy, £wz or Smz, 2my, Smz are the algebraic sums 
of moments of the separate bodies about the X, Y and Z planes. 
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** Sw Sm 

_ ^^ _ Sniy 
''" ~ 2w ~ 2m ' 

_ ^^^" _ SiBZ 

^ ~ 2w ~ 2m ■ 
Distances (xo, yo, Zo) from each of three cofirdinate planes to 
the center of gravity of a volume, if Sv is the sum of the com- 
pwnent volumes and Zvx, Svy and 2vz are the algebraic sums of 
the moments of these component volumes about the X, Y and 
Z planes. 
.— 2vT 2Ty 2vz 

429 X.-27- y-g-' "-w 

Distances (xo, yo) from each of two coSrdinate axes to the 
center of gravity of an area, if 2A is the sum of the component 
areas and 2Az and 2Ay are the algebraic sums of the moments 
of these component areas about the X and Y axes. 
._- 2Ax 2Ay 

Note. The general method of finding the center of gravity of an irregular 
area is to divide it into component areas, the centers of gravity of which may. 
be calculated or detennlned from the table on page 78; then find the sum of 
statical moments of the component areas about some convenient axis and 
divide by the total area to obtain the distance from that axis to the center 
of gravity of the whole area. In numerical problems it is often convenient 
to take the axis of reference through the center of gravity of one of the com- 
ponenf'areas thereby eliminatii^ the moment of that area and simplifying 
the numerical work. 

Moment of Inertia of I%ne Areas 
Moment of inertia (J) of an area about an axis is the sum of 

the products of the component areas into the square of their 

distances from the axis (2Ax*). 

431 J = SAx*. 

Note. In general an expression for moment of inertia involves the use cj 

the calculus, the area being considered as divided into differential areas dA. 

Ji = 1 1* dA and J7 " I y* dA. The unit of moment of inertia of an area ia 

inches, feet, etc., to the fourth power. .^.v^Ys'^ 
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Moment of inertia (Ji) of an area A about any axis in terms 
of the moment of inertia Jo about a parallel axis through the 
center of gravity of the area, if Zo is the distance between the 
two axes. 
432 Jx = Jo + Ar,». 

Radius of gyration (K) of an area A from an axis about which 
the moment of inertia is J. 



=4 



Radius of gyration (Ki) of an area A about any axis in terms 
of the radius of gyration Ko about a parallel axis through the 
center of gravity of the area, if Zo is the distance between the 
two axes. 
434 K.' = Ko* + Xo'. 

Product of inertia (U) of an area with respect to two rectangu- 
lar coSrdinate axes is the sum of the products of the component 
areas into the product of their distances from the two axes 
(SAxy). 
436 U = SAxy. 

Note, Product ot inertia, like moment of inertia, is generally expressed 
by use of the calculus: 

U = f xy dA. 
In case one of the areas is an axis of symmetry the product of inertia is zero. 

Product of inertia (Hi,) of an area A about any two rectangu- 
lar axes in terms of the product of inertia Uo about two parallel 
rectangular axes through the center of gravity of the area, if 
Xo and yo are the distances between these two sets of axes. 
436 Ur, = Uo + Axj.. 

Moment of inertia ( J^ and J,') and product 
of inertia (JJi-f) of an area A about each of 
two rectangular coSrdinate axes (X' and Y') 
in terms of the moments and product of 
inertia (Ji, Jy, U,,) about two other rec- 
tangular coordinate axes making an angle a 
with X' and Y'. 
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437 J,- = J, sin* a + Ji cos' a — 2 TJ,, cos a sin o. 
Jf = h cos* a + Ji sin' o + 2 U17 cos a sin a. 
U,Y = (jx - J,) COS tt sin a + U,, (cos' a - sin* o). 

Principal axes of an area are tliose axes, tlirough any point, 
about one of which the moment of inertia is a maximum, the 
moment of inertia about the other being a minimum. The axes 
are at right angles to each other. 

Angle (a) between the rectangular oiOrdinate axes X and Y, 
about which the moments and products of inertia are Ji, Jj and 
Vxj, and the principal axes through the point of intersection of 
X and Y. 

2U„ 
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tan2 a ■» 



The product of inerda 

iaertia about 

I about rectangular axes 

J^ - Jj sin' • + Jicoa'a 



£ 



J, -J. 

Note. An axis of symmetry is a principal a 
about principal axes is tero. If Jy and Ji an 
principal axes the equations for the moments of i 
making an ai^le a with these principal axes are 
and Jr" - Jy cos' a + Ji slii> a. The sum of the n 
ments of inertia about rectangular co&rdinate axes is 
a constant for all pairs of axes idtersecdng at the 
same point, i.e., Ji + Jy - J:^ + Jf. 

Polar moment of inertia (J,) of an area is 
the moment of inertia about an axis perpen- 
dicular to the plane of the area and is equal 
to the sum of the products of the com- 
ponent areas into the squares of their distances from the axis 
(SAr*). 
439 Jp = SAr*. 

Nora. Polar moment of inertia is generally expressed by use of the cal- 
culus: Jpi-JfiA. 

Polar moment of inertia (Jp) of an area A in terms of the - 
moments of inertia Ji and Jy about two rectangulaf coordinate 
axes intersecting on the polar axis. 

«0 Jp = Jx + J,. 



Fig. 439- 
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RelatioiiB of Hsaa and Space 



Moment of Inertia of Bodies 

Moment (rf inertia (Jm) of a body about an axis, in terms of 
the mass, is the sum of the products of the component masses 
into the squares of their distances from the axis (Smr*). 

441 J„ = 2mr^ 

Moment of inertia (J) of a body about an axis, in terms of the 
weight, is the sum of the products of the component weights 
into the squares of their distances from the axis (Swr'). 

442 J = Swr*. 

Moment of inertia (Jm) in terms of the mass for a case where 
the moment of inertia in terms of the weight is J. 

443 J.^I. 

Note. The moment <A inertia of a body is generally expressed by the 
calculus. Jm = C^Am. J = fr^dw. The unit of moment of inertia of 
solid is pound-feet', etc. 

Moment of inertia (Ji) of a body of weight W about any 
axis in terms of the moment of inertia (Jo) about a parallel axis 
through the center of gravity of the body, if Xo is the distance 
between the axes. 

444 J. = Jo + WV. 

Radius of gjrration (K) of a body of weight W from an axis 
about which the moment of inertia is J. 



VI- 



Moment of inertia (Jm), in terms of the mass, of a body of 
weight W about an axis for which the radius of gyration is E. 



Product of inertia (U or 0m) of a body with respect to two 
coordinate planes is the sum of the products of the component 



weights (or masses) into the products of their distances from 

these planes (Zwzy or Snizy). 

447 TJ = Swiy Ua = Smiy. 

Note. The product of inertia of a body is generally expressed by tbe 
calculus. U " I zf dw. Um "^ J ^7 dm. 

Moment of inertia (J) with respect to the axis W in terms I 
of the moments of inertia J„ J^ and J, 
with respect to the axes X'X, VY and 
Z'Z and the products of inertia TTxj, XJ„ 
and Un with respect to the planes Yoy and 
XoD the planes Yo. and Xgz and the planes 
Xo, and Xoy respectively, where W passes 
through the origin of these three axes and 
makes the angles a* p and y with the axes 
X'X, Y'Y and Z'Z respectively. 

4*8 J = Jx cos* o + Jy cos* p + JiC08»Y — 2 Ui, cos o cos p 
— 2 Un cos a cos Y — 2 Uji cos p cos Y- 

Princ^nl axes of a body are those three rectangular axes 
through any point, about one of which the moment of inertia 
is a maximum and about another a minimum, the moment of 
inertia about the third axis being intermediate in value. Prin- 
cipal planes are the planes perpendicular to the principal axes. 
The products of inertia with respect to the principal planes are 
zero. 
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Properties of Various Solids * 
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PropertlM of Varions Solids* (Continue^ 
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Relations of Mass and Spaes 
Properties of Various Solids * (Continued) 



ElUptical Cjlinder 
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Piopertiea of Yarions Solids* (.Continued) 
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Sdations of Mass ud Space 
Properties of Various Solids * {Conlirmedi 

Uoment of Ingrtla, J 
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Propertin of Various SoUds * (Concluded) 
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* AU siH pKss thmugh the center oi ersvity unless otherwiK notsil. J^ — i- W — loUl 
weli^t of the body. 

KINETICS 
Translation 

Three laws of motion, (i) A body remains in a state of rest 
or of uniform motion except under tlie action of some unbalanced 
force. (2) A single force acting on a body causes it to move 
with accelerated motion in the direction of the force. The 
acceleration is directly proportional to the force and inversely 
proportional to the mass of the body. (3) To everyactionthere 
is an equal and opposite reaction. 

Force (F) Imparting an acceleration of a feet per second per 
second to a mass of m pounds (grav.). 
lU F = ma pounds. 

NojB. In terms of the weight w, F = — a. j.dooglc 
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Impulse (I) of a force of F pounds acting for t seconds. 

460 I = Ft pound-seconds. 

Momentum (fffC) of a body of m pounds (grav.) mass moving 
with a velocity of v feet per second. 

461 SJTC = mv pound (grav.) -feet per second. 

Force (F) required to change the velocity of a mass of m 
pounds (grav.) from Vi feet per second to Vj feet per second in t 
seconds. 

462 F - "'Y"' P"''"'^'- 

Note. The change in momentum of a body during; any time interval 
equals tlic impulse of the force acting on the body for that time. ■ 

Work (W) done by a force of F pounds acting through a 
distance of 8 feet. 

463 W = Fs foot-pounds. 
Note. If the force is variable, W = f F da. 

Power (P) required to do W foot-pounds of work at a constant 
rate in t seconds. 

454 P = — foot-pounds per second. 

Potential enei^ (W), referred to a certain datum, of a body 
of w pounds weight and at an elevation of h feet above the 
datum. 
456 W = wh foot-pounds. 

Kinetic energy (W) of a body of m pounds (grav.) mass 
having a velocity of translation of v feet per second. 

466 W = foot-pounds. 

Force (F) required to change the velocity of a mass of m 
pounds (grav.) from Vi feet per second to Vj feet per second in 
s feet. 

467 F-^i^^ pounds. 

Note. The change in kinetic enei^ of the body equals the work done 
on the body. ■- 



96 Hedunlci 

Force (F) required to move a mass of m pounds (grav.) in a 
circular path of r feet radius with a a)nstant speed of V feet pa- 
second. 
468 V = — pounds. 

Note. The above force acts along the normal to the path of the body . 

toward the center of curvature, and is called the centripetal or deviating : 

force. The reaction to this force along the normal to the path of the body ! 

away from the center of curvature is called the centrifugal force. ^ 



Torque or moment (T) about the axis of rotation imparting 
an angular acceleration of a radians per second per second to a 
body with a mass moment of inertia of Jn pound (grav.) -feet 
squared about the axis of rotation, 
469 T = Jn,a pound-feet. 

Note. In terms of the weight, w pounds, of the body and its radius of 
gyration, K feet, about the axis of rotation, T = — E'a pound-feet. 

Angular impulse (I.) of a torque of T pound-feet acting for 
t seconds. 

460 I. = Tt pound-feet-seconds. 

Angular momentum (ffH^) of a body with a mass moment of 
inertia of Jm pound (grav.) -feet squared about the axis of rotation 
and an angular velocity of to radians per second. 

461 91Ia = JmW pound Cgrav.)-feet squared per second. 

Note. The angular momentum of a body is sometimes called its moment 
of momentum. The angular momentum of a body movii^ in a plane per- 
pendicular to the axis of rotation is given by 3IT.a = 3Ttr pound (grav.)- feet 
squared per second where 911 equals the momentum of the body in pound 
{grav.)-feet per second, and r equals the perpendicular distance in feet froni 
the line of direction of the momentum to the axis of rotation. 

Torque (T) required to change the angular velocity of a body 
of mass moment of inertia of Jm pound (grav.) -feet squared 
about the axis of rotation from coi radians per second to oi radians 
per second in t seconds. 

462 T . J-fa-*) p„„„d-fat. 

Note. The change inangularmomentumof a (Kxiy is equal to the angular 



Work (W) done by a torque of T pound-feet acting through 
an angle of 6 radians. 

463 W - TS foot-pounds. 

Note. If the torque is variable, W = f^TdS. The work done by a 
torque of T pound-feet in N revolutions is given by W — T a wN foot-pounds. 

Kinetic energy (W) of a body which has an angular velocity 
of a radians per second and a mass moment of inertia of Jm 
pound (grav.)-feet squared about the axis of rotation. 



NOTS. In terms of the weight, w pounds, of the body and its radius of 
gyration, K feet, about the axis of rotation, W = ■■ foot-pounds. 

Torque (T) required to change the angular velocity of a body 
of mass moment of inertia of Jm pDund{grav.)-feet squared 
about the axis of rotation from ui radians per second to w^ 
radians per second, the torque acting through an angle of 6 
radians. 

466 T = J- t"^* - '^'^ pound-feet. 

Note. The change in Idnetic energy of a body equals the work done on 
the body. 

Center of percussion with respect to the axis of rotation is 
the point through which the line of action of the resultant of 
all the external forces acting on the rotating body passes. 

Distance (1) from the axis of .rotation to the center of per- 
cussion of a body with a mass moment of inertia of Jm pound 
(grav.)-feet squared about the axis of rotation, m pounds (grav.) 
mass and X6 feet between the axis and the center of gravity. 

466 l = Js- feet. 

ZgDl 

Note. In terms of the radius of gyration K, 1 = ■^- C"nOQlc 



General Formulas for Rotation about a 

Aasume a body AB rotating about the aida 
Z'Z. Let m = mass oi the body; • — angular 
acceleration at any instant ; " — angular velocity 
at any instant and &, yo, Zt " the coordinates 
of the center of gravity of the body. 

Considering the forces and motions of the -^ — 
small particles (as Am) of which it may be ^ 
composed, if 2X, SY, ZZ =■ the Eums of the 
components of the forces parallel to the axes 
X'X, YT, Z'Z respectively; 2Ti, ST,, 2Ti = the Fic. 466. 

Bums of the torques about the axes X'X, YTT, 

Z'Z respectively; SJm — the moment of inertia of the mass about thi 
Z'Z; £0iZg,, SDjIq, ~ the products of inertia of mass with respect t 
planes YOZ and ZOY and the planes XOZ and XOY respectively. 

SY = +ax^ - •'y„m [ ZTy = -<iOyi„ - "■Uji^ [ 

2Z=o J ST, = «J„. I 



Analog; of Formulas for Translation and Rotation 




1 


Force 

Impulse 

Momentum 

Change of mo- 

WOTk" ."'".■ '.'.'.'. 
Kinetic energy , 
Change of kinetic 

energy 


F =ina 
I -Ft 

9R = mT 

m(v.-Vo)-F. 

im(v,--V). 
F (s, - 1,) 


Torque 

Angular impulse.. 

Change of angular 

Work"^"."™'.'.'.'.' 

Kinetic ener^. .. 

Change of kinetic 

energy 


31U- Jm- 
W = ) Jm»' 



L 



Translation and Rotation 
Work (W) done on a body by a force of F pounds having a 
torque of T pound-feet about tlie center of gravity of the body 
in moving the body s feet and causing it to rotate through an 
angle of fl radieins. 
467 W = Fb + TO. 

Kinetic energy (W) of a body of m pounds (grav.) mass, with 
a mass moment of inertia of Jd pound (grav.) -feet squared 
about its center of gravity and having a velocity of translation 
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of T feet per second and an angular velocity of <i> radians per 
second. 

468 W - i mv' + i o>»Jo, foot-pounds. 

Note. H the body weighs w pounds and has K feet radius of gyration 

about the center of gravity, W = i — t» ^--K'*". 
3 K 3 g 

Kinetic energy developed in a body during any displacement 
is equal to the external work done upon it, 

469 Fs + Tfl = i mv* + i «Jm* foot-pounds. 
Instantaneous axis. Any plane motion may be considered as 

a rotation about an axis which may be constantly changing to 
successive parallel positions. This axis at any instant is called 
the instantaneous axis. 

Note. If the velocities, at any instant, of two points In a body are known 
the instantaneous axis passes through the intersection of the perpendiculars 
to the lines of motion of these two points. 

Distance (1) from the instantaneous axis to the center of per- 
cussion of a body of m pounds (grav.) mass and mass moment 
of inertia of Jm pound (grav. )-feet squared about its center of 
gravity, for a position of the instantaneous axis of Zg feet distance 
from the center of gravity of the body. 

470 1 = -^ + xo- 

Xom 

Velocity of translation (Vc) of the center of gravity of a body 
having an angular velocity of a radians per second about the in- 
stantaneous axis which is Zg feet from the center of gravity. 

471 Ve = (oxo feet per second. 

Kinetic energy (W) of a body with a mass moment of inertia 
of J'm pound (grav.)-feet squared about the instantaneous axis 
and an angular velocity of «» radians per second about the in- 
stantaneous axis. 

472 W = i tt'J'm foot-pounds. 

Pendulum 

The imaginary pendulum conceived as a material point suspended by a 
weightless cord is called a simple pendulum. A real pendulum is called a 
compound pendulum. i.. ,^>v/v'.,^i^ 



.:,v/i 



Time (t) of oscillation (from a maximum deflection to the 
right to a maximum deflection to the left) of a simple pendulum 
1 feet in length. 

- seconds (for small vibrations). 

Note. An apj^oximate expression for all area is t-«y—[i +5?|, where 
n is the vertical distance between the highest and lowest points of the path. 

Length (I) of a simple seconds pendulum (one whose time of 
oscillation is one second). 

474 1 = ;^ feet. 

Time (t) of oscillation of a compound pendulum of K feet 
radius of gyration with respect to the axis of suspension and 1 
feet length from the axis of suspension to the center of gravity 
of the pendulum. 

475 t = ttX/t- (for small vibrations). 

Distance (d) from the center of suspension to the center of 
oscillation, of a compound pendulum, of K feet radius of gyra- 
tion about the center of suspension, the distance from the center 
of suspension to the center of gravity being 1 feet. 

476 ^ " T ^^*' 

Note. The time of oscillation, for a small vibration, about an aus through 
the center of suspension is the same as that of a small vibration about a 
parallel axis through the center of oscillation. 

Tension (T) in the cord of a conical pendu- 
lum with a weight of W pounds and 1 feet 
length of cord, rotating with n revolutions per 
second. 

477 T- 5^ pounds. ^-- | -^ 

Note. In terms of the angular velocity « radians 

per second; T — — ■-■ pounds. 

Time (t) of oscillation of a simple cycloidal ^^' ♦'^■ 

pendulum swinging on the arc of a cycloid described by a circle 
of r feet radius. 
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Prony Bnke' '■ 
Power (P) indicated by a Prony brake 
w^hen the perpendicular distance from 
the center of the pulley to the direction 
of a force of F pounds applied at the 
end of the brake arm is 1 feet and the 
pulley revolves at a speed of S revolu- 
tions per minute. * 
479 P = 1.903 ISF X IO-* horse-power. 
Note. The torque of the pulley equals IF pound-feet, 
feet 3 inchea, P = — — horse-power. 




Frictioa 
static friction is the force, in addition to 
that overcoming inertia, required to set in 
motion one body in contact with another. 

Coefficient of static frictioti (f) between two 
bodies, when W is the normal pressure between 
them and F is the corresponding static friction. 
[IT and F in the same units] 

480 f-|. 




Resultant force (R) between two bodies starting from relative 
rest with a normal pressure of N pounds and a static friction of 
F pounds between them. 
481 R = Vp-t-W pounds. 

Angle of static friction (<|>) for two surfaces with a normal 
pressure N and a static friction F between them. [N and F in 



482 



tan<t> = 



K 



= f. 



^d 



Note. The angle of repose is the angle of incli- 
nation of the surface of one body at which the other 
body will begin to slide along it, under the action of its 
own weight. The angle of repose (+) is equal to the angle of static friction. 



Fig. 483. 



Coefficients of Frictioii 



StatkbktiaD 



Cast-iron on cast-iron 

or bronze 

Cast-iron on cast-iron 

or bronze 

Cast-iron on oak (fiber; 

parallel) 

Cast-iron on oak (fiber: 

parallel) 

Cast-iron on oak (fiber; 

parallel 

Earth on earth 

Earth on earth (clay). . 
Earth on earth (clay) . . . 
Hemp-rope on rough 

Hemp-rope on polished 

Leather on oak 

Leather on cast-iron. . . 
Oak on oak (fibers 

parallel) 

Oak on oak (fibers 

crossed) 

Oak on oak (fibers 

crossed) 

Oak on oak (fibers 

perpendicular) 

Steel on ice 

Steel on steel 

Stone masonry on con- 
Stone masonry on un- 
disturbed ground. , . 
Stone masonry on un- 
disturbed ground, . . 
Wrought-iron on 

wrought-iron 

Wrought-iron on 

wrought-iron 

Wrought-iron on cast- 
iron or bronze 

Wrought-iron on cast- 
iron or bronze 






greased 






.30-0.30 
0.56 

0.48 



i7i° 
16! "-31° < 

35V 



»3r 
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Sliding friction is the force, in addition to that oyercotnii^ 
inertia, required to maintain relative motion between two 
bodies. 

Note. Laws o[ sliding friction, (i) Far moderate pressures the friction 
is proportional to the normal pressure between the surfaces. (2) For mod- 
erate pressures the friction ia independent of the extent of the surface in 
contact. (3) At low velocities the friction is independent of the velocity 
of rubbing. The friction decreases as the velocity increases. (4) Sliding 
friction is usually less than static friction. 

CoeflBcient of sliding friction (f) between two bodies when N 
is the normal pressure between them and F is the corresponding 
sliding friction. [N and F in the same units] 

*» .4. 

Angle of sliding friction (<^) for two surfaces with a normal 
pressure N and a sliding friction F between them. [N and F in 
the same units] 

Note. See formula 4SZ. The angle of sliding friction is the angle of 
inclination of the surface of one body, at which the motion of another body 
sliding upon it will be maintained. The angle of sliding friction is in general 
less than the angle of static friction. 

Applications of Principles of Friction 
Inclined plane. Let W = weight in pounds 
of a body sliding on the plane, a = angle of 
inclination of plane, P = angle between force 
F and plane, <^ = angle of repose, f = coeffi- 
cient of friction (tan + = f), and F = force "^' ^^' 
applied to the body along the line of action indicated. 

484 (a) Force (F) to prevent slipping, {a > ^) 

(b) Force (F) to start the body up the plane, (a >[+) 

F = W ""<; + t\ pounds. 
COS {p - +) 

- (c) Force (F) to start the body down the plane, (a < <|>) 



„, sin (A - a) , 

W ,1 , ,, pounds. 

cos (p + 4.) *" ■ 



Wedge. Let W = force in pounds opposing motion, a = 
angle of inclination of sides of wedge, ^ = 
angle of friction, and F = force applied to 
-wedge. 
485 (a) Force (F) to push wedge. 

F = 2 W tan (o + +) pounds. 
(b) Force (F) to draw wedge (o > +). 
F = 2 W tan (^ — a) pounds. 
Square threaded screw, 
p = pitch of screw, a = 




(— jfe). 



Fig. 485- 
Let r = mean radius of screw, 

r 



= force 



angle of pitch 

.pplied to screw 

at end of arm a, W = total weight in pounds 
to be moved and ^ = angle of friction, [r 
and a In same units] 

486 (a) Force (F) to lower screw, 

„ Wr (tan 4. -tang) , , . 

F = pounds (approx,). 

* Fk 

(b) Force F to raise screw. 

_ Wr (tan <t>+ tang) . , , 

F = * pounds (approx.). 

Shaip threaded screw. Let r = mean 
radius of screw, a = angle of pitch, ft = 
angle between faces of the screw, F = force 
in pounds applied to screw at end of arm 
a, W = total weight in pounds to move, and 
<t> = angle of friction, [r and a in same 
units] 

487 (a) Force (F) to lower screw. 

„ Wr/tan<bcoso . \ , 

F = — / ^— 1 tanaipounds 

I cos^ /(approx.). ti 

(b) Force (F) to raise screw. 

Tj Wr /tan A COS a , ^ \ . , . 

•T = — / 1— g Y tan al pounds (approx.). 





Kinetics 

Hvot Friction 

i = coefficient of (riction. W = load in pounds. 
T o torque of friction about the aida of the shaft, 
r — radius in inches, n — revolutions per second. 



Torque T in poand-inchM 



Shafts and JonnuUs 






a^R'-H 





3Xi3(R'-r')8ma 



Rolling Frictioii 
Coefficient of rolling friction (c) of a 
wheel with a load of W pounds and with 
r inches radius, moved at a uniform 
speed by a force of F pounds applied at 
its center. 

488 ' ~ W '"^'^^s- 

Note. Coefficients of rolling friction. 

L^um vit£ roller on oak track 

Elm roller on'oak track 

Iron on iron (and steel on steel) 




0.019 inches. 
0.032 inches. 
0.030 inches. 



Ratio l=r) of the pull Fj on the driving side of a belt to the 



pull Fs on the driven side of the belt, 
when slipping is impending, in terms of 
the coefficient of friction f and the angle 
of contact a, in radians, [c = 2.71S] 




Fig. 489. 



Note. Mean values of t are as follows: 

Leather on wood (somewhat oily) 0.47 

Leather on cast iron (somewhat oily) O.aS 

Leather on cast iron (moist) 0.38 

Hemp-fope on iron drum 0.35 

Hempi-rope on wooden drum 040 

Hemp-rope on polished wood 0.33 

Hemp-rope on rough wood 0.50 
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Impact* 
Common velocity (v'), after direct central impact, of two in- 
elastic bodies of mass mi and mj and initial velocities Ti and Tt 
respectively. 

490 v.- Tt^" - 

mi i-mi 

Final velocities (v/ and v»'). after direct central impact, of 
two perfectly elastic bodies of mass mi and mt and initial 
velocities Vi and Vj respectively. 

_ JHiVl ~ IPtVi + 2 tntVt 

mi + ma 

_ mjTa — miVg + 2 miT i 

mi + n^ 

Final velocities (v/ and Vi'). after direct central impact, of 
two partially but equally inelastic bodies of mass mi and mi and 
initial velocities Vi and Vj respectively and constant e depending 
on the elasticity of bodies. 

miVi + maVa - emt (vi - Va) 



491 



mi + nia 
miVi + m^Vj - em, (va - 



vO 



.-v1 



where H is the height of rebound of a sphere dropped 
from a height h on to a horizontal surface of a rigid mass. If the bodies are 
inelastic e — o, and if bodies are perfectly elastic e — i. 

STATICS 

Components of a force F (Fi and F,) paral- 
lel to two rectangular axes X'X and YTT, the 
axis X'X making an angle a with the force F. 
493 Fz = F cos a> F, = F sin a. 

Moment or torque (M) of a force of F 
pounds about a given point, the perpendicular distance from the 
point to the direction of the force being d feet. ■ 
. 494 M = Fd pound-feet. 

* mi and ma, Vi and Ta in the same units. 



v^ 



Fig. 493. 
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Note. A couple is formed by two equal, opposite, parallel forces actii^ 
in the same plane but not in the same straight line. The moment (M) of a 
couple of two forces, each of F pounds, with a perpendicular distance of d feet 
between tbem is Pd pound-feet. The moment, about any point, of the re- 
sultant of several forces, lying in the same plane, is the algebraic sum of the 
moments of the separate forces about that point. 

Resultant force (R) of two forces, Fi and f -^ 

Fj, which make an angle a with each other, fl/ ^J'^"^' 

the angle between the resultant force R and L^^^__^' 
the force Fi being B. T, 

, Fkj. 495- 

496 R = VFi* + Fj> + 2 FiFj cob o. 

A^ *-- I. _ _ _?> sin a 



' Fi + Fs COB a 



or, sin 6 = - 



Parallelc^ram of forces. The resultant f "'^^^ 
force (R) of two forces Fi and Fj is repre- /^.---^^'''^ /' 
sented in magnitude and direction by the C""""^ ^i >■' 
diagonal lying between those two sides' of a Fig. 4gfi- 

parallelogram whict represent Fi and F» in magnitude and 
direction. 

Triangle of forces. The resultant force 
(R) of two forces Fi and Fj is represented 
in magnitude and direction by the third 
side of a triangle in which the other two 
sides represent Fi and Fj in magnitude and p,Q, ^fia^ 

direction. 

Resultant force (R) of three forces Fi, F^ and Fa mutually at 
right angles to each other and not lying in the same plane, the 
angles between the resultant force R and the forces Fi, Fi and Fj 
being a) P and ^ respectively. 

497 R = VFi* -H Fj» + F,». 

F, F, 

= !• COSY =5. 

Note. If three forces not in the same plane are not mutually at right 
igles to each other, the resultant force may be found by formula 504. 



PaTalleloi^)ed of forces. The result- 
ant force (R) of three forces F,, Fj 
and F), not lying in the same plane, is 
represented in magnitude and direction 
by the diagonal lying between those *^' 

three sides of a paraDelopiped which represent Fi, Fi and F| in 
magnitude and direction. 

Resultant force (R) of several forces lying in the same plane, if 
SF, and 2F are the algebraic sums of the components of the 
forces parallel to two rectangular axes X'X and YlT, the angle 
between the resultant force and the axis X'X being a. 

499 R = V(SFx}' + (SF,)*. 

™, * SF, . 2F, SFx 

600 tano = ^, sin o = -^, cosa=-^- 

Perpendicular distance (d) from a given point to the resultant 
force (R) of several forces lying in the same plane, if 2M is the alge- 
braic sum of the moments, about that point, of the separate forces. 

Ml d-^. 

Note. The resultant of aeveral parallel force* is the algebraic sum of the 
forces (2F). 11 ZF = o the resultant b a couple whose moment is 2U. 

Force Polygon. The resultant force (R) of several forces 
Fi, Fj . . . Fn, lying in the same plane, is represented in mag- 
nitude and direction by the closing side of a polygon in which the 
remaining sides represent the forces Fi, Fj , , . Fn in magni- 
tude and direction. 




Note. The arrows indicate the directions of the forces and for the given 
forces they must point in the same way around the polygon, but for the result- 



ant force in the oppo^te direction or leadii^ from the starting pcnnt of the fint 
force to the end point of the last force. 



W^ 



Moment (M) of a force F, about a line, is the product of the 
rectangular component of the force 
perpendicular to the line (the other 
component being parallel to the line) 
into the perpendicular distance be- 
tween the line and this rectangular 
component, or the force F may be 
resolved into three rectangular com- 
ponents, one parallel and the other 
two perpendicular to the line, as in 
Fig. 502. The moment of the force about each axis b then ob- 
tained as follows: 

Mi = 7F cos y — zF cos p. 

602 My = zF cos a — zF cos -y. 

Mi = zF cos p — yF cos a. 






Resultant force (R) of several parallel forces, not lying in the 
same plane, is the algebraic sum (2F) of the forces. 



, the resultant L 



SH,, 



Perpendicular distances (di) and (d,) from each of two axes I 
X'X and YTT to the resultant force (R) of several parallel forces, *. 
not lying in the same plane, if ZMi and ZM, are the algebraic | 
sums of the moments of the separate forces about the axes X'X j 
and YT respectively. 



d. = 



R ' 



SM, 

= -5" 



Resultant force (R) and direction (a, p, y) of the resultant 
force of several forces, not lying in the same plane, if SF„ SF, , 
and ZFi are the algebraic sums of the components parallel to 
three rectangular axes X'X, Y'Y and Z'Z^ and a, P and y are the 



angles which the resultant force makes with the axes X'X, THT. 
and i'Z respectively. 



6M R = V{srx)* + (SF,)* + (SF,)*. 

™. SFi a 2F, SF, 

506 cos o = -r^, cos p = -^, cos -y = -!^*- 

Resultant couple (M) and direction (omt Pmi ym) of the axis of 
the resultant couple of several forces, not acting in the same plane, 
if SMz, 2M; and SM, are the algebraic sums of the moments 
about three rectangular axes X'X, YT and Z'Z and Om, Pm and yn 
are the angles which the moment axis of the resultant couple 
makes with the axes X'X, VY and Z'Z respectively. 



606 M = V(SM.)« + (SM,)» + (SM,)'. 

Note. In general the resultant of several non-parallel forces, not in the 
same plane, is not a single force, but by the use of the above principles the 
system may be reduced to a dngle force and a couple. 

Conditions of equilibrium of several forces, lying in the same 
plane, if SFi and SF, are the algebraic sums of the components 
parallel to two axes X'X and VY and, SM is the algebraic sum of 
the moments of the forces about any point. 

608 SF, = o, SF, = o, 2M -=o. 

Conditioiis of equilibrium of several forces, not lying in the 
same plane, if SFi, SFy and ZFj are the algebraic sums of the 
components parallel to three axes X'X, Y'Y and Z'Z which inter- 
sect at a common point but do not lie in the same plane, and 
SMi, 2Mr and £Mi are the algebraic sums of the moments of 
the forces about these three axes. 

509 SFi = o, SF, = o, SF, = o. 

610 SM. = o, ZM, - o, 2M, = o. 



,.„,,.,,, Google 
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Stresses in Framed Structures * 
Pratt Truss. Two live loads of lo tons each as shown in Fig. 
508a. 




Fig. 508a. 



(a) Reactions (use conditions of equilibrium, formula 508), 
By ZM = o, SMa=0 = 10X 15+10x30- VsXgo, Vb = 5 tons. 
By SF, = o, 20 - Vb = Va, Vi = 15 tons. 
By SFx = o, Ha = 0. (note that a roller is used at B, fixing the 

reaction there in a vertical direction) 

(b) Stresses in bars. 

To find the stress in a bar consider a plane (cutting the bar in 
question) to divide the truss into two parts; remove one part 
and replace the portion of the bars which are removed by their 
stresses which may now be treated as outer forces. These 
stresses are found by applying the equations of equilibrium. It 
is essential that only three of the bars which are cut shall have 
unknown stresses. 

Note. H tendon is called positive and all unknown stresses are assumed 
to be tendon stresses, a positive sign for the result indicates tension and a ' 
negative »gn compression. > 

Bar ®. Truss cut by plane aa. Consider left portion. 

Let V® = the vertical component of S®, the stress in bar ®. 1 



By SFy = o, -Va4 



|-V® = o, V® = 5, S® 



.25 



xs = 



6.25 tons tension. 

Bar d). Truss cut by plane aa. Tjike moments about joint c . 

By SM = 0, SMe = = Va X 30 - 10 X 15 + S® X 20. I 

« — 4S0 + IW 

S® = — ^= si- = — IS = ig tons compression. 

Bar (T). Truss cut by plane bb. 

By SFj, = 0, -Va + 20 + S® = o, S® - -5 = 5 tons 
compression. 

* Due to live loads only. Weight of structure is neglected. | 
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Roof Truss. Two live loads of 3 tons each as shown in Fig. 
508b. 




t^' 



Fig. soSb. 




(a) Reactions (use conditions of equilibrium formula 508). 
ByZM = o, 2Ma=o=3XI3-4+3X26.8-VbX73, 

Vb = i.67 tons. 

By SF, = 0, 2 X 2.69 - Vb - Va= 0, Vji = 3.7i tons. 

By 2F, = o, 2.70 + Ha= 0, Ha = — 3.70 tons, i.e., acting to 
the left, (note that a roller is used at B, fixing the reac- 
tion in a vertical direction) 

(b) Stresses In bars. (See b 
under Pratt Truss.) 

Bar ®. Truss cut by plane 
aa. Consider left portion. Take 
moments about joint c. Let H® 
= horizontal component of S®. ^'^- S'*'^- 

By SM = 0, SMe = o =VaX24-2.69Xi3+i.35X6+H®xi2. 

H® = —5.34, S®= — 2 X 5.34 = 5.96 tons compression. 

Bar @. Truss cut by plane aa. Take moments about A.. 

Let V® = vertical component of S®. 
By2M=0, SMa = o = 3 Xi3.4+V@X24, V® =- 1.67 tons. 
S® = Vs X 1.67 = 3.73 tons compression. 

Bar ®. Truss cut by plane bb. Consider right portion, as 
fewer loads lie to the right of cutting plane. 

Take moments about joint d. 
BySM=o,SMd = o=-VBX48+S®Xi2,S® = 6.68 tons tension. 

PROPERTIES OF MATERLOS 
Intensity of stress is the stress per unit area, usually ex- 
pressed in pounds per square inch. The simple term, Stress, is 
often used to indicate intensity of stress. ^ .v.>-^,^ 
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Ultimate stress is the greatest stress which can be produced 
in a body before rupture occurs. 

Allowable stress or working stress is the intensity of stress which 
the material of a structure or a machine is designed to resist. 

Factor oi safety is a factor by which the ultimate stress is 
divided to obtain the allowable stress. 

Elastic limit is the maximum intensity of stress to which a 
material may be subjected and return to its original shape upon 
the removal of the stress. 

Note, For stresses below the elastic limit the deformations are directly 
proportional to the stresses producing them: that is, Hooke's Law holds for 
stresses below the elastic limit. 

Yield point is the intensity of stress beyond which the change 
in length increases rapidly with little if any increase in stress. 

Modulus of elasticity is the ratio of stress to the strain, for 
stresses below the elastic limit. 

Note. Modulus of elasticity may also be defined as the stress which 
would produce a change of length of a bar equal to the or^nal lei^h of the 
bar, assuming the material to retain its elastic properties up to that point. 
Properties of Common Materials 
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Poisson's ratio is the ratio of the relative change of diameter 
of a bar to its unit change of length under an ajdal load which 
does not stress it beyond the elastic limit. 

Note. Poisson's ratio is usually denoted by — , It varies for different 
materials but is usually about J. 

Intensity of stress (f) due to a force of P pounds producing 
tension, compression or shear on an area of A square inches, 
over which it is uniformly distributed. ^ ' '* '^'"'^ 
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p 

611 ' ~ A P*^""^^ P^*" ^- '"- 

Modulus of elasticity (E) of a bar of A square inches cross- 
sectional area and 1 inches length, which undergoes a change of 
length of d inches under an axial load of P pounds. 

PI 

612 ^ " Art pounds per sq. in. 

Note. The load must be such as to produce an tntenuty of stress below 
the elastic limit. I( f is the intensity ol stress produced and e the ratio of 
change of length to total length, E = - and e= «- 

Change of length (d) of a bar of A square inches cross-sec- 
tional area, 1 inches length, and E [Xiunds per square inch modu- 
lus of elasticity of material, due to an axial load of P pounds. 
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STRESS-STRAIN DIAGRAM 



Note, Stress-strain diagrams show the relation of the intensities of stress 
of a material tQ the corresponding strains or detormatipos. ^ '^'^'^s'^ 
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RIVETED JOINTS 
Shearing strangth (ri) of a rivet d inches in diameter, with 
an allowable stress in shear of fi pounds per square inch. 

614 r, = f B pounds. 

Bearing strength (rt of a rivet d inches in difimeter, with an 
allowable stress in bearing of fb pounds per square inch, against 
a plate t inches in thickness. 
616 Tb = dtfb pounds. 

Total stress (r) on each of n rivets resisting a pull or thrust of 
P pounds. 

p 
616 r = — pounds. 

Total stress (tm) on the most stressed rivet 
of a group of rivets resisting the action of a 
couple of M inch-pounds, if y b the distance 
in inches from the center of gravity of the 
group of rivets to the outermost rivet and Sy* 
is the sum of the squares of the distances from 
the center of gravity of the group to each of 
the rivets. 
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Fig. 517. 



Resistance to moment (M) of a group of rivets, if the distance 
of the outermost rivet from the center of gravity of the group is 
y inches and the sum of the squares of the distances from the 
center of gravity of the group to each of the rivets is 2^* and r 
is the total allowable stress on a rivet. 
_ rSy* 
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M = 



- inch-pounds. 



o o d 



^ 



Resistance to tearing (T) between rivets, 
of a plate t inches in thickness in which 
rivets of d inches diameter are placed with 
p inches pitch, if the allowable intensity ■■^''* 

of stress of the plate in tension is ft pounds per square inch. 
619 T = t(p-d) ft pounds. 

Efficiency of a riveted joint is the ratio of the least strength 
of the joint to the tensile strength of the solid plate. 



strength of Various Types of Riveted Joints 



fi •• allowable shearing stress in pounds per square inch. 

fb' allowable bearing stress in pounds per square inch. 

fi — allowable tension stress in pounds per square inch. 

d = diameter of rivet in inches, 

t = thickness of plate in inches. 

p = pitch of inner row of rivets in inches. 

P — pitch of outer row of rivets in inches. 

tc = thickness of cover plates in inches. 




Single-riveted Lap Joint 

(i) Shearing one rivet = — U. 

(2) Tearing plate between rivets = (p — d) tft. 

(3) Crushing of rivet or plate = dtfb. 






Double-riveted Lap Joint 

(i) Shearing two rivets = fs. 

(2) Tearing between two rivets-(p - d)tft. 

(3) Crushing in front of rivets = a dtfb. 




Sii^e-riveted Lap Joint with inside 
Cover-Plate 

(i) Tearii^ between outer row of rivets 

= (P - d) tf t. 
(2) Tearing between inner row of rivets and 
shearing outer row of rivets 



= (P- 



,d)tft+^fB. 



(3) Shearing three rivets 



.jrf 



(4) Crushing in front of three rivets = stdfb. 

{5) Tearing at inner row of rivets and crush- 
ing in front of one rivet in outer row 
= (P-3d)tft+tdfb. 



strength <tf Various Types of RiTeted Joints {Continued) 




Doable-riveted Lap Joint with inside 
Cover-Plate 

(i) Tearii^at outerrow of rivets -(P-d)!*!. 

(i) Shearing four rivets — tt. 

{3) Tearing at inner row and shearing outer 
row of rivets - (P - ijd) tft + — 

(4) Crushing in Cront ol four rivets = 4 tdfb. 

(5) Tearing at inner row o{ rivets and crush- 

'wvg in front of one rivet 

- CP - ij d) tft + tdfb. 



Double-riveted Butt- Joint 

(1) Teari!^ at outer row of rivets =(P-d)tft. 

(2) Shearing two rivets in double shear and 

one in single shear = fi. 

(3) Tearing at inner row of rivets and shear- 

ing one of the outer row of rivets 



(4) Crushing in front of three rivets — 3 tdfb. 

(5) Crushii^ in front of two rivets and shear- 

ing one rivet — a tdfb + ^— Is. 






Triple-riveted Butt-joint 

(i) Tearing at outer row of rivets' = (P - d) tft. 

(2) Shearing four rivets in double shear and 

one in single shear = fc 

(3) Tearii^ at middle row of rivets and shear- 

ing one rivet = (P-ad)tft-l-^ffc 

(4) Crushing in front of four rivets and shear- 

ing one rivet = 4 dtfb -\ fs. 

(5) Crushing in front of five rivets 

-4dtfb + dtbfb. 



BEAMS 

Vertical sliear at any eection of a beam is equal to the alge- 
braic sum of all the vertical forces on one side of the section. 
The shear is positive when the part of the beam to the left of the 
section tends to move upward under the action of the resultant 
of the vertical forces. 

Nors. In the study of beams, the reactions must be treated as applied 
loads and included in shear and moraeat. A section is always taken as cut by 
a plane normal to the axis of the beam. In all cases vertical means normal to 
the axis. 

Bending moment at any section of a beam is equal ta the alge- 
braic sum of the moments, about the center of gravity of the sec- 
tion, of all the forces on one side of the section. Moment which 
causes compression in the upper fibers of a beam is positive. 

Note. The maximum moment occurs at a section where the shear is 
zero. A curve of shears or of moments is a curve the ordinate to which at 
any section sbows the value of the shear or moment at that section. 

Moment and Shear Curves for a Moment and Shear Curves for a 

Simple Beam with a Uniformly Dis- Simple Beam with Concentrated 
tributed Load. Loads. 

f' !"■ P 



«3 r-~- 



■""--J''. 



"^-^ fe 



Fig. s*o. 

Neutral plane of a beam is the plane which undergoes no 
change in length due to the bending and along which the direct 
stress is zero. The fibers on one side of the neutral plane are 
stressed in tension and on the other side in compression and the 
intensities of these stresses in homogeneous beams are directly 
proportional to the distances of the fibers from the neutral plane. 

Note. The neutral axis at any section in a beam subject to bendii^ only 
passes through the center of gravity of that section. '- 
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Neutral atis at any section of a beam is the line formed by 
the intersection of the neutral plane and the section. 

Elastic curre of a beam is the curve formed by the neutral 
plane when the beam deflects due to bending. 

Equation of the elastic curre of a beam of J inches* moment 
of inertia and a modulus of elasticity of the material of E pounds 
per square inch, if X and y in inches are the abscissa and ordi- 
nate respectively of a point on the neutral axis referred to 
rectangular codrdinates through the points of support and M is 
the moment in inch pounds at that point 



M = EJ 



Note. The equation of the elastic curve is used to fiod the slope and de- 
flection of a beam under loading. A single integration gives the slope, in- 
tegrating twice gives the deflection; in each case, however, the proper value 
of the constant of integration must be determined. 
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Beami 
BEAMS UNDER VARIOUS LOADINGS 
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Hechaniu 
Beams Dnder VaHoiu Loadings 
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Beanu 
Beams Under Various Loadings (Conduded) 
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Three moment equation gives the ratio between the moments 
M,, Mb and Me at three consecutive points of support (a, b 
and c) on a beam continuous over three or more supports. 
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Fig. sii. 

Case I. Concentrated loads. (See Fig. 521.) 
ai MJL + 2 Mb (li + 1,) + MA = Pill' (ki' - kO 



f " f' 



Fig. 532. 

Case II. Uniformly distributed load. (See Fig. 522.) 
622 MJi + 2MbOi+W + Mcl4= -JwJi'-lwjls". 

Intensity of stress (f) in tension or compression on a fiber y 
inches distant from the center of gravity of a section of a beam 
with J inches* moment of inertia, due to a bending moment of 
M pound- inches. 
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pounds per sq. in. 



Intensity of stress (f) on the outer fiber of a rectangular beam 
h inches in depth and b inches in breadth, due to a bending 
moment of H pound-inches. 

624 f = ■i-r7 pounds per sq. in. 

Intensity of stress (f) in a fiber y inches distant from the- 
center of gravity of a section of a beam of A square inches area 
and J inches' moment of inertia, due to a direct load (parallel 



to axis of beam) of P pounds and a bending moment of M 
pound-inches. 

S26 f = ■J ± — ^ pounds per sq. in. 

(^aphical representation of stress distribution in a beam. 
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Maximum moment (H) which can be carried by a beam with 
J inches* moment of inertia and y inches greatest distance from 
center of gravity to outer fiber, without exceeding an intensity 
of stress of f pounds per square inch in the outer fiber. 

626 M = — pound-inches. 

Section modulus (S) of a section of a beam with J inches* 
moment of inertia and y inches distance from center of gravity 
to outer fiber. 
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S = - inches'. 



bitensity of stress (f ) on the outer fiber of a beam of section 
modulus of S inches', due to a bending moment of M pound- 
inches. 



f = ^ pounds per sq. i 



Intensity of longitudinal shear (s) along 
a plane XX at the section of a beam 
where the total vertical shear is S pounds, 
if J inches* is the moment of inertia of the 
-total section about its center of gravity 
axis, b the width of the beam at plane XX 
and Q inches^ the statical moment, taken 
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about the center of gravity axis, of that portion of the section 
which lies outside of the axis XX. 

629 B = -T-^ pounds per sq. in. 

NoTK. The maximum intensity of shear always occurs at the center of 
gravity of a beam. 

Maximum intensity of shear (s) in a rectangular beam A 
square inches in area at a section where the total vertical shear 
is S pounds. 

630 ^ "^ ~ T pounds per sq. in. 

Note. The intensity of vertical shear is equal to tha.t of the longitudioal 
shear acting at right angles to it. The intensity of vertical shear is obtained 
by the formula s = -~- 
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134 Hectumks 

RESULTANT OF SHEARING AND DIRECT STRESSES 

Resultant intensity (p'} of normal stress and (s') of shearing 
stress on a plane inclined a° to the 
horizontal at a point in the beam 
where the intensity of the horizontal ^ 
and vertical shearing stresses is s *' 
pounds per square inch, the inten- T~j 

sity of the stress normal to the ver- * 

tical plane is px pounds per square '^'' 

inch, and that normal to the horizontal plane is p^ pounds per 
square inch. 

631 p' = E — El + II1 — E cos 2 a + ssin2 apoundsper sq.in. 

632 b' = — — " sin 2 a + s cos 2 a pounds per sq. in. 

Angle (a) made with the horizontal by the plane on which the 
maximum intensity of normal stress occurs, 

633 tan2tt- ^^ • 
Maximum and minimiini intensities of normal stress. 

684 p'mu = ^ — " ± - '^4 s* + (pi — pr)* pounds per sq. in. 

Note. The maximum and minimum nonnal stresses are called f^nclpal 
stresses and occur on planes which are at right angles to each other and on 
each of which the shearing stress is zero. 

Angle (a) made with the horizontal by the plane on which 
the maximum intensity of shear occurs. 

636 tan 2 o = ^~^ . 



Note. The planes of the 

inclined at 45° to the planes 



Maximum and Tninimntn intensities of shearing stress. 

>36 5'm« = ±- V4 s' + (p. - p,)» pounds per gftviP^^lc 



COLUMNS 

Euler*8 formula for the allowable aveit^ intensity of stress 

(f) on a column 1 inches in length, with a least radius of gyration 

of r inches and of material of E pounds per square inch modulus 

of elasticity. 

637 Column with end rounded f = iT^ [r\ pounds per sq. in. 

638 Column with ends fixed f = 4 ir^ I r j pounds per sq. in. 

539 Column with one end fixed , o ,_ frV , 

J J J J I = * irE ( r I pounds per sq. m. 

and one end rounded 4 \1/ r- i 

Gordon Formula for allowable average intensity of stress (f) 
on a column 1 inches in length, with a least radius of gyration of 
r inches and a maximum allowable compression stress of fc 
pounds per square inch on the material. 

640 t = ' ■ ..., pounds per sq. in. 



1 + 



\(^ 



Note. The following values of c are commonly used for steel columns. 

Column with ends rounded 9,000 

Column with ends fixed ao.ooo 

Column with one end fixed and one end rounded 36,000 

Pin-ended columns are generally considered to have ends rounded. 

Straight-line formula for the allowable average intensity of 
stress (f) in a column 1 inches in length, with a least radius of 
gyration of r inches and a maximum allowable compression 
stress of U pounds per square inch on the material. 

641 f = fe — c [-] pounds per sq. in. 

Note. The American Railway Engineering and Maintenance of Way 
Associatioh gives the fallowing formula in its specifications, f— 16,000— 70 — 

Maximum intensity of stress (f) in a column of A square inches 
area of cross-section, 1 inches length, J inches* moment of in- 
ertia about the axis about which bending occurs and y inches dis- 



tance from that axis to the most stressed fiber, due to a direct 
load of P pounds and a bending moment of M inch-pounds. 

642 ' ~ A "' pH P0""tl3 P^ ^- '"■ approx. 

Note. The constant c for the common case of lun-ended columns subject 
to bending due to a uniformly distributed load may be taken as lo. 

Maximum intensity of stress (f) in a short column of A square 
inches area of cross-section, due to a load of 
P pounds applied a inches distant from the X 



axis of symmetry and b inches distant from v 
the Y axis of symmetry, if Ji inches^ is the ■ 







moment of inertia about the X axis, y inches 

the distance from the X axis to the most 

stressed fiber, Jy inches^ the moment of inertia Fig. 543 

about the Y axis and z inches the distance from Y axis to the 

most stressed fiber. 



Maximum intensity of shear (s) in a shaft of r inches radius 
and of Jo inches* polar moment of inertia due to a torque (twist- 
ing moment) of M inch-pounds. 



Note. For a solid round shaft b = — -j" 

Angle (6) of twist in a solid circular shaft, of r inches radius, 
1 inches in length and with Es pounds per square inch modulus 
of elasticity in shear, due to a torque of M inch-pounds. 

645 fl •= .„ radians. 

irrEs 



L 



Note. Ei for steel is commonly taken as 12,000,000. j, CiOOqIc 
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Horse-power (P) transmitted by a shaft making n revolu- 
tions per minute under a torque of M inch-pounds. 
wM^ Tt 2iniM , 

»» '^- 33..>..X.. '■°"'-P°'"^- 

Diameter (d) of a solid circular shaft to transmit H.P. horse- 
power at n revolutions per minute with a fiber stress in shear 
of s pounds per square inch. 



'<fi 



321,000 H J*. . 



547 d= V ^' inches. 

V ns 

Maximum intensity (s') of shearing stress and (f) of tensile or 
compression stress due to combined twisting and bending in a 
shaft where s is the maximum intensity of shear due to the 
torque and f is the maximum intensity of tension or compression 
due to the bending. 

518 s' = - V4 8* -I- f* pounds per sq. in. 

649 f =-f + - V4 s* + f pounds per sq. in. 



„z.d:,.Googlc 



HYDRAULICS 



HYDROSTATICS 

Intensity of pressure (p) due to a head of li feet in a liquid 
weighing w pounds per cubic foot. 
550 p = wh pounds per sq. ft. 

Note. In water, the intensity of pressure corresponding to a head of h 
feet is 0.434 pounds per square inch. 

Pressure head (h) corresponding to a pressure of p pounds 
per square foot in a liquid weighing w pounds per cubic foot. 

651 h = £ feet. 

w 

Note. In water, the pressure head corresponding to an intensity of 
pressure of p pounds per square inch is 2.3 p feet. 

Total pressure (P) on a plane or curved surface A square feet 
in area immersed in a liquid weighing w pounds per cubic foot 
with a head of ho feet on its center of gravity. 
662 P = wAho pounds. 

Note. The total pressure on a plane surface may be represented by a re- 
sultant force of P pounds acting normally to the area at its center of pressure. 

Distance (zc) to the center of 
pressure of an area, measured from 
the surface of the liquid along the 
plane of the area, if S is the statical 
moment in feet? about theaxis formed 
by the intersection of the plane of 
the area and the surface of the liquid 
and J is the moment of inertia in 
feet* about the same axis. ^^ "3* 

563 X, = I feet. 

Note. If x, is the distance in feet from the center of gravity of the area 
to tbe surface axis, Eo the radius of gyration in , feet abijm.^te .Renter of 
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gravity axis, A the area in square feet and Jo the moment of inertia in feet' 
about the center of gravity axis, 

ie= Il.^S' feet and i( - ib = ^ feet. 
Special cases of SS3' Rectangle of altitude d feet and base b feet parallel 
to the surface; «c — Xo = — — feet. 

Rectan^ewitbonebasecoinciding with the surface of the liquid: Xe" jdft. 
Tiiani^e of altitude d feet and baae, b feet, parallel to the surface of the 

liquid with its vertex upward; Xc — Xo ~ -g — feet. 

Triangle of altitude d feet with its vertex 

Trian^e oS altitude d feet with its base ii 
Xe- i d feet. 

Circle of radius r feet; Xc — xb = — feet. 

Circle of radius r feet with a point in the surface: xe = f t feet. 

Component of nonnal pressure (Pc) on a plane area of A square 
feet with bo feet head on its center of gravity and a projection of 
Ac square feet on a plane perpendicular to the component of 



664 Pc =: wAchd pounds. 

Vertical component of pressure (P,) on a plane area of A 
square feet with ho feet head on its center of gravity and Ah 
square feet horizontal projection of area. 
666 Pt = wAhho pounds. 

Horizontal component of pressure (Ph) on any area of A square 
feet with At square feet vertical projection of area and ho feet 
head on the center of gravity of the pro- 
jected area. 
666 Pb = wAvho pounds. 

Resultant pressure (Pbt) on an area be of 
Abe square feet with a head above its base 
of hi feet on one side and h% feet on the 
other side, or a difference of head of h feet. 
657 Pbc = wAbc (hi — hi) = wAbch pounds. pio. jjj. 

Stress (f) in a pipe of t inches thickness and d inches inter- 
nal diameter due to a pressure of p pounds per square inch. 

668 f - jT pounds per sq. in. 



140 Hydnnlict 

Thickoess (t) of a pipe of d inches internal diameter to with- 
stand a pressure of p pounds per square inch with a fiber stress 
of f pounds per square inch. 

569 * " ^ inches. 

Practical formula for thickness (t) recommended by the New 
England Water Works Association, 

660 For cast-iron pipes t = .^-^ H - inches. 

661 For riveted steel pipes t = - ^ — inches. 

Note, p' is an additional pressure in pounds per square inch which 
allows for water hammer and the following arbitrary values are recommeaded 
for varbus diameters d o( the pipe in inches: 



36 



Difference in water pressure (pi — p:) in two pipes as indi- 
cated by a differential gage with an oil of specific gravity s, 
when the difference in level of the surfaces of separation of the 
oil and water is z feet and the difference in level of the two pipes 
is h feet. 

(a) When the oil has a specific gravity less than i. (See 
Fig. 562.) 





Pi — Pa =0-434 [z(i - s) — h] pounds per sq. in. 
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(6) When the oil has a specific gravity greater than I. (See 
Fig. 563-) 

663 pi — ps = 0,434 [2 (s — i) — h] pounds per sq. io. 

HYDRODYNAMICS 

Coaservatioa of Energy. In steady flow the total energy at 
any section is equal to the total energy at any further section 
in the direction of flow, plus the loss of enei^ due to friction in 
the distance between the two sections. 

Piessure Energy (Wpc) per pound of water due to a pressure 
of p pounds per square inch. 

664 Wpt = ^ = 0434 p foot-pounds. 

Potential Energy (W ) per pound of water due to a height of 
z feet of the center of gravity of the section above the datum 
level. 

665 Wp = z foot-pounds. 

Kinetic Energy (W) per pound of water due to a velocity of v 
feet per second, the acceleration due to gravity being g feet per 
second per second. 

566 

Bemouilli's Theorem. In steady flow the total head (pressure 
head plus potential head plus velocity head) at any section is 
equal to the total head at any further section in the direction of 
flow, plus the lost head due to friction between these two sections. 

567 El + Zi+^ = & + 2, + ^ + lost head. 

W 2 g W 2g 

Note. This is atso known as the conservation of ener^ equation. 

Power (P) available at a section of A square feet area in a 
moving stream of water, due to a pressure of p pounds per 
square inch, a velocity of v feet per second and a height of z feet 
above the datum level. 

668 P-wvAff 
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Horse-power (H.P.) available at any section of a stream. 

wvA(| + z+fJ 
669 HJ*. = — — horse-power. 

Power (P) available in a jet A square feet in area dischai^ng 
with a velocity of v feet per second. 
__„ „ wv'A , 



ORIFICES 

Theoretical velocity of discharge (v) through an orifice due to 
a head of h feet over the center of gravity of the orifice. 
571 V = Vagh feet per second. 

Actual velocity of discharge (v) if the coefficient of velocity 
for the orifice is Cr- 
B72 v = c V2 gh feet per second. 

Quantity of dtschaige (Q) through an orifice A square feet in 
area due to a head of h feet over the center of gravity of the 
orifice if the coefficient of dischai^e is c. 

Note. Orifice coefficients are given on page 384. 

673 Q = cA V2 gh cubic feet per second. 
Coefflcient of discharge (c) in terms of the 

coefficient of velocity Cv and the coefficient of 
contraction Cc. 

674 c = CfCc. 
> Quantity of discha^e (Q) through a sub- 
merged orifice A square feet in area due to a 
head of hi feet on one side of the orifice and 
ha feet on the other side, the coefficient of 



I 



dischai^e being c. ^'^' 

676 Q = cA Va g (hi - hj) cubic feet per second. 

Note. If ti = hi - ht, Q - cA Va^ cubic feet per sec. 

Quantity of discharge (Q) through a large rectangular orifice b 
feet in width with a small head of hi feet above the top of the 
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orifice and a head of hi feet above the bottom of the orifice, the 
coefficient of discharge being c. 

676 Q = 3 cb vTg (hi* — hi*) cubic feet per second. 

Velocity of dlBcharge (v) and quantity of discharge (Q) through 
an orifice Ai square feet in area, considering the velocity of ap- 
proach in the approach channel of Aa square feet area, due to a 
head of h feet, if the coefficient of dischai^e is c and the coeffi- 
cient of velocity is c 

677 V = Ct / fk t.\a ^^^t PC*" second. 



y/^' 



Q = Ai / . ■ ^. . ^ cubic feet per second. 



(tr 



Time (t) to lower the water in a vessel of Ai square feet con- 
stant cross-section through an orifice A^ square feet in area, 
from an original head of hi feet over the orifice to a final head of 
hs feet. 

579 t - /J— (Vhi - V^) seconds. 



cAs\ 

Note. In general, problems involving the time required to lower the water 
in a reservoir of any crosa-aection may be solved thus: Let A = cross-sectidnal 
area of the reservoir (this may be a. variable in terms of li), Q = the rate of 
discharge through an orifice {or weir) as given by the ordinary formula and 
h] and ht the initial and final heads. 

For a suppressed weir this would be 

. fh, Adh . 

t = 1 ; seconds. 

•^^ 3-33 hh' 

Mean veloci^ of discharge (Vm) in lowering water in a vessel 
of constant cross-section, if the initial velocity of discharge is Vi 
feet per second and the final velocity is Va feet per second. 



- eeconds. 



680 Tm = ^—^— feet per second. 

Constant head (hm) which will produce the same mean velocity 
of discharge as is produced in lowering the water in a vessel of 



144 HjdnnliM 

constant cross-section from an initial head of hi feet over the 
orifice to a final head of hj feet. 



681 hn = ( — =— — =) feet. 



v^L+v^K^ 



WEIRS 

Theoretical dischai^e (Q) over a rectangular weir b feet in 
width due to a head of H feet over the crest, 
682 Q = I b vTg H* cubic feet per second. 

Note. If the velocity head due to the velocity of approach v feet per 

second in the channel back of the weir is h feet: Q - )b v^((H+h)f -b*\ 

cubic feet per second. The actual discharge may be obtained by multiplying 

the theoretical dischar^ by a coefficient c which varies from o.6o to 0.63 for 

' contracted weirs and from 0.62 to 0.65 for suppressed wdrs. 

lyancis Fonnula for discharge (Q) over a rectangular weir b 
feet in width due to a head of H feet over the crest. 

For a suppressed weir. 
583 Q = 3.33 bH^ cubic feet per second. 

For a suppressed weir considering the velocity head h due to 
the velocity of approach. 
684 Q - 3.33 b KH + h)* - h*] cubic feet per second. 

For a contracted weir. 
686 Q = 3.33 (b — 0.2 H) Hi cubic feet per second. 

For a contracted weir considering the velocity head h due to 
the velocity of approach. 
686 Q = 3-33 (b - 0.2 H) I(H + h)i - h*] cubic feet per second. 

Note. In case contraction occurs on only one ade of the weir the term 
for width becomes (b — o.i H). 

Bazin Formula for diBcharge (Q) over a rectangular sup- 
pressed weir b feet in width due to a lead of H feet over the 
crest and a height p feet of the crest above the bottom of the 
channel. 

^ Q=[o^os + °-:^][. + o.55(,-f^]bv^,H. 

cubic feet per second. ^'^'^ '^ 
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Fteley and Stearns' Formula for discharge (Q) over a sup- 
pressed weir b feet in width due to a head of H feet over the 
crest. 
688 Q = 3.31 b H! + 0.007 b cubic feet per second. 

Note. Considering the velocity head h due to the velocity of approach. 
Q = 3-31 b (H + 1.5 h)' + 0.007 b cubic feet per secopd. 

Hamilton Smith Fonnula for discharge (Q) over a rectangular 
weir b feet in width due to a head of H feet over the crest, if the 
coefficient of discharge is c. 

Note. A table on page 285 gives values of c for both suppressed and con- 

For a contracted or a suppressed weir (c to be properly chosen 
for the type of weir). 
B89 Q = c 8 b vTg H* cubic feet per second. 

Note. Fot a suppressed weir considering the velocity head h due to the 
velocity of approach, Q — cf b vTg (H + J h)' cubic feet per second. For a 
contracted wdr considering the velocity head h due to the velocity of ap- 
proach, = cj b vTg (H + i^ h)' cubic feet per 

Discharge (Q) over a triangular weir* 
with the sides making an angle of a de- 
grees with the vertical, due to a head of H 
feet over the crest. 
690 Q = c A tan a V2g H^ cubic feet per second. 

Note. If a = 45° (90° notch), Q - 2.53 bHS cubic feet per second. 

Discharge (Q) over a trapezoidal weir. Compute by adding 
the discharge over a suppressed weir b feet in width to that over 



Fro. 590. 
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the triangular weir formed by the sloping sides. A general 
solution is obtained by summing up the discharges through a 



seriesof differential orifices, giving; Q =c / b'VTgh'dh cubic 

feet per second, (b', the width of the differential orifice, varies 
withh.) 

Note. In the Cippoletti weir d is madeequal to —and the formula becomes 
Q = 3-33 bH' cubic feet per second. 

iDischarge (Q) over a submerged weii b feet in vidth due to a 
head of Hi feet over the crest on the upstream side and a head of 
Ha feet on the downstream side. 

691 Q = 3 cb VTg (H, - H,)* + cbHs Vi g (H, - Hj) * 
cubic feet per second. 

Time (t) to lower the surface of a prismatic reservoir of A 
, square feet superficial area by means of a suppressed weir b feet 
in width, from an initial head of Hi feet over the crest to a final 
head of Hi feet over the crest. 



Note. This value ia based on formula 583. 



0.6 ? ( ^ — —;=\ seconds. 



VENTDRI METER 

Quantity of water (Q) flowing through a Venturi Meter with 

an area of Ai square feet in the main pipe and an area At square 

feet in the throat and a pressure head of hi feet in the main pipe 

and of ha feet in the throat, if the coefficient of the meter is c. 

AiAj 



B93 Q = c- p--, _— tVz g (hi — ht) cubic feet per second. 

FLOW THROUGH PIPES* 

Solution by BemouiUi's Theorem. If the total head at any 
point in the pipe-system (preferably at the source) is known, the 
velocity of discharge at the end can be computed by applying 
BemouiUi's Theorem between these two points, provided the 
losses of head can be determined. Following are expressions for 
the important losses of head which may occur. 

* These formulas apply to pipes flowing full under pressure, otherwise the 

pipe may be treated as an open channel. 1 .^.v/v.-,^.^ 
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Friction loss (hj) in a pipe of d feet internal diameter and 1 
feet length with a velocity of v feet per second and a friction 
factor f . 

694 lL=f^ — feet, 

"f d2g 

Note. A mean value for the friction factor for clean cast-iron pipes is 
0.02. A table on page 286 gives values for various sizes o( pipes and different 
velocities. In long pipe-lines it is accurate enough to consider that the total 
head H is used up in overcoming friction in the pipe. Then H = (-: — feet 
and — Av cubic feet per second. 

Loss at entrance to a pipe (h,) if the velocity of flow in the 
pipe is T feet per second. 

696 h, = 0.5 — feet. 

Loss due to sudden expansion (hi) Adhere one pipe is abruptly 
followed by a second pipe of lai^er diameter, if the velocity in 
the smaller pipe is Vi feet per second and that in the larger pipe 
is Tj feet per second. 
596 h, = ^^^~^''' feet. 

2g 

Loss due to sudden contraction (he) where one pipe is abruptly 
followed by a second pipe of smaller diameter, if the velocity in 
the smaller pipe is V feet per second and Cc is a coefficient. 

697 hc=Cc— feet. 

2g 

Note. Values of Cc: 
Ratio of areas o.i 0.2 0.3 0.4 0.5 0.8 1. 00 
Cc 0.362 0.338 0.308 0.267 0-221 0.053 o-oo 

Loss due to bends (hb). 

698 hb=Cb— feet. 

2g 
Note. Values of Cb^ (d is the diameter of the pipe in feet and r is the 
radius of the bend in feet). 



Nozzle loss (hn) if the velocity of discharge is v feet per second 
and the coefficient of the nozzle is c. 



Quantity of discharge (Q) in a pipe A square feet in area 
where tlie velocity is v feet per second. 
600 Q = Av cubic feet per second. 

Diameter of pipe (d) required to deliver Q cubic feet of water 
per second under a head of h feet if the friction factor is f . 



=^^(^J' 




Hydraulic Gradient is a line the ordinates to which show the 
pressure heads at the different points in the pipe system. It 






may also be defined as the line to which water would rise In 
piezometer tubes placed at intervals along the pipe. 

Solution by Chezy Formula. Quantity (Q) and velocity (t) 
of flow through a pipe when the hydraulic radius is r feet, and 
the slope of the hydraulic gradient is s and the coefficient for 
the Chezy Formula is c. 

602 V = c Vrs feet per second. 

603 Q = At cubic feet per second. 

Note, r equals the area in square feet divided by the wetted perimeter 
in feet and s equals the head in feet divided by the length of the i»pe in feet Ci 
the elope of the hydraulic gradient. 

FLOW IN OPEN CHANNELS 

Chezy Formula for quantity (Q) and velodty (v) of flow in an 
open channel A square feet in sectional area with p feet wetted 
perimeter, r feet hydraulic radius, h feet drop of water surface 

in distance I feet and slope s of water surface, is. ,=f.Tl 
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604 r = - feet. T = c -^Ta feet per second. 

Q " Av cubic feet per second. 
Note, g la the coefKcient and is usually found either by the Kutter Formula 
or by the BazJn Fwmula. 

Kutter Fonnula. 
606 T = c Vrs feet per second, 



h (41.6 






Note. Specific values of c are given in a table 01 
t of roughness and has the following values: 



Channil Lining 

Smooth wooden 6unie 

Neat cement and glazed pipe 

Unplaned timber 0.0 

Ashlar and brick work 

Rubble masonry 

Very firm gravel 

Earth free from stone and weeds 

Earth with stone and weeds. 0.0 

Earth in bad condition 

Bazin Fonnula. 



" c Vrs feet per second, 
87 



Note. Specific values of c are given in a table on page 2S7. m is the 
coefficient of roughness and has the following values; 

Channd Lining m 

Smooth cement or matched boards 0.06 

Planks and bricks 0.16 

Masonry 0.46 

Regular earth beds 0.85 

Canals in good order 1.30 

Canals in bad order. ..■■.. 1 .75 
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DYNAMIC ACTION OF JETS 
Reaction of a Jet (P) A square feet in area, the head on the 
orifice being h feet and the weight of the hquid w pounds per 
cubic foot. 

607 P= 2 Awh pounds (theoretical). 
Note. P equals about 1.3 Avrti pounds (actual). 

Eaei^ of a Jet (W) discharging with a velocity of v feet per 
second. 

608 W = ^ foot-pounds. 

Note. If hy is the velocity head and Q (= At) the quantity (rf flow in 
cubic (eet per second, W '^ wQhr foot-pounds. Y 

Force (F) exerted on a fixed curve vane 
by a jet A square feet in area and V feet 
per second velocity. „ ____-^jCij'tT 

Awv',/:-73 rrr-~T j_ J^.l V" 



- V^ (i — COS a) pounds. 






Vertical component of force (F,) exerted by a jet on a fixed 
curved vane. 

610 Ft = sin a pounds. 

Horizontal component of force (Fh) exerted by a jet on a 
fixed curved vane, 

611 Fh = {i — COB 0} poimds. 

Force (F) exerted by a jet on a fiat fixed plate perpendicular to 
the jet. 

612 F = ^^ pounds. 

Force (F) exerted on a moving curved 
vane by a jet A square feet in area with a 
velocity of V feet per second, the vane 
moving in the direction of the flow of the ' 
jet with a velocity of Vo feet per second. f^- 6 

fil9 -B WA(y - Yb)^ ,_^ — _ 

'*■"' ■" 'Z V2 (i - cos pi) pouod^ ,-, 
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Vertical component of force (F,) exerted by a jet on a moving 
curved vane. 

614 F- - "*''""'' 

Horizontal component of force (Fh) exerted by a jet on ; 
moving curved vane. 

616 Fh = ^^ fr ~ ^0^" (i _ cos a) pounds. 

NOTB. If there iai 

Ft = " 

Power (P) exerted on a (moving) vane. 
616 Ph = Fh Vo foot-pounds per second. 

Note. Maximumefficiencyforaserieaof vaneaoccurawherevo =-; then, 

P = —^ (l — coso) foot-pounds per second. 
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In the following formulas, when specific units are not stated, 
any units may be used, provided identical properties are ex- 
pressed in the same units. Absolute pressure is indicated by 
P> gage pressure by p, absolute temperature by T, and thermom- 
eter temperature by t. In all formulas containing indicated 
units, the temperature is measured in Fahrenheit degrees. 

PERFECT GASES 

Pressure (P), volume (V), or temperature (T) of a given 
weight of gas which at volume (Vi) and temperature (Ti) pro- 
duces a pressure (Pi). 

PV P.Vi 

617 ^ - *^ _ R. 

Note. If Pi b measured in pounds per square fool, Vi in cubic feet per 
pound and Ti in Fahrenheit degrees, R for air equals 53.3. When the pres- 
sure and volume in any case chang;e at constant temperature it b called an 
" isothermal change." 

The dual relation between pressure and volume, pressure and 
temperature, or volume and temperature may be represented by an 
exponential equation, or by the curve of the equation plotted with 
pressure and volume, pressure and temperature, or volume and 
temperature as coordinates. 

Exponent (n) of an equation representing the relation be- 
tween pressure and volume for a given weight of gas which at 
pressure Pj has a volume Vi and at pressure Pj has a volume Vj. 

618 n- !°^v' "!"„■ ■ 

l(«Vii - logVi 

Case I. Pressure (P) or volume (V) qf a ^ven weight of gas 
which at pressure Pi has a volume Vi. 

619 PV" = P,V,°. 
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Case II. Pressure (P) or temperature (T) of a given weight 
of gas which at pressure Pi has a temperature Ti. 
l-n l-n 

620 TP » - T,P, » . 

. Case III. Volume (V) or temperature (T) of a given weight 
of gas which at volume (Vj) has a temperature (Ti). 

621 TV»-' = TiVi-'. 

Note. The value of the exponent n may be found from 6i8. For 
an " adiabatic chaoge," or change in which no heat «iergy is added to or 
subtracted from the gas, n equals E. E equals ^ where Cp b the specific heat 
at constant pressure and Cr is the specific heat at ctHistant volume; for air K 
equals 1 .40. Values of Cp and Ct are given on page 291 . For an " isothermal 
change," or chai^ at constant temperature, D equals unity. 

Volume (Vt) at t degrees of a given weight of gas which at 
32 degrees has a volume of V31 cubic feet, 

622 Vt = Vm Ti + ^* ~ ^^ 1 cubic feet. 

L 492 J 

Note. The pressure is constant. 

Pressure (Pt) at t degrees of a given weight of gas which at 
32 degrees has a pressure of Paj pounds per square inch. 

623 Pt = Pe I + ■ - " ■ pounds per square inch. 

L 49^ J 



Note. The volume is 

External work (W) of a given weight of gas during a change 
from pressure Pi pounds per square inch and volume Vi cubic 
feet to pressure Pj pounds per square inch and volume Vi cubic 
feet. 

Case I. For any change, 

624 W - '^^'^' [i - ^')°~'] foot-pounds. 

Note. See 618 for expression for value of n. 

Case II. For an " isothermal change," or change at constant 
temperature T degrees. 



W = RT hi =^ foot-pounds. 
»planation of R see 617. In equals l<%r j.t-iOOgIC 
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Case III. For an " adiabatic change " or change in which no 
heat energy is added to or subtracted from the gas. 

627 W = '^f 'J' [^ - ^ '1 foot-pounds. 

628 W - ^^ (P,V, - PjVa) foot-pounds. 

629 W =g^ (Ti - Tj) foot-pounds. 
Note. See 621 (or value of K and 617 for value of R. 

Heat energy (Q) added to or subtracted from a given weight 
of gas during a change from pressure Pi pounds per square inch 
and volume Vi cubic feet to pressure Ps pounds per square inch 
and volume Vj cubic feet. 

Case I. For an " isothermal change," or change at constant 
temperature T degrees. 

630 Q = 0.185 PiViln J = -^ B.t.u. 

Vi 770 

Note. For expression of external work see 615 and 636. 

Case II. For an "adiabatic change," or change in which no 
heat energy is added to or subtracted from the gas. 

631 Q = o by definition. 

Change in internal energy (W) of a given weight of gas during 
any change from pressure Pi pounds per square inch and volume 
Vi cubic feet to pressure Pj pounds per square inch and volume 
V2 cubic feet. 

632 W = ^^ (P.Vi - P,Vi) foot-pounds. 

Note. For an " isothermal change," or c^nge at constant temperature, 
the internal enei^ is constant or W = o. For value of E see 631. 

" Entropy is that function which remains constant for any 
change represented by a reversible adiabatic expansion or com- 
pression." " Increase of entropy is a quantity which, when 
multiplied by the lowest available temperature, gives the in- 
curred waste as heat." 

Change of entropy {^ — ^a) of a given weight w pounds of gas 
during a change from pressure (Pi), volume (Vi), and temperature 
(T,) to pressure (Pi), volume (Vj) and temperature (Tj). 
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Case I. Expressed in terras of pressure and volume. 

633 ♦,-+.-[clng + Clii|?]w. 

Case II. Expressed in terms of pressure and temperature. 

634 +, - +. - [cphi ^ + (c, - c) In ^] w. 
Case III. Expressed in terms of temperature and volume. 

636 <h - +. = [crln^ + (c, - c) In^j] w. 

Note. Cp equab the specific heat at constant pressure, cr equals the 
specific heat at constant volume. Specific values are given on page 291. 

SATURATED VAPOR 
While the following expressions are stated and constants are 
evaluated for steam vapor, the general relations hold for any 
saturated vapor. For one pound of dry saturated steam at 
absolute pressure (P), or gage pressure (p), values of temperature 
(t), specific volume (s), heat of the liquid (q), heat of vapori- 
zation (r), total heat (H), internal latent heat of vapor (p), 
entropy of the liquid (n) and total entropy (N) may be found in 
the steam tables on page 288. 

SATURATED STEAM 

Pressure (P) or volume (V) of a given weight of steam which 
at pressure (Pi) has a volume (Vi). 

636 pv iM = PiVi' « - constant (very nearly). 

Note. During an" isothermal change," or change at constant tempera- 
ture, the pressure is constant. 

Volume (V) of one pound of dry steam which has a pressure 
of P pounds per square inch and a temperature of T degrees. 

637 V . 0.596. 1 - (I + 0.00.4 P) ( '^"■^T°°'°°° - ■'■'"") 

cubic feet per pound. 
Vdume (V) of a given weight of vapor x* per cent dry which 
has a volume of s cubic feet when dry. 

638 V=x(s-o-)+ff cubic feet. 

Note. »■ equals the volume of the same weight of liquid at the same 
pressure. For one pound of water o- equals .016 cubic foot approximately. 
Vahies of ■ in the steam table are for the weight of one pound of steam. 
■ Expressed as a decimal fraction. '-'^ 
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Heat ai the liquid (q) of one pound of liquid at any temper- 
ature t degrees, the heat of the liquid at 32° Fahrenheit being qa- 

639 q = qM + c (t - 32) B.t.u. 

Note. The value of the constant c for water equals approximately unity. 
Values of q in the steam tables are for the heat of the liquid above that of the 
liquid at 32° Fahrenheit. 

Total heat (H) or heat content (i) of one pound of dry steam 
at a temperature of t degrees 
Regnault. 

640 H = 1091.7 + 0.305 (t - 32) B.t.u. 
Davis. For t = 212° to t - 400°, 

641 H = 1150.3 + 0.374s (t - 212) - 0.00055 (t - 212)' B.t.u. 
Goodenough. 

642 i •^ 0.320 T + 0.000063 "^ 

_ 23^ _ g^gg ^ jp„p ^j _j_ ^^^^ pjj 

+ 0.00333 P + 948.54 B.t.u. 

Note. Goodenough's value of i is for the "heat content " which is 
slightly different than the " total heat." The pressure P in Goodenoi^h's 
equation is measured in pounds per square inch. 

Heat of vaporization (r) of one pound of dry vapor at 
pressure P which has a heat of the liquid of q B.t.u. and a total 
heat of H B.t.u. 

643 r =H-qB.t.u. 

Note. Values of r in the steam tables are for the we^ht of one pound of 

Heat energy (h) at pressure P of one pound of vapor x* 
per cent dry which has a heat of the liquid of q B.t.u. and a heat 
of vaporization of r B.t.u. 

644 h=q + ZTB.t.u. 

Note. During an " isodynamic chaise," or change in which the internal 
energy remains constant, the external work done by or upon the vapor ia 
equal to the loss or gain of heat energy. For expresaioa for external work 
see note under 646. 

Heat energy (h) added to or subtracted from one pound 

of vapor which changes at constant pressure (isothermally) from 

* Expressed as a decimal fraction. 
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Xi* per cent dry to Xt* per cent dry. The heat of vaporization is 

r B.t.u. 

616 h <•= r (]b - Zi) B.t.u. 

External work (W) in changing at constant pressure P pounda 
per square inch a given weight from liquid with volume of tr 
cubic feet to vapor x* per cent dry with a volume of V cubic feet. 

646 W = 144 P (V - 0-) - 144 Pxu foot-pounds. 

Note. For values of V and o- see 638, IE a equals the volume of the given 
weight as dry vapor, u = 8 — «■ where u is the change of volume from liquid 
to dry vapor. For external work during an " adiabatic change " see 650. 
The external work may be calculated approximately by 614 in the section on 
Perfect Gases, providing the pressure and volume are known at two instants 
during the chai^. 

External work (W) in changing a given weight of vapor 
at constant pressure of P pounds per square inch from a con- 
dition Xi* per cent dry with a volume of Vi cubic feet to a 
condition Xj* per cent dry and a volume of Vj cubic feet. 

647 W = 144 P (Vj - Vi) - 144 Pu (xj - Xi) foot-pounds. 
Note. See 638 for expression i(x Vi and V]. See 646 for explanation of 

the change of volume u. 

External latent beat (P) in changing at constant pressure of 
P pounds per square inch a given weignt from liquid to vapor 
I* per cent dry. 

6« P=iMp.u.^B.t.„. 

Note. See 646 for expres^on for value of the external work W and note 
for explanation of change of volume u. 

Internal latent heat or " intrinsic energy " (p) in changing 
at constant pressure of P pounds per square inch a given 
weight from liquid to dry vapor whose heat of vaporization 
is r B.t.u. 

I44p 
778* 

Note. The steam tables give values of heat of vaporization (r) and inter- 
na] latent heat (p) for the weight of one pound. See 648 for explanation of 
external latent heat P and change of volume u. It follows from the above 
that r - P + p. 

* Expressed as a decimal fraction. ^.v*-^.^ 



®*^ p = r-i22pu=r-pB.t.u. 
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Internal energy (W) at pressure P pounds per square inch of a 
^ven weight of vapor z* per cent dry which has a heat of the 
liquid of q B.t.u. and an internal latent heat of p B.t.u. 
660 W - 778 (q + zp) foot-pounds. 

NoTB. For explanation of q see 639 and consult 649 (or value of p. Dur- 
ii^ an. " isodynamic change " the internal energy remains constant; if vapor 
changes from a pressure P| and a conditbn Zi* per cent dry to a pressure Pi 
andacondition^'percentdry.qi +XiPi - qt +^^1. This expres^n affords 
means of determining the quality Zi or X|. 

During an " adiabatic change " or change in which no heat energy is 
added to or subtracted from the vapor the external work done by or upon 
the vapor is equal to the loss or gain of internal energy. If the vapor chaises 
from a pressure Pi and a quality of Zi * to a pressure P| and a quality of Xt*, 
theorternal work W (done by vapor)— 778 (qi — qi + ZiPi— Zipi) foot-pounds. 

Change of entropy (nj — nO of one pound (rf liquid which 
changes from a temperature of Ti degrees to a temperature of Tj 
degrees. 

Ti 
651 n, - tti = cln=-- 

Note, c is the specific heat of the liquid and for one pound of water 
equals unity very nearly. The steam tables give values of the entropy d 
one pound of water above that of water at 33° Fahrenheit. 

Change of entropy (N') due to vaporization of one pound 
which changes at constant temperature of T degrees and con- 
stant pressure of P pounds per square inch from liquid to dry 
vapor. At pressure P the heat of vaporization is r B.t.u. 

662 N' = ~ 

Total entropy (N) above that of liquid at 32° Fahrenheit of 
one pound of vapor x* per cent dry and at pressure P. = 
equals entropy of vaporization at pressure P and n equals 
entropy of the liquid above that of liquid at 32° Fahrenheit. 

663 N-n-l-Tj. 

NoTS. For one pound of dry steam values of Nare^ven in the steam tablo, 

During an " adiabatic change," or change in which no heat energy is added 

to or subtracted from the vapor, the entropy is constant. That is, if st 

pressures Pi and Pt the entropy of the liquid is oi and ni and the entrof^d 

* Expressed as a dedmal fraction. '' 
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'vraporization is ~- and ^ and the quality at the vapor is reflectively Xi* and Zj* 
per cent dry, it EoUows that tu +x,y- = '^t + Xtsf- 

SUPERHEATED VAPOR 

The following relations are expressed antl constants are 
cjuoted particularly for steam, but the general relations hold 
for any superheated vapor. A vapor superheated well above 
the dry saturated state resembles a perfect gas and many of 
the relations given for perfect gases may be used as approximate 
relations for superheated vapors. The table on page 290 gives 
values of volume V, entropy N, and total heat H for one pound 
of superheated vapor. 

SUPERHEATED STEAM 

Volume (V) of one pound of superheated steam which has a 
pressure of P pounds per square inch and a temperature of T 
degrees. 

T 1 

664 V = 0.6490 = — 22.58 57 cubic feet. 

T 

666 V = 0.596= — 0.256 cubic feet. 



/ 1 50^00,000 
T' 

cubic feet. 



656 V - 0.596 g - (I + 0.0014 P) ■='"•'-•■"" - ..0833 



NoTB. Zeuner'9 (654) and Tumlirz's (655) formulas give approicimate 
results; more accurate results are givea by Linde's formula, (656). At very 
high temperatures vapors resemble perfect gases following closely the law 
PV = HT where for steam R = 85.8. 

Total heat (H), or heat content (i) of one pound of super- 
heated vapor whose temperature is t degrees and pressure is P 
pounds per square inch. The total heat of dry saturated vapor 
at pressure P is Hs,t B.t.u. and the corresponding temperature 
is tni degrees. 
657 H = H„, + Cp (t ~ t„,) B.t.u. 

* Expressed as a decimal fraction. " ' o 
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Goodenough's equation for superheated steam. 

668 i = 0.320 T + 0.000063 T* - 2^^ 

- 6.188 X lo"" P (1+ 0.0342 Pi) + 0.00333 P + 948.54 B.t.u. 

Note. In 657 Cp is the specific heat at constant pressure, for steam an 
average value is 0.48. In 658 the temperature is T de^ees absolute. 

Internal energy (W), or "intrinsic energy," of one pound of 
superheated steam with pressure of P pounds per square inch ■ 
and temperature of T degrees. 

Goodenough. 

669 W =0.2099 T + 0.000063 T»-?^^ 

_ 4.9SoXio"'P(i + o.o2992Pt) ^ ^^ g^ ^ ! 

Note. The internal energy equals the total heat minus the external work. 

Entropy (N) of one pound of superheated steam with pressure 
of P pounds per square inch and temperature of T degrees. i 

Goodenough. 
S60 N =o.73683logT+o.oooi26T-^iipi^-o.35355logP 

- 4.950 X 10" P (1 + 0.0342 P) - 0.08085. I 

FLOW OF FLUIDS AND GASES i 

Flow of Fluids* , 
The following relations for the flow of a fluid hold during an 

" adiabatic change," or change in which no heat is added to or I 

taken from the fluid. 1 

Velocity (v) of one pound of fluid with pressure of P pounds 

per square inch, volume of V cubic feet and internal energy of \ 

W foot pounds during an adiabatic flow. At pressure Pi this j 

fluid has a volume of Vi, internal energy Wi and a velocity of Vi. ' 

661 ^ = lil + (Wi - W) + 144 (P»V, - PV) foot-pounds. ' 

2g 2g I 

Note, t is expressed in feet per second, g is the acceleration due to gravity 

(33.3 ft. per sec. per sec.). If initial velocity T] is small it may be neglected 

giving: ^ - Wi + 144 PiV. - W - 144 PV foot-pounds. If the fluid is in- 

compressible there is practically no change of volume or change of internal 

■ Neglecting friction. ^ .v'>>^,,iv 
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energy (W,-W-o). Then ^ =- (P, - P) 144 V, foot-pounds. Ifthefluid 
is incompressible and the chat^e of faressure (P, — P,) is due to a difference 
ID head of li feet, — — h foot-pounds. See chapter on Hydraulics for detailed 
analyns of flow under the latter conditions. 

FLOW OF GASES* 

Equation 661 for the flow of a fluid may be modified for the 
flow of a perfect gas through an orifice or nozzle giving: 

Velocity (v) in the oriflce of one pound of gas with a pressure of 
P pounds per square inch and volume of V cubic feet during an 
adiabatic flow. At a pressure of Pi the gas has a volume of Vi- 

662 f-= ^^ (P,V, - PV) foot-pounds. 

^ S = f^P'^l" - (1)"^] foot-pounds. 

Note, t is expressed in feet per second. E b explained in note 6ai. In 

663 RTi may be substituted for PiV, because PiV, = RTi by 617, where Ti> 
the temperature in d^rees of the gas at pressure Pi. g is the acceleration 
due to gravity. 

Weight (w) of gas discharged at a velocity of v feet per second 
during an adiabatic flow through an orifice with an area of A 
square inches. One pound of the gas at the pressure in the 
orifi(£ has a volume of V cubic feet. 

— Av 

664 - 



Note. Given the pressure (Pi) and volume (Vi) on the r 
the orifice, P equals 0.58 Pi and V is obtained by 619. 

Wei^t (w) of gas dischai^ed through a rounded orifice of A 
square inches area from a reservoir at pressure of Pi pounds per 
square inch and temperature of Ti degrees to a small straight 
pipe ; the pressure within the pipe being Pj pounds per square 
inch. I r I l^-ji 

^ ''"^V¥1k^[W -®) ^ Jl P°"n<^^P^rsec. 

Note, g equals the acceleration due to gravity. For explanation of R 
see 617 and of K see 631. If Pi is not less than 2 Pi, Fliegner's formula may 

p, 
be used, as follows: w — 0.530 A ^^ pounds per second. 

• Neglectii^ friction. ^.v.>-.,.^ 



Vdoci^ (^ of Sow of air throi^ a vertical fine li feet high, 
the temperature of ^le air m the flue hang Ti d^rees and of the 
air outside the flue Tt d^rees 



sr V T — '^** P^ second. 



Note. This tonaaia is tbeoretkal and the actml vducUy may be 40 per 
cent 1050 percent less. 

Velod^ (Ti), final pressure (Pi), or coeffidoit of friction (f) 
for the flow of a gas in a pipe at a constant temperatuFe of T 
degrees from a point, where the pressure is Pi pounds per square 
inch and the velocity is Vi, to a pmnt 1 feet distant where the 
pressure is Pi. TTie hydraulic radius, or the result obtained by 
dividing the area of the pipe by its perimeter, is m inches. 

668 Pi -Pi J I == — J pounds per square inch. 

Note. It is assumed that the velocity of the gas in long pipes is small 
and the change of kinetic energy is therefore neglected. For pipes of circular 
cross section m — - where d is the diameter, g is the acceleration due to 

gravity and equals 32.2 feet per second per second approximately, f, the 
coefficient of friction, can be obtained experimentally and for air equals aoo30 
to 0.0045 approximately. See note of 617 for explanation oi R. 



FLOW OF A SATURATED VAPOR* 

The following relation holds for the flow of a saturated vapor 
during an " adiabatic change," 'or change in which no heat is 
added to or taken from the vapor. 

Velocity (v) of one pound of vapor, xf per cent dry, with a 
pressure of P pounds per square inch, after an adiabatic flow 
from a reservoir where the vapor is Xit per cent dry and has a 
pressure of Pi pounds per square inch and no velocity. At 
pressure Pi or P the volume is Vi or V cubic feet, the heat of the 

• Neglecting friction. 

t Expressed as a decimal fraction- ^ .v.>/-,^.^ 
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liquid qi or q B.t.u., the internal energy pi or p B.t.u., the heat of 
vaporization ri or r B.t.u. respectively. 

670 — 

foot-pounds. 

671 ^ = 778(qi-q + Xiri-ir) + i44ff(Pi-P) 

foot-pounds. 
Note, v ib expressed in feet per second. For explanation of o-see638. In 

671 the last term is small and maybe omitted giving: — =778(51— q+iiri—xr) 
foot-pounds, g is the acceleration due to gravity. If the work done by this 
adiabatic flow is expended in increasing the kinetic energy, this chai^ is one 
of constant entropy, see 653, 

Weight (w) of vapor discharged through an orifice of A square 
inches area; the vapor in the orifice has a velocity of v feet 
per second and is i* per cent dry. One pound of dry vapor 
at the same pressure has a volume of V cubic feet and one pound 
of fluid a volume of ir cubic feet. 

Av 

672 w j—nf «—; — i pounds per second. 

144 [x (V - <r) + <r] ^~ ^ 

Note. See note of 638 for values of V and it for steam and water. 

Weight (w) of steam flowing from a reservoir at pressure Pi 
pounds per square inch through an orifice of A square inches 
to a pressure of Pj pounds per square inch. 

If Pi = or >4Ps- 

Rankine. 

673 

70 ' 

Grashoff. 
674 w = 0.0165 APi*" pounds per second. 

HP, <5P2. 

Rankiiie. 
676 w =■ 0.039 A [Pi (Pi — Pa)]* pounds per second. 

* Expressed as a decimal fraction. ^ .v.i.)glc 



Diameter (d) of a pipe through which w pounds of steam flow 
per minute, the density of the steam being S pounds per cubic 
foot. 

070 ' d-o.i7sf?J inches. 

Note. The formula is based on experimental data and asnimes an 
allowable velocity of the steam of 6000 feet per minute. It is customary ia 
the case of flow of steam through nozzles, etc., to solve neglecting friction and 
then apply a percentage friction loss to the available head. 

Weight (w) of steam that will flow through a pipe of d inches 
diameter from a point at pi pounds per square inch to a point 1 
feet distant at pi pounds per square inch pressure. The we^ht 
of a cubic foot of steam at the pressure pt is Wi pounds. 

077 w - c y 2liElzJb2_ pounds per minute. 

■ [X)unds per minute. 



.87 /''■jP'-H'' 



Note. In 677 the coefficient (c) varies from 45.3 for i inch pipe to 63.2 
for 24 inch pipe. 



FLOW OF A SUPERHEATED VAPOR* 

The following relation holds for the flow of a superheated 
vapor during an "adiabatic change," or change in which no heat 
is added to or taken from the vapor. 

Velocity (v) of a vapor which fiows adiabatically from a 
reservoir, where the vapor is superheated and one pound has a 
total heat of Hi B.t.u,, to a point where the vapor is ^f per cent 
dry and one pound has a heat of the liquid of q^ B.t.u. and a 
heat of vaporization of tj B.t.u. 

079 — = 778 (Hi — XjTi — qs) foot-pounds. 

Note, t is expressed in feet per second, g a the acceleration due to 
gravity. For expression for the total heat H| see 657. 
• Neglecting friction, 
t Expressed as a decinial frac^on. ^.^„, 
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THE STEAM ENGINE 



The Carnot cycle for a steam engine consists of a reception 
and rejection of heat energy at constant temperature and con- 
stant pressure, and an adiabatic expansion and compression 
without transmission of heat through the cylinder walls. 

Caiaot efficiency (i)) of an engine receiving heat energy of Qi 
B.t.u, at a temperature of Ti degrees and rejecting heat energy 
of Qi B.t.u. at a temperature of Ti degrees. 

Note. This expression is true for any vapor. 

tlie Rankine cycle for a steam engine consists of a reception 
of dry saturated steam at constant pressure, an adiabatic expan- 
sion, without transmission of heat through the cylinder walls, 
to the exhaust pressure, and a rejection of steam at constant 
pressure. 

Sankine efficiency (t)) of a steam engine receiving dry satu* 
rated steam at a pressure (Pi), one pound having a heat of the 
liquid o[ qi B.t.u. and a heat of vaporization of ti B.t.u., and 
rejecting steam Xi* per cent dry at an exhaust pressure (Pj), one 
pound of steam having a heat of the liquid of q» B.t.u. and a 
heat of vaporization of fj B.t.u. 

681 ,, = x-— r^ 

' r, + q, - q. 

Note. The condition zi is the quality of the steam at pressure Pi after 
the adiabatic expansion at constant entropy from dry steam at pressure Pi. 
The quality is assumed constant during the constant pressure exhaust. 

Efficiency of an actual engine (i^) which is developing P 
horse-jiower while using w pounds of steam per hour, the differ- 
ence between the heat enei^ of one pound of steam entering 
the engine and the heat energy of one pound of the condensed 
steam beii% Q B.t.u. 

682 , . 2541?. 

' wQ 

Mean effective pressure (M.EJ.) in the cylinder of a steam 
engine, as shown by an indicator card with an area of A square 
* Expressed as a decimal fraction. ^ ■ v ■ > -^l, . ^ 
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inches and length of L inches, the scale of the spring of the in- 
dicator being S pounds per inch height of the card. 

683 M.E.P. = -=- pounds per square inch. 

Mean effective pressure (M£.P.) on one side of the piston in 
the cylinder of a steam engine, with an admission pressure of Pi 
pounds per square inch and an exhaust pressure of Pj pounds 
per square inch. The valve has the following events in terms of 
the stroke of the piston, a cutoff of CO. per cent, a release of 
loo per cent, and a compression of C per cent, the clearance in 
the cylinder at the end of compression being CI per cent of the 
stroke. 

684 M J: J. = Pi X CO. + P, (CO. + CI) In cV^i'iii 



-P,(i- 



01 



Note. The expresuon equals the foot-pounds ol work done per revolution 

on one aide of the cylinder divided fay the product of 144 and the piston dis- 
placement in cubic feet. It affords a means of obtaining an approxiniate 
H.G.P. if the valve events are known and no indicator card is available. 

Indicated horse-power {I.H.P.) of one end of a cylinder of a 
steam engine which has a stroke of L feet and a speed of N 
revolutions per minute, the piston area exposed to the steam 
pressure being A square inches and the mean effective pressure 
on this side of the piston being P pounds per square inch. 

685 LRP.^""' 

Note. The indicated horse-power should be figured for the head end and 
crank end separately as the mean effective pressure and the exposed piston 
area are not the same for both ends. 

Total expansion (E) of a compound engine with a cutoff in 
the high pressure cylinder of CO. per cent of the stroke and a 
ratio (R) of the volume of the low pressure by the volume of 
the high pressure cylinder. 

686 E - R X CO. 

Note. The total expansion is approximately the same as the ratios of 
the initial and final pressures. The cylinder ratio (R) for compound engioea 
is roughly 3 or 4, and for a triple expansion engine 3 or 2.5. s'^ 
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COin>ENSERS 
tQJection water (w) required to condense one pound of steam 
which enters (he condenser Xi* per cent dry at an exhaust pressure 
(Pt) with the corresponding heat of the liquid of qi B.t.u. and 
a heat of vaporization of ti B.t.u. The condensed steam leaves 
the condenser at a temperature of U degrees, the corresponding 
heat of the liquid being qi B.t.u. The injection water enters 
at a temperature of tj degrees and leaves at t4 degrees, the 
corresponding heat of the liquid being qa and qi B.t.u. 

687 w - <' + "'~^' pound,. 

q. - q> 

Note. The exhaust steam is often assumed to be dry and saturated or 
Zi = I. With jet condensers the temperatures tt and ti are identical. 

Cooling surface (A) of a surface condenser in which w pounds of 
exhaust steam at a temperature of T degrees and with a total heat 
per pound of H B.t.u. are condensed to water with a heat of the 
liquid per pound of q B.t.u. The initial temperature of the cool- 
ing water is Ti degrees and the final temperature is Tj degrees. 

ess A = ^ '^ ~ ^^ square feet. 

Note, The co^cient of heat transmission is n B.t.u. per hour , ppr (li; gT?f 
Hifffp-ng e in tempprature. per square foot of cooling surface, n varies greatly; 
for brass tubes with water velocities of 50 to 100 feet per minute an averajje 
value of n is 250. 
t — V _ V degrees or is given approximately by T ' ■ * degrees, 

STEAM CALORIMETERS 
Quality of steam (x*) at pressure P sampled by a Peabody 
throttling calorimeter within which the steam has a pressure 
of Pi and a temperature of ts degrees. At pressure P the heat 
of the liquid is q B.t.u, and the heat of vaporization is r B.t.u., 
also at pressure Pi the corresponding temperature of saturated 
vapor is ti degrees, the heat of the liquid is qi B.t.u. and the 
heat of vaporization is ti B.t.u. 
689 ,. r. + il. + c,(t.-t.)-. 

Note. The priming equals i —i. Cp equals 0.48 approximately. It is not 
necesKU? to know Cp accurately, as the superheat is not great, 

• • Expressed as a decimal fraction. ^ ■■^■('^l,!^ 
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Quality of steam (z*) at pressure P sampled by a Thomas 
electric calorimeter which takes Pi watts of electric energy to 
dry the steam and Pj watts to superheat it 30 degrees Fahren- 
heit. The heat of vaporization is r B.t.u. at pressure P. 

kP. 
090 x-i-ig- 

NoTB. k is a constant determined (rom the Thomas calorimeter digram. 

INJECTORS 
Weight of Water (w) entering the injector per pound of steam 
when the water has a heat of the liquid of qt B.t.u. entering the 
injector and qi B.t.u. leaving the injector. The entering steam 
is at pressure Pi and is Zi* per cent dry, having a heat of the 
liquid of qt B.t.u. and a heat of vaporization of Ti B.t.u. 

691 w-Sdm^LIli; pounds. 

q. -qi "^ 

Velocity (v) of water at the smallest section of the delivery 
tube, if w pounds of water enter the injector at a velocity of 
Vi feet per minute for each pound of steam entering at a velocity 
of Va feet per minute. 

592 V = v» + Wi J second. 

I 4- w *^ 

Note, t may be obtained by 691 and Ti by 671. Vi may be found ex- 
perimentally if the weight of water per second and the size of the water jnpe 
are known. 

Area (A) of the delivery tube of an injector into which w 
pounds of water enter per second through the supply pipe, each 
pound of steam forcing through the injector n pounds of water 
with a velocity of v feet per second. 

693 A = '^^^^"^ square feet. 

Note. For value of T see 693. ^ is the density of the fluid in the de< 
livery tube. 

SAFETY VALVES 
Area (A) of a spring-loaded safety valve set to blow at a 
pressure of P pounds per square inch on a steam boiler in which 
w pounds of water per second are evaporated. 

694 A = — =— square inches. 

*^ ,,CooqIc 

• Expressed as a decimal fraction. '-' 



Note. Thia f<niniila b that given in the Massachusetta Boiler Rules and 
^vcfl the size of the valve or area of the pipe leadii^ to it. 

Area (A) of the opening between the valve and the seat of a 
spring loaded safety valve set to blow at P pounds per square 
inch on a steam boiler in which w pounds of water per second 
are evaporated. 



A = ^ p square inches. 



Note. The value, 0.95, was determined experimentally, if the diameter 
(A the valve is d inches and the lift ia 1 inches, the area of the opening is wdl 
for a flat-«e3ted valve, or 0.707 »dl f or a 45 degree seat. 

Area (A) of a lever safety valve on a steam boiler set to blow 
at a pressure of P pounds per square inch. The valve is located 
a inches from the fulcrum and weighs, with the spindle, W 
pounds; a weight of Wi pounds is located b inches from the 
fulcrum and the center of gravity of the lever weighing Wi 
pounds is located c inches from the fulcrum. 

--_ . Wa + W,b + Vtf . , 

696 A ■ — ^ square mches. 



STEAM BOILERS 

Maximum allowable working pressure (p) of a steam boiler 
drum with a shell of r inches radius, t inches thick arid an ulti- 
mate tensile strength of f pounds per square inch. The factor 
of safety is F.S. and the efficiency of the longitudinal joint is 
11 per cent. 

697 p t= - Jl pounds per square inch. 

Thickness (t) of a bumped head of bumped radius r inches, 
the ultimate tensile strength of the plate being f pounds per 
square inch with a factor of safety of F.S. The workii^ pressure 
is p pounds per square inch. 

698 t - —^ inches. 

NoiB. E = t for convex heads and K = .6 for concave beade. The 
factor of safety (F.S.) is commonly 5. , ^.vi^s'^ 
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Boiler hMse-power (Pa). A boiler of one boiler horse-power 
evaporates 34,5 pounds of water per hour at 212 degrees and 
atmospheric pressure. Under any other conditions boiler 
horse-power is given by 

699 Pb - ^ ^^ ~ ^'^ boiler horse-power. 

33.520 *^ 

NoTB. H is the total heat per pound of steam at the indicated boiler 
pressure, 41 is the heat of the liquid per pound at feed water temperature 
and w is the number of pounds of water evaporated per hour. 

Factor of evaporatioii (F) of a steam boiler which makes 
dry steam at a pressure P with a total heat of H B.t.u., the 
feed water having a heat of the liquid of qi B.t.u. 
r. . H - q, 



700 

NoTB. 971.7 is the heat of vaporization at 3i3° F. or heat enet^ "from 
and at 212°." The total heat of the steam may be obtained from 640, 641 
and 643 or 657 and 658. It the quality of the steam is i," H — H'x + qi' 

<i — z), where H' and q/ are the total heat and heat of the liquid respectively 

at the given pressure. 

Equivalent evaporation (We) from and at 212 degrees of a 
boiler when its factor of evaporation is F and the actual evap- 
oration is w pounds per hour. 

701 w, - Fw pounds per hour. 

Grate area (A) of a steam boiler of Pb boiler horse-power, the 
rate of combustion being C pounds of coal per square foot of 
grate per hour and the rate of evaporation being E pounds of 
water per pound of steam. 

702 A = ''^y^'^ square feet. 

FUELS 
Heatil^ value (Q) of a crude oil which contains C* per cent of 
carbon, H* per cent of hydrogen and O* per cent of oxygen. 

703 Q = 14*500 C + 53400 (h — ^J B.t.u. per pound. 

* Expressed as a decimal fraction. s'^ 
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Heatiiig valae (Q) of a solid fuel which contains C* per cent of 
fixed and volatile carbon, H* per cent of hydrogen, O * per cent of 
oxygen, S* per cent of sulphur and HiO* per cent of water. 

704 Q = 14^00 C + SiAOO Fh - |-1+ 4000 S - 1000 HjO 

B.t.u. per pound. 
Note. The percentages are all based on the fuel as sampled. 

INTERNAL COMBUSTION ENGINES 

Compression ratio (r) of an engine with a cylinder volume 

(VOi a clearance volume (Vc) and a stroke volume (V,). 

Vt 
706 r = ^^ 

Note. Vt - Vg + Vt. 

Efficiency (11) of the Otto and Brayton cycle when the engine 

cylinder has a compression ratio (r). 

706 1,-1- ^- 

Note. For explanation of K see section 631 on perfect gases. See 705 ' 
(or value of r. 

Efficiency (n) of the Otto cycle when the pressure and tem- 
perature in the engine cylinder is Pi and Ti respectively at the 
beginning of compression and Pj and Tj respectively at the end 
of compression. 

K-l 

Note. The Otto cycle consists of an adiabatic compression, addition of 
heat enei^ at constant volume (burning of the charge), adiabatic expansion, 
and rejection of heat energy at constant volume. See the section on perfect 
gases for the relation between pressure, volume, and temperature and 6ai fcH' 
the exfJanation of K. 

Effldency (i)) of the Brayton cycle when the temperature in the 
engine cylinder is Ti at the beginning and Ti at the end of com- 
pression, and Ti at the beginning and T4 at the end of expansion. 

Ti Ti 

708 11 = I -^ = I -^• 

* Expressed as a decimal fraction. j, CiOO'^lc 
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Note. The Brayton cycle cooBists of an adiabatic compression, addition 
of heat enei^ at constant pressure (burning of the charge), adiabatic ex- 
pansion, and rejection of heat energy at constant pressure. See the section 
on perfect gases for the relation of pressure, volume, and temperature. 

Efficiency ii\) of the Diesel cycle when the engine cylinder 
has a compression ratio (r) and a cut-oflf ratio (S). 

Note. The Diesel cycle condsts of an adiabatic compression, addttioo of 
heat energy at constant pressure (burning of the charge), adiabatic expandon, 
and rejection of heat energy at constant volume. The cut-oS ratio (5) equals 
V. 
^ where Ve is the stroke volume at cutofT plus the clearance volume and Tc 

is the clearance volume. See the section on perfect gases tor value of K and 
relations of pressure volume and temperature. 

Efficiency (i]) of the Sargent cycle when the temperature in 

the engine cylinder is- Ti at the instant the admission valve 

closes during the suction stroke, Tj at the end of compression, 

Ti at the maximum pressure at the beginning of expansion, and 

. T4 at the end of expansion. 

no ,_Ii.z^^i±I.. 

Note. The Sargent cycle is a variation of the Otto cycle, the admission 
valve closing before the end of the'suction stroke. For the rest of that stroke 
the charge expands, the pressure dropping below atmospheric. Adiabatic 
compression follows, then addition of heat energy at constant volume (burning 
of the charge), adiabatic expansion and a rejection of heat energy at constant 
volume. 

Diameter (d) of an engine cylinder designed for a maximum 
obtainable indicated horse-power (I.H.P.) with a mean effective 
pressure (M.E.P.) pounds per square inch, the number of ex- 
plosions per minute at full load being n and the stroke (1) being 
z times the diameter, or 1 = xd. 

711 d_(/li»I!112teet 

""■ ° V(M.E.P.)iii""- 

Note. The maximum obtainable I.H.P. usually eitceeds the rated full 
load by 15 or 30 per cent. Mean effective pressure tables are given in an 

article by Sanford A. Moss in Power, July 1906. ^ .v'> Y^,'^ 
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Brake horse-power (B.H.P.} of an engine with m cylinders of 
1 inches diameter and 1 inches stroke at M revolutions per minute, 
:he clearance being y per cent of the stroke. 

na B.Hj..-^^(o48-^)- 

14,000 V 10 y/ 

na B.H j». = ^- 

Note. Both formulas are empirical; 71a is G. L. Rice's rating and 713 is 
:he ratii^ of the Association of Automobile Manufacturers. 



AIR COMPRESSORS 

Power (P) required to compress a given weight of air per 
minute from a pressure of Pi pounds per square inch and a 
volume of Vi cubic feet to a pressure of Pi pounds per square 
inch. 

n l/pA n I 

714 P = 144P1V1 _ lip- 1 — iffoot-pounds perminute. 

Note. For general relations between the pressure, volume, and tempera- 
ture see the section on perfect gases. For air compressors n equals 1.3 to 1.4. 

Temperature (T) of air after being compressed from a pressure 
(Pi) and temperature (Ti) to a pressure (P). 

715 T = Ti (p- J degrees. 

Note. For value of n see 714. This formula applies if the air is dry or 
contains only its natural moisture. 

Volume (V) of free air at pressure (P) and temperature (T) 
required to supply Vi cubic feet of compressed air at pressure 
(Pi) and temperature (TO- 

V.P.T 

716 V = -^JF cubic feet. 

[%ton displacement (V) of a double-acting air compressor 
which receives Vi cubic feet of free air per minute at pressure 
;^i) and makes N revolutions per minute. The pressure of 
the compressed air in the clearance at the end of the discharging 
Ittroke is P». ' ■"■^'"C.s'" 



174 HeBt 

Case I, The air compressor has no clearance. 

717 ^ = IF ^^^^^ ^"'*' 

Case II. The air compressor has a clearance of y* per cent 
of the stroke. 

V, 



=N(.-y(a)"+y) 



Note, n 

Intennediate pressure (P) of a two stage air compressor 
which compresses air from a pressure of Pi pounds per square 
inch to a pressure of Pj pounds per square inch. 

719 P = VPiP, pounds per square inch. 

Power (P) required to compress a given weight of air per min- 
ute in a two stage air compressor from a pressure of Pi pounds 
per square inch and a volume of Vi cubic feet to a pressure of 
Pj pounds per square inch. 

720 P = 288 PiVi °- I (i~ I - 1 1 foot-pounds per minute. 

n - I i \Pi/ I 

Note, n as in 714. J 

First intermediate pressure (P')t and second intermediate I 

pressure (P") of a three stage air compressor which compresses 

air from a pressure of Pi pounds per square inch to a pressure 

of Pi poun<k per square inch. 

721 P* = ■^Pi^i pounds per square inch. | 

722 P" = ^PiPi' pounds per square inch. 

Power P required to compress a given weight of air per min- 
ute in a three stage air compressor from a pressure of Pi pounds 
per square inch and a volume of Vi cubic feet to a pressure of Pi 
pounds per square inch. 

n ] /PA^ I 

723 W = 433 PiVi —^- 1 ( 5= J - 1 1 f oot-pounda per minute. 

Note.' n as in 714. 

* Expressed as a decimal fraction. I 



COMPRESSED AIR ENGINES 
Work (W) done by a compressed air engine when a given 
weight of air is admitted at a pressure of Pi pounds per square 
inch and a volume of Vi cubic feet at cut-off and is expanded to a 
pressure of P* pounds per square inch and a volume of Vi cubic 
feet when the exhaust valve opens. The pressure at which the 
air is rejected (or " back pressure ") is Pa pounds per square 
inch. 

724 W = 144 (P,V, + ^'^rf'^' - P*V*) ^oot-pounds. 

AIR REFRIGERATION 

Note. Air from the cold-storage room entera the compression cylinder, is 
compressed and delivered to the cooler where there are pipes containii^ 
the cooling water. Leaving the coaler the air enters the expansion cylinder 
and is expanded and cooled to a low temperature and then is delivered to the 
cold-atorage room. 

Power (P) required to compress w pounds of air per minute 
in a compressor without clearance from a pressure of Pi pounds 
per square inch, a temperature of ti degrees and a volume of Vi 
cubic feet per pound to a pressure of P; pounds per square inch 
and temperature of U degrees. 



-.^kr- 



726 P = 144 wPiVi j i^j — I [ foot-pounds per minute. 

Note. For explanation of n see 618. If the compression is adiabatic 
the value of n equals E (see 611), and 73$ becomes P = 778 wCp (d — ti) 
foot-pounds per minute. For explanation of cp see 6ai. The power (P) of 
expansion in the expansion cylinder is also given by the above formula if the 
exhaust pressure, or " back pressure," of Pi pounds per square inch, the cor- 
responding volume of V( cubic feet per pound and temperature of U degrees 
are substituted for Pi, Vi, and ti and the pressure of Pj pounds per square 
inch and temperature of ti d^rees at cut-off in the expandii^ cylinder are 
substituted for P| and ti. Pt equals Pi very neariy, but P| is less than Pi due 
to friction losses. 

' Heat energy per minute (Q) withdrawn from the cold room 
when w pounds of air per minute pass through the machine 
entering the compression cylinder at a temperature of ti degrees 

and leaving the expansion cylinder at a temperature of U degrees. 

726 - WCi,(t, - tj) B.t.u. per minute. 

Note. For value of Cp see page 291. ■■ 
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Net power (P) required to produce refrigeratioii if w pounds 

of air per minute pass through the machine entering the com- 
pression cylinder at ti d^rees, leaving it at ti d^irees, entering 
the expansion cylinder at U d^rees and leaving it at t4 decrees. 
Q B.t.u. per minute of heat ener^ are withdrawn from the cold 
room. Compression and expansion are adiabatic. 

727 P = 778 wcp (tj — ti - t» + to foot-pounds per minute. 

728 P = 778 Q (- — T- j^ ' — r) foot-pounds per minute. 

Note. For value of Cp see p^e 291- 

Heat energy per minute (Q) carried away by the cooling water 
if w pounds of air per minute pass through the machine entering 
the compressor at ti degrees, leaving it at tj degrees, entering the 
expansion cylinder at tj degrees and leaving it at t* degrees. 
The heat energy withdrawn from the cold room is Qi B.t.u. per 
minute and the net power required to produce refrigeration b 
P foot-pounds per minute. 

7» Q.Q. + _j. 

730 Q = WCp (ti — U) B.t.u. per minute. 

781 Q=Qi^' 

Note. For valueofcpsee page 291. 730and 731 hold when thecompressEon 
and expansion is adiabatic. 

Weight (w) of coaling water required per minute if Q B,t.u. ' 
per minute of heat enei^ is carried away by it, the heat of the 
liquid of the water on entering the cooler being qi B.t.u. and on 
leaving qi B.t.u. 

732 ™= — ^ 

Note. The weight of cooling water may also be expressed in terms trf 
the heat energy withdrawn from the cold room and the temperatures o{ the 
air ti, ti, tt, and U by the relations given in 731 when compresuon and expan- 
sion are adiabatic. 

Aiqtarent piston displacement (V,) of a compression cylinder 
into which w pounds of air per minute are admitted at a pres- 
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sure of P pounds per square inch, temperature of T degrees, and 

specific volume of V cubic feet per pound when the compressor 

makes N revolutions per minute. 

wV wRT 
733 V.-^-^cubicfeet. 

NoTB. The piston displacement may be expressed in terms of the heat 
ener^ in B.t.u. per minute withdrawn from the cold room instead of the 
pounds of air par minute passiI^; through the compressor by use of 716. The 
above expression assumes that there is no clearance. If there is clearance 
and the air is compressed from P pounds per square inch to P| pounds per 
square inch, the apparent piston displacement may be obtained by divid- 



'[■-'(IT+'J'" 



ing 000 by the factor I ' ~ 7 I p ) + 5 !• where the clearance is j* per cent of 
the piston displacement and n is as explained in 6i8> 

^parent piston displacement (V.) of an expansion cylinder 
if the apparent piston displacement of the compression cylinder is 
V cubic feet and the air enters the compression cylinder at a 
pressure of Pi pounds per square inch and a temperature of Ti 
degrees, and leaves the expansion cylinder at a back pressure 
of Ps pounds per square inch and a temperature of Ti degrees. 

VP,T. 
734 . V, = .^^ cubic feet. 

Note. The above expression assumes no clearance. The expanwon cylin- 
der will have a lai^er clearance than the compression cylinder. If the ex- 
pansion and compression of the expansion cylinder are complete the apparent 
piston displacement may be found by dividing by the same factor as used 
in 733. For explanation of n see 6i8< 

COMPRESSION REFRIGERATION 

Note. A compression refrigeration system'uses a volatile liquid and its 
vapor. A compressor draws in vapor, compresses it and discharges it to 
coils of pipe in a condenser. These pipes are surrounded by cooling water 
which condenses the vapor. The condensed vapor is drawn out and after 
passing a regulating valve enters the pipe coils of the vaporizer, or refrigerator, 
where the liquid vaporizes and again is drawn to the compressor. 

Heat energy per minute (Q) withdrawn from the expansion 
coil when the machine uses w pounds per minute of the fluid 
which has for each pound a heat of the liquid of qi B.t.u. as it 
• Expressed as a decimal fraction. '-'' 



approaches the expansion valve and a total heat of Hi B.t.u. as 
the vapor leaves the expansion coils. 

736 Q = w (Hj — qi) B.t.u. per minute. 

Note. The vapor leaving the expansion coils ia dry and saturated or 
perhaps sightly superheated. 

Horse-power (P) of the compressor if w pounds per minute of 
vapor are admitted with a total heat energy for each pound oi 
Ht B.t.u. and leave with a total heat energy for each pound of 
Hi B.t.u. 

786 P = r7S^<^^-^») horse-power. 

33,000 ^ 

Note. The vapor leaving the compressor is superheated and Hi includes 
the heat energy of superheat. By substituting tor w its value from 735 the 
horse-power (P) may be expressed in terms of Hi and Hi and the heat energy 
withdrawn from the expansion coils (Q). The temperature of the vapor leav- 
ing the compressor (Ti) may be calculated by the perfect gas relation, 620, if 
the pressures of vapor entering and leaving <P|} and (Pi) and the temperature of 
K-1 

the e|)tering vapor (Ti) are known; that is, Ti — I'l (p*) degrees. 

Heat energy per minute (Q) carried away by the cooling 
water when a compressor delivers w pounds per minute of 
vapor whose heat of vaporization per pound is Ti B.t.u., the 
temperature of the vapor being t, degrees and the temperature 
corresponding to the pressure being ti degrees. 

737 Q = w [cp(t. - ti) + ri] B.t.u. per minute. 

Note. Cp is the specific heat at constant pressure and for ammOnia is 
approximately 0.520. 

Weight of cooling water (w) required if Wi pounds per minute 
of vapor are delivered by the compressor at a temperature of 
t, degrees, the temperature corresponding to the pressure being 
ti degrees and the heat of vaporization per pound ri B.t.u. One 
pound of the cooling water enters the cylinder jacket with a 
heat of the liquid of qi B.t.u. and leaves with a heat of the liquid 
of qs B.t.u. 

733 ^ ^ Wi[c.(t.-t.)-l-ril p^^^^^ p^ minute, 

qs - qs 

Note. See page 391 for values of Cp. 

Piston displacement (V) of a compressor making N strokes per 
minute and drawing in w pounds per minute of vapor, each 
pound having a volum? of Vi cubic feet. ^ 'vw .,,^ 
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Note. This formula assumes no clearance. If there is clearance the 
piston displacement may be obtained by dividing 739 by the factor 



[■-(S)--4 



ment, n is expli 
compressor and Pi 



+ y , where the clearance is j per cent of the piston dtsplac 



) 618, and Pt is the pressure of the vapor entering the 
5 the pressure as it leaves. 



HEATING AND VENTttATION 

Heat energy per hour (Q) transmitted through walls, par- 
titions, floors, etc., A square feet in sectional area normal to the 
flow of heat; the temperature of the air at one surface is ti and 
at the other surface U degrees Fahrenheit. 
740 Q = kA (ti - tj) B.t.u. per hour. 

Note. Average values of k for the usual building structures are given 
below.* 
Walls. Thickness in inches. 

Brick, without interior plaster. 

Brick, with interior plaster. 

Concrete, without interior plaster. 

Concrete, with interior plaster. 

Masonry, without interior plaster. 



clapboarded, without i 
ckpboarded, 



Masonry, with ii 

Wood, shingled a 

Wood, shingled c 
Partitions 

Hollow tile, plaster two sides 

■Wood, plaster one side 

Wood, plaster two aides 

Fkwis 

Concrete on brick arches 

Concrete on hollow tile arches. . . 

Concrete, reinforced 

Wood (single) without plaster — 

Wood (single) with plaster 

Wood (double) without plaster., 
' Wood (double) with plaster 

Wood, mill construction 

• Corrections for exposure: 

Multiply k by. , , , , , , , 
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Cinder, tar and gravel concrete (4") 

Cinder, tar and gravel concrete (6") 

Concrete, cement '. 

Concrete, with liung plaEter ceiling 

Galvanized iron on rafters 

Shingle, rafters unsheathed 

Shingle, rafters sheathed 

Slate on matched boards 

GloM 

Single window 1 .10 Single skylight... 

Double window O.41 Double skylight. . 

Doon 

Wood, }inch 0.55 Wood, li inch.. 



Wood, I inch.. 



J.48 



Wood, 2 inch. . 



Heat energy (Q) required to increase the temperature of V 
cubic feet of air by t degrees Fahrenheit. 



the volume of the air at 70° F. The 
room is 3000 cubic feet per hour per 



Note. It is assumed that V is 
average amount of air supplied to 1 

Heat energy (Q) given out by persons, lights, motors, etc. 

Adult at rest 380 B.t.u. per hour. 

Adult at work 470 B.t.u, per hour. 

Electric lights per kilowatt 3415 B.t.u. per hour. 

Welsbach gas burner!) 2100 B.t.u. per hour. 

Fish-tail gas burners 3500 B.t.u. per hour. 

Motors and machinery per horse-power 2547 B.t.u. per hour. 

Relative humidi^ (p) as indicated by a " wet and dry-bulb 
hygrometer " at 29.9 inches barometric pressure. 
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Mote. The relative humidity should range between 35 and 45. 
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I pressure (p) of a blower, or exhauster, which de- 
livers air whose density is S pounds per cubic foot with a velocity 
of T feet per second. 

742 p = pounds per square inch. 

Note, With different types of blowers, or exhausters, E variea widely 
and should be obtained for each type by experiment. Trowbridge quotes an 
average value of K — 0.617. An approximate value of 8 is 0,08 pounds per 
cubic foot. 

Capacity (V) of a centrifugal fan with a wheel of c feet cir- 
cumference, running at N revolutions per minute and dischaigiing 
into free air through an outlet of A square feet area. 

743 V = 0.65 cNA cubic feet per minute. 
Horse-power (P) of a centrifugal fan required to move V 

cubic feet per second of air with a velocity of flow of v feet per 
second through a short pipe A square feet in area when the fan 
efficiency is t\. The velocity of air flow through the fan outlet 
is Vi feet per second and the pressure producing the flow is pi 
pounds per square inch. 
_.. _ piAV Ti'V 0.0000022 , 

744 P = 144 — — = horse-power. 

5S011 ^ 

Note, vi equals the peripheral velocity of the fan in feet per second 
multiplied by 0.65. 

CHIMNEY DRAFT 

Intensity of draft (p) of a chimney h feet high whose gases 
have a temperature of T degrees and a density of S at 32° F. 
and atmospheric pressure. The temperature of the outside air 
is Ti degrees. 

746 p = h (J^ - 2^) inches of water. 

Note. This formula neglects the effect of friction which reduces the 
draft by 20 or 25 per cent. 

Horse^power (P) of the boilers which may be served by a 
chimney A square feet in effective area and 1 feet in height above 
the grate. 
746 P = 3.33 AvI boiler horse-power. 

Note. IftheinMdeareaatthetopisAisquarefeet,thenA ■ Ai — 0-6 v^. 
This is Kent's formula. '-'' 



PUMPS 
Duty (D) of a pump which does W foot-pounds of work per 
minute while using w pounds of dry steam per lomute or Q 
B.t.u. per minute.' 

W 
747 D = looo — 



748 

Displacement (V) of a pump which makes N pumping strokes 
of 1 feet forward per minute and has a piston of A square inches 
effective area. 

AMI 

749 V = cubic feet per minute. 

144 

Note. If the pump is double acting the total displacement is the sum 
of the displacements on the forward and return strokes, the effective area (A) 
varies for the two sides of the piston. 749 gives the theoretical displacement, 
the actual displacement is less due to clearance, slip, imperfect valve action, 
etc., and is reduced even to 50 per cent in certain cases for air pumps. 



THERMAL PROPERTIES OF MATERIALS 
Heat energy (Q) conducted in time (t) through a material 
of sectional area (A) normal to the flow of heat and of thickness 
(d) in the direction of the flow of heat with a temperature diflfer- 
ence (T) between its surfaces, K is the thermal conductivity of 
Hie materiaf (see page 294 for definite values) in gram-calories 
per centimeter-cube per Centigrade degree per second. 
„ cKATt 



760 



• units in time (t). 



a constant depending upon the u 



s of measurement aa ft^ 



Q 


A 


d 


T 


. 


. 


gram-calories 

kg.-calories 

Brit, therm, units.. 


sq. cms. 
sq. meters 
sq. feet 
sq. cms. 
sq. feet 
sq, meters 
sq. feet 


inches 
inches 
inches 


Cent. 

Cent. 
Pahr. 
Cent. 
Fahr. 
Cent. 
Fahr. 


seconds 

hours 

hours 

seconds 

seconds 

hours 

hours 


36.000 
.,900 




itw.hrs 
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Heat energy (Q) absorbed or given up by a material of mass 
(m) and specific heat (c) when its temperature changes from ti 
to U- 
751 Q = kcm (U - U) units. 



Note. See page 291 for definite values 
upon the units of measurement, as follows: 



a constant depending 



Q 


m 


ti-t, 


k 




grams 

pounds 
pounds 

pounds 

pounds 


Cent. 
Cent. 
Cent. 
Fahr. 
Cent. 
Fahr 
Cent. 
Fahr. 


1.8 

4.1S 

1054 

i.i6Xio-» 

2.93 Xio-* 




British thermal units 













Length (h) of a solid body at a temperature of t degrees Centi- 
grade which has a length (lo) at a temperature of degrees 
Centigrade. 
762 1, =l»(i+at). 

Note, a is the Centigrade mean coefficient of linear expanuon. For 
definite values see page 292. The mean coefficient of cubical expansion 
equals 3 a approximately. When the temperature is expressed in Fahrenheit 

degrees 752 becomes 1( = In I i + - — g J ■ 
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ELECTRICITY 



MAGNETISM 

Pole strength (m) required to produce a force of F dynes between 
two poles * of equal strength separated by a distance of d centimeters. 
763 m = d Vf unit poles. 

Pole BtTNigth per unit area (<r) of a pole of m unit poles 
stroigth distributed uniformly over a surface of A square centimeters. 



<r = T- unit poles per sq, cm. 



764 

Force (P) between two poles * of m and m' unit poles strengUi 
respectively separated by a distance of d centimeters. 



Note. Unlike pdes attract and like poles repel. 

Field inten^^ (H) at a point distant d centimeters from a pole* 
of m unit poles strength. 

766 H = ^ dynes per unit N pole or lines of force per sq. cm. 

Note. The field intensity at a. point is measured in magnitude and direction 
by the force acting on a unit N pole concentrated at the point and may be due 
to poles or electric current. 

Diffa«nce of magnetic potential (V) between a point distant d 
centimeters from a pole * of m unit poles strength and a point at 
an infinite distance bom the pole. 

7B7 ^^T gil^>erts. 

NotE. The difference of magnetic potential between two points is measured 
by the work done in moving a unit N pole from one point to the other against 
the force due to all existii^ poles and is independent of tlie path. 

* The dimensions of the surface over which each pole is distributed are assumed 
to be negligible compared with all other dimensions and the permeability (A the 
BuiTounding medium is unity. .^.vv^s'^ 

184 



Field intensity (H) at a point distant d centimeters from the 
center of a magnet * 1 centimeters in length and of m unit poles 
strength. [1 small compared with d] 



line jcnning the 



Note, t is the angle between the axis of the magnet and ( 
cenlei of the magnet and the point d <%ntimeters distant. 

Field intensi^ (H) at a point on the axis of a cylindrical magnet 
1 centimeters in length and r centimeters in radius uniformly magne- 
tized on the end surfaces to a density of <r imit poles per square centi- 
meter. 



riS3f2i-ir::.fci. 



Fro. 7S9. 

769 H(diB to IT pule) = 3 inr (i — cob 6) lines per sq. cm. 

760 H<doe w s pole) = 2 iTff (i — COB 6') lincs per sq, cm. 

761 H(due lo both poln. P oaUide mocnst) 

= 2 mr (cob 6' — cos 6) lines per sq. cm. 

762 H(dua to both ffdes, P innde maciiet) 

= 2 inr (2 — COB — cos 6') lines per sq. cdl 
Reld intensity (H) at a point in a narrow air gap between two 

plane surfaces each mi^netized uniformly to a pole strength per unit 

area of v imit poles per square centimeter, and of opposite polarity. 

783 H = 4 irir lines per sq. cm. 

Force (F) acting upon a pole of m unit poles strength placed in a 

magnetic field of uniform field intensity H lines per sq. cm. 

764 F - mH dynes. 

Force (F) between two poles of equal pole strei^th per unit area, 

<r unit poles per square centimeter, distributed uniformly over two 

* The dimenMons of the surface over which each pole is distributed are assumed 
to be negl^ble compared with all other dimensions and the permeability of the 
BuiTounding medium is unity. . ^-v/v^s'^ 



1S6 Electricity 

plane surfaces each A square centimeters m area and separated hj 
a narrow air gap. 

766 F = 2 inr^ A dynes. 

Torque (T) acting i^n a magnet * of m unit poles strength and 
1 centimeters in length placed in a field of uniform field intensity H 
lines per square centimeter, the axis of the magnet making an angle 6 
with the direction of the field intensity. 
76$ T = Hml sin 6 cm.-dynes. 

Fhiz of induction (#) due to a pole of m unit poles strength. 

767 * = 4 inn maxwells. 
Note. The flux leaves a N pole and enters a S pole. 

Iatensil7 of magnetization (J) at any point in a magnet of con- 
stant section which has a pole strength per unit area of tr unit poles 
per square t^ntimeter distributed uniformly over the end surfaces of 
the magnet. 

768 J = (T unit poles per sq. cm. 

Flux den^ty (B) at a point in a magnet where the field intensity is 
H lines per square centimeter and the intensity of magnetization 
is J unit poles per square centimeter. 

769 B = H + 4 irj gausses. 
Note. The addition is vectorial. 

Flui density (B) produced by a field intensity of H lines per 
square centimeter in a medium where the permeability corresponding : 
to the stated field intensity is (i. , 

770 B = ^H gausses. 

Permeability (|i) of a medium in which a field intensity of H lines 
per square centimeter produces a flux density of B gausses. 

771 ^-|. 

Susceptibility (k) of a medium in which a field intensity of H 
lines per square centimeter produces an intensity of magnetization 
of J unit poles per square centimeter. 

772 ..!■ 

* The dimensions of the surface over which each pole is distributed are assumed 
tobenegligiblecompared with all other dimensions and the permeability of the 
surrounding medium is unity. ' .^-vv^s'^ 



PennMbiltfy (V-) of a medium of susceptibility k. 

773 M'=i + 4'inf- 

Force (F) between two poles distributed over two plane surfaces 
A square centimeters in area and separated by an air g^ in wbich 
the uniform flux density is B gausses. 

774 F = -s— dynes. 

BIT 

Energy of magnetic field per cubic centimeter (W) in a meditmi 
where the flux density ts B gausses and the constant permeabili^ 
is |Jt or where the field intensity is H lines per square centimeter 
and the constant permeabihty is |i. 

HysteresiB loss per cubic centimeter per second (P per c.c.) 
in a medium in which a variable magnetic flux of maximum density 
B gausses changes from positive to negative to positive maTJmiim f 
times per second. 

776 • P per c.c. = ilfB^* ergs per second. 

Note. i[ equals 0.004 for ordinary sheet iron and o.ooi for best annealed 
sheet iron. For other values see Journal of the Franklin Institute, July, 1910, 
page I. 

Reluctance (R) between the bases of a right prism or cylinder 
of permeability |Ji in which the direction of the flux density at all 
points is normal to the bases, the area of each base being A 
square centimeters and the perpendicular distance between the 
bases 1 centimeters. 

777 R = -r oersteds. 

NoTB. The total reluctance of several reluctances connected in series 
without abrupt change of section at any point equals the sum of the several 
reluctances. The reciprocal of the equivalent reluctance of several reluctances 
connected in parallel equals the sum of the reciprocals of the several reluc- 

ELECTROMAGNETISM 

Current (I) required to produce a force of F dynes upon a 
portion of its conductor 1 centimeters in effective length placed 
in a magnetic field of uniform flux density B gausses. 

778 ' ~ m *t'3"iE*'^* ,o| . 



18S QectridV ' 

Note. The effective leogth of a portion of the conductor b the shortest 
distance between the ends of a projection of the portion of the conductor on a 
plane normal to the flux density. The respective directions of the force, flux 
density and current in the effective leng;th are represented by the directions in 
which the thumb, index and middle lingers of the left hand point when held 
in positions respectively perpendicular to each other. 

Torque (T) acting on a circuit, conducting a current of I 
abamperes and enclosing an effective area of A square centi- 
meters, placed in a magnetic field in which the uniform flux 
density b B gausses. 
779 T = lAB cm.-dynes. 

Note. The effective area of a closed circuit is the maximum area obtained 
by projecting the closed circuit on a plane parallel to the flux density. The 
closed circuit will turn in such a direction that the summation of the fluxes 
enclosed by the circuit due to itself and the external field respectively will be 



Field intensity (H) at a point distant d centimeters on a 
normal from the axis of a cylindrical straight wire conducting 
a current of I abamperes with uniform density throughout the 
wire. 

Case I. Distance d negligible compared with length of wire 
and not less than radius of wire. 

780 ^ = T ''"^ P^'" ^' *^™' 

Case II. Distance d not negligible compared with ler^th of 
wire and not less than radius of wire. 

781 ^ = S (^" fli + sin 8j) lines per sq. cm. 



^^^/*T^'' 



Fig. 781. 
Case III. Distance d negligible compared with length of wire 
and not greater than the radius R of the wire. 

782 H = -=^ lines per sq. cm. 

Case IV. A hollow cylindrical wire of internal radius r 
centimeters and external radius R centimeters. Distance d 



not greater than R, not less than r and negligible compared with 

the length of the wire, 

«.« „ 2l(d»-r*) ,. 

783 H = "a (gi J. fif ""^ P^"" *!■ f^™- 

Note. In each case the directioa of the field intensity at the piAnt is 
normal to a plane includii^ the point and the axis of the wire and ia in a clock- 
wise direction when viewing the wire from the end at which the current enters. 
The field intensity at a point on the axis of the wire in each case is zero and 
in Case IV is zero throughout the air core. 

Field intensity (H) at a point on a line through the oenter and 
normal to the plane <rf a drcular turn of wire of negligible section 
conducting a current of I abamperes, the radius of the circular 
turn being r centimeters and the distance of the point from the 
wire being d centimeters. 

784 H = — j^ — lines per sq. era. 



Note. The field intensity a 



er of the circular turn is — linea 
per square centimeter. At the center of curvature of an arc of length 1 
a and radius of curvature r centimeters the field intensity is ^ lines 



per square centimeter. When its section is negligible the above formulas also 
apply to a compact coil of N turns each conducting a current of I abamperes 
if the current is taken as HI abamperes. The direction of the field intensity 
ia each case is along a line through the center of curvature and normal to the 
plane of the wire and away from a viewing point at which the current is seen ^ 
to flow in a clockwise direction. 

Field intensity (H) at a point inside a long coil of constant 
section wound uniformly with n turns of wire per centimeter of 
axial length, each turn conducting a current of I abamperes. 

Case I. Field intensity at any point in the plane of the 
central turn when the section of the coil is of any shape and its 
dimensions are n^ligible compared with the akial length of the 
coil. 
786 H = 4 mil lines per sq. cm. 

ap o o o o o o o 9-0 
iL_V.-^^::_i 
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Fig. 786. ...... ..Cooglc 
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Case II. Field intensity at any point on the axis of a cylin- 
drical helix wound with wire of negligible section. 

786 H = 2 iml (cos 8i + cos Oi) lines per sq. cm. 

Note. The direction of the field intensity in either caae is detennioed aa 
111784. 

Held intensity (H) at a point distant d centimeters from the 
axis of and within a toroidal coil of N turns conducting a current 
of I abamperes and wound uniformly on a surface generated by 
the revolution of a circle r centimeters in radius about an axis 
R centimeters from the center of the circle. 

787 H = —I— lines per sq. cm. 

NoTB. The average field intensity within the coil is * _ 



Formula 7S7 also appliei 



surface generated by the revolution of a rectangle, with sides a centimeters 
and b centimeters in lengith respectively, about an axis R centimeters from the 
center of the rectangle. The average field intensity within this coil, taking b 

R + 2 

parallel and a perpendicular to the axis, is In — lines per - square 

■ R-i 
3 
centimeter. In equab log^ 

Magnetomotive force (S) due to N turns of wire each con- 
ducting a current of I abamperes in the same direction of rotation. 
788 ff = 4irNI gilberts. 

Magnetic flux (*) established by a magnetomotive force of S 
gilberts in a magnetic circuit of R oersteds reluctance. 



Note. See 777 and note to 859. I 

Force (F) per centimeter length between two parallel str^ght j 
wires d centimeters apart and conducting currents of Ii and It ' 
abamperes respectively, [distance between wires negl^ible com- 
pared with their lengths and section of each wire of n^ligible 
dimensions] 

-. 2 Iili , 

F = . ' dynes. 



790 



Note. The force is an attraction if the currents flow in the same direction 
nd is a repulsion if the currents flow In oppcwte directiona.^,^,. 
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Force (P) per centimeter length between two circuits each 
composed of two straight wires of negligible section, located in 
parallel planes as shown in Fig. 791 and conducting currents of 
Ii and Ij abamperes respectively, [distance between planes 
negligible compared with length of wires and all dimensions in 
centimeters] 

f 



^ 



791 F - 4 1,M ( (._i,'.^.j. - (. + !,'. + J.) dy"«- 



Note. With the current directions a 
attraction and if the current in either circi 



shown in Fig. 791 the force is ai 
it is reversed the force is a repulsion 



Force (F) between two parallel circular coaxial turns of 
negligible section located as in Fig. 791 and conducting currents 
of Ii and Ii abamperes respectively. 

Case I. Radii a and b nearly equal and d very small com- 
pared with either a or b. 

4iTadIiIa 



792 



J dynes. 



(a - b)^ + d= 
Case II. Radius b small compared with a. 



Note. 



K T- dynes. 

(a= + d^)S 

The direction of the force is determined aa i 



n79i. 



Torque (T) acting upon a small circular turn enclosing an 
area of A square centimeters, conducting a current of Ij abam- 
peres and with its center coinciding with the center of a large 
circular turn r centimeters in radius and conducting a current of 
Ii abamperes, the angle between the planes of the two coib 
bang 8. 

_' _ 2irAIiIisin6 , 

794 T -s ' cm.-dynes. 

Note- The direction of the torque is determined as in 779. ■" 



Setf-indtictaaee (L) of a ooO (rf H turns of wire oi n^Iigible 
section tfaroi^ whidi a current of I abamperes establishes a 
magnetic flux (rf 4 maxwells, 

796 L = -=- abhoiries. 

Note. K the flux does not link all of the turns the sdf-^nductance is pvta 

abhenries, where 4i rep r e s en ts the flux linking HV tunis, 

It turns, etc- The adf-inductance at a wire of appredable 



1 current of 1 abamperes is given by 



l,*,+h^,f 



abhenriea, where 4i represents the flux linking the current Ii, 4i the flux linkii^ ; 
the current It, etc., the sumniation o! I|, Ii, etc., beii^ equal to L If the con- 
ductora and the medium surrounding any circuit are <rf constant permeability, 
the self-inductani^ is independent of the current and may also be determined 
by 8o8 or S42. When the conductors or the surrounding medium are not 
of constant permeability the. self-inductance of a circuit varies with the current 1 
and has no definite meanii^ since its values determined by 79St 80S or 843 do , 
not agree. In the following cases when no mention b made of the dimen^oos 
of a conductor section it is assumed that they are negligible and when such 
dimensions are given it b assumed that the current density throughout the 
•ection is uniform. • 

Self-inductance (L) per centimeter axial length of the turns 
near the center of an air solenoid, A square centimeters in 
sectional area, wound uniformly with n turns per centimeter 
length, [dimensions of sectional area negligible compared with 
the axial length] 

796 L = 4 im'A abhenries. 

NoTB. If the solenoid is filled completely with a medium of constant 
permeability n the sell-inductance per centimeter length is 4110'^ abhenries 
and if filled partially throughout its lei^h with a medium of constant per- 
meability ti and B square centimeters in constant sectional area the self- 
inductance per centimeter length is 4wn'(/iB -t- A — B) abhenries. 

Self-inductauce (L) of a single-layer short solenoid of N turns, 
1 centimeters in axial length and r centimeters in radius. [1 
small compared with r] i 

797 L = 4TrrN»{ln^-j + -^(lnX + :)i abhenries. 

Self-inductance (L) of a multiple-layer short solenoid of N 
turns, 1 centimeters in axial length, R centimeters in external 



radius and r centimeters in internal radius. [1 small compared 
with R or r) 

798 L.4™K=jln^(. + ^)-(2 + ^);abhenrie,. 
Note, a = ■■ ' and b = 0.3135 (1 + R — ')■ In equals log,. 

Self-inductance (L) of a toroidal coil wound uniformly with 
a single layer of N turns on a surface generated by the revolution 
of a circle r centimeters in radius about an axis R centimeters 
from the center of the circle. 

799 L -= 4 wN^ (R - VR* - r*) abhenries. 
Self-inductance (L) of a toroidal coil of rectangular section, 

r and R centimeters in internal and external radius respectively, 
sides of section {R — r) centimeters and 1 centimeters respec- 
tively and wound uniformly with a single layer of N turns. 

800 L = 2 N^ In — abhenries. 

r 

Self-inductance (L) per centimeter length of one of two 
parallel straight cylindrical wires each r centimeters in radius, 
their axes d centimeters apart and conducting the same current 
in opposite directions, (distance d small compared with the 
length of the wires) 

801 L = 2 In — f- 0.5 abhenries. 

Note, The self-inductance of each wire per mile is 0.08047 + 0'74ii log — 

millihenries and for two wires is twice as great. Formula 801 also gives the 
self -inductance per centimeter length of one of three wires, located at the ver- 
tices of an equilateral triangle (d is the distance between the axes of any two 
wires) or located in the same plane (d is the distance between the axis of either 
outside wire and the axis of the middle wire), provided the algebraic sum of 
the instantaneous currents conducted respectively by the three wires in the 
same direction equals zero. 

Self-inductance (L) per centimeter length of two straight 
cylindrical concentric wires of equal section conducting the same 
current in opposite directions; the inner radius of the outer con- 
ductor being b centimeters and the radius of the solid inner 
conductor being c centimeters.- 



Self-inductance (L) of a single circular turn of wire of circular 
section, the mean radius of the turn beii^ R centimeters and the 
radius of the section r centimeters. ,' 

803 L = 4 ttR {(i + ^) In ^ + ^ - 1.75 } abhenries. 

Mutual-inductance (M) of two coils in which a current of Ii 
abcimperes in one establishes a flux of 4^ maxwells through the 
Kj turns of the other. 

804 M = ^ abhenries. 

Mutual-inductance (M) of two parallel circular coaxial turns 
each r centimeters in radius and their planes d centimeters apart, 
(d small compared with r] 

805 M.4m{to^(l + 2^)-(=+^)|abhe»ries. 

Mutual-inductance (M) of two concentric solenoids, the ex- 
terior of Ni turns and length 1 centimeters and the interior of 
Ki turns and sectional area Aa square centimeters, [the axiEit 
lei^th of the interior solenoid small compared with the axial 
ler^h of the exterior solenoid] 

806 M = j abhenries. 

Self -inductance (L) of two series circuits of self-inductance Lj and 
Lj abhenries respectively and mutual inductance M12 abhenries. 

807 L = Li + Li ± 3 Mu abhenries. 

Note. The si^ is + when the mutual fluxes are in conjunction and is — 
when the mutual fluxes are in apportion. 

Energy of magnetic field (W) established by a circuit of con- 
stant self-inductance L abhenries and conducting a current of 
I abamperes. 

808 W = iLFergs. 

Note. L in henries and I in amperes gives energy in joules. 

Energy (W) required to change the magnetic flux linking a coil 

of N turns conducting a current of I abamperes from 4i to ^ 

maxwells. 

809 W = NI(#s - «,) ergs. 

Note. When the flux is increased the circuit supplies energy and when the 
flux is decreased energy is supplied to the circuit. ^ .v.>>^-,,i^ 



ELECTROSTATICS , 

Charge (q) required to produce a force of F dynes between' two 
equally charged bodies* separated by a distance of d centimeters. 

810 q = d V^ statcoulombs. 

Chaise per unit area (tr) on a body charged uniformly with q 
statcoulombs over a surface area of A square centimeters. 

811 "^ ~ A statcoulombs per sq. cm. 

Force (F) between two bodies* chained with q and q' stat- 
coulombs respectively, and separated by a distance of d centi- 
meters. 

812 ^"^ "^y"^^- 

Note. Unlike charges attract and like chains repel. 
Field intenrfty (H) at a point distant d centimeters from a 
body* charged with q statcoulombs. 

813 H = j-^ dynes per statcoulomb or lines of force per square 

centimeter. 

Note. The field intensity at a point is measured in magnitude and direc- 
tion by the force acting on a positive cliarge of one statcoulomb concentrated 
at the point and may be due to charges, changing magnetic tlux or contact 
e.m.f. The field intensity within a conducting body is zero iE it conducts no 

Field intensity (H) at a point where the magnetic flux density 
changes at a rate of -rr gausses per second. 

814 H - -Tj- X lines of force per sq. cm. 

Note. If the point moves through a magnetic field of B gausses magnetic 
flux denaty at a velocity perpendicular to the flux density of v centimeters 
per etcoad, H = ^ X lO"** lines of force per sq. cm. Field intensity may also 
be due to contact ejn.f.; a contact e.m.f. of E atatvolts produced uniformly in 
a distance of d centimeters establishes a field intenuty ot j lines of force per 
sq. cm, throughout that distance. 

* The dimensions of the surface over which each charge is distributed are 
assumed to be negligible compared with all other dimendons and the dielectric 
constant of the surrounding medium is k. ' . ^-v >YS'^ 



Potential difference (V) between a point distant d centimeters 
from a body* charged with q statcoulombs and a point at an 
infinite distance from the charged body. 

816 V = nil statvolts. 

Kd 

Note. The potential difference between two points in any medium is 
measured by the work done in moving a positive charge of one statcoulomb 
from one point to the other against the force due to all existing charges and 
is independent of the path. 

Field intensity (H) at a point on a normal through the center 
of a circular disc uniformly charged on one side with <r stat- 
coulombs per square centimeter, the angle between the normal 
and a line from the point to the edge of the disc being 6. [the 
dielectric constant of the* surrounding medium is k] 

816 H = — r— (i — cos fl) lines of force per sq. cm. 

Field intensity (H) at a point opposite the centers and between 
two plane parallel surfacest each charged uniformly and oppo- 
sitely with (T statcoulombs per square centimeter, 

817 H = ^7— lines of force per sq. cm. 

Fotcc (F) acting on a body charged with q statcoulombs 
placed in a field of uniform intensity H lines of force per square 
centimeter. 

818 F = qH dynes. 

Force (F) acting between two parallel surfacesf each A square 
centimeters in area, and chained uniformly and oppositely with 
ff statcoulombs per square centimeter. 

819 . 5- 

Charge (Q) per surface required to produce a force of F dynes 

* The dimensions of the surface over which each charge is distributed are 
assumed to be negligible compared with all other dimensions and the dielectric 
constant of the surrounding medium is k. 

t The distance between the surfaces is assumed to be negligible compared 
with all other dimensions and the dielectric constant of the medium between 
the surfaces is k. i,. , ■ ,^.v/v.-,it 



between two parallel surfaces! each uniformly and equally 
charged over an area of A square centimeters. 



Potential difference (V) between two parallel surfaces f each 
uniformly, equally and oppositely charged over an area of A 
square centimeters, spaced d centimeters apart and acted upon 
by a force of F dynes. 

SttF 



Potential difference (V) between two parallel surfacesf chained 
uniformly and oppositely with <r statcoulombs per sq. cm., the 
dielectric constant of the medium between the surfaces being k^ for 
a distance of di centimeters and kj for a distance of dj centimeters. 

822 ^ ^ 4 "^^ (r + r) statvolta. 

Flux of induction (^) due to a body chained with q statcoul- 
ombs. 

823 1^ = 4 irq lines of induction. 

bitensity of electrisation (J) in a nonconducting plate charged 
uniformly and oppositely over two of its parallel surfaces with <t 
statcoulombs per square centimeter. 

824 J = f statcoulombs per sq. cm. 

Note. The intensity of electrisation within a conducting body Is zero. 

Flux density (B) at a point in a nonconducting body where the 
field intensity is H lines of force per square centimeter and the 
intensity of electrisation is J statcoulombs per square centimeter. 
826 B = H + 4 TfJ lines of induction per sq. cm. 

Note. The addition is vectorial. The flux denuty within a conducting 
body is zero if it conducts no current. 

Dielectric c<mstant (k) of a medium in which a field intensity of 

t The distance between the surfaces is assumed to be negligible compared 
with all other dimensions and the dielectric constant of the medium between 
the surfaces ie k. '" ■^■-■'^Y'''^ 



H lines of force per square centimeter produces a flux density d 
B lines of induction per square centimeter. 

826 k.|. 

Note. The dielectric constant of various substances is given on page 397. 

Capacitance (C) of a condenser which is charged with Q cou- 
lombs when the potential difference between its terminals is V 
volts. 

827 C - -2 farads. 

Capacitance (C) of a parallel plate condenser in which the pa«- 
tive and negative charges are each distributed uniformly over a 
surface area of A square centimeters, the uniform distance between 
the oppositely charged surfaces is d centimeters and the medium 
between the oppositely charged surfaces is of dielectric constant 
k. [d is assumed to be small compared with all other dimensions] 

kA. 

828 C = - J ■ ■ ■ — I microfarads. 

30ird X 10' 

C^acitance (C) of two concentric spheres; the inner ti centi- 
meters in external radius, the outer r^ centimeters in internal 
radius and separated by a medium of dielectric constant k. 
rjik 
-r,)> 

Capacitance (C) of two coaxial cylinders per centimeto' axial 
length; the inner ri centimeters in external radius, the outer fi 
centimeters in internal radius and separated by a medium of 
dielectric constant k. [In equals loge] 



microfarads. 




Note. The capacitance per mile 



Capacitance (C) of two paraUel cylinders per centimeter length; 
each cylinder r centimeters in radius, their centers separated by 
a distance of d centimeters and immersed in a medium of di- 



dectric constant fc. [r small compared wich d and all dimensions 
small compared with distance to sunxiundii^ objects] 

831 C = "3 microfarads. 

36 In - X 10' 

Note. The capacitance per mile is -^2S ■ microfarads. The capac- 

itance per cnoductor (to neutraO of a balanced 3-phase transmission line with 

conductors located at the vertices of an equilateral triai^le equals ^ 5 

log- 
microfarads per mile. 

Total capacitance (Co) of several series condensers of capaci- 
tance Ci, Cj and Ca farads respectively. 

832 Co =■ farads. 

Total charge (Qo) on several series condensers chained with 
Qi, Qi and Qs coulombs respectively. 

833 Qo = Qi = 0» = Qi coulombs. 

Potential difference (Vo) between the end terminals of several 
series condensers when the potential difference between the ter- 
minals of each condenser is Vi, Vj and Va volts respectively. 

834 Vo = Vi + Vi + Va volts. 

Total capacitance (Co) of several [>arallel condensers of capaci- 
tance Ci, Cj and C3 farads respectively. 
836 C = Ci + Cj -+- Ci farads. 

Total charge (Qo) on several parallel condensers chained with 
Qi, Qs and Qj coulombs respectively. 

836 Qo = Qi -I- Qj -h Q« coulombs. 

Potential difference (Vo) between the common terminals of 
several parallel condensers when the potential difference be- 
tween the terminals of each condenser is Vi, Vj and Vj volts 
respectively. 

837 Vo = V, = Vs = Vs volts. 

Energy of electrostatic field (W) per cubic centimeter in a 
medium of dielectric constant k where the fli^x den^ity^iafl. lines 



of induction per square centimeter or the field intensity is H 
lines of force per square centimeter. 

Energy (W) stored in a condenser of C farads capacitance 
chained with Q coulombs, the potential difference between its 
terminals being V volts. 

839 w = - CV^ = I ^ = -■ QV joules. 



DIRECT CUmtENTS 

Electromotive force (E) induced in a coil of N turns linked by 
a magnetic flux which changes at a rate of ^ maxwells per 
second. 

840 E=.N^Xio-» volts. 

at 

Note. The direction of the e.m.f. Is such that any current produced by it 
would establish a. magnetic flux through the coil oppo^ng the change in flux 
to which the e.m.f. is due. 

Electromotive force (E) induced in a coiiductor 1 centimeters 
in effective length all points of whichmove in parallel straight 
lines with an effective velocity of v centimeters per second 
through a m^netic field of uniform flux density B gausses. 

841 E = Blv X I0-* volts. 

Note. The effective length of the conductor is the shortest distance 
between the ends of a projection of the conductor on a plane normal to the flux 
den^ty. The effective velocity of the conductor is the component velocity of 
its projection normal to the effective length and in a plane normal to the fluit 
density. The respective directions of the effective velocity, the flux density 
and the induced e.m.f. in the effective length are represented by the directions 
in which the thumb, index and middle fingers of the right hand ptnnt when held 
in positions respectively perpendicular to each other. 

Electromotive force (E) induced in a circuit of L henries self- 
inductance in which the current is changing at a rate of s 
amperes per second. 

842 E = lS volts. ,-. I 
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Note. . An increaai^ current induces an e.m.f, oppowte m direction to the 
current and a decreasing current induces an e.m.f. in the same direction as 
the current. 

Total electromotive force (Eo) of several sources of e.m.f., Ei, 
Eo, El, etc., connected in series, each e.m.f. being measured in 
volts. 
813 Eo = El + Ei + Eb, etc., volts. 

Note. The addition is algebraic. 

Resistance (Ri) between the ends of a conductor li in length 
and Ai in uniform section made of a material a specimen of 
which Ig in length and As in uniform section has a resistance of 
Ri ohms. 
844 R, = ^4^ ohms. 

Note, The temperature and the respective units of length and area in 
each case must be the same. When the length It and the area At of the 
specimen are each unity the resistance Rj is called the resistivity (p) of the 
material per unit length and area specifying the units of length, area and 
resistance and the temperature. The resistivity of various materials is given 
on page 297. The resistance obtained by 844 or 845 applies rigorously only tb 
conductors in which the current is constant. 

Resistance (Ri) between the ends of a conductor Ii in length 
and tni in mass made of a material a specimen of which l^ in 
length and m^ in mass has a resistance of Ri ohms. 

846 R,=l^^ohms. 

Note. Read note to 844 substituting " mass " for " area " throughout. 
Conductance (G) of a conductor of R ohms resistance. 

846 ^ ^i. "^'"^• 

Resistance (Rj) of a conductor at ts degrees Cent, which has 
a resistance of Ri ohms at ti degrees Cent, and is made of a 
material which has a resistance-temperature coefficient of a at ti 
degrees Cent. 

847 Rs = R, [1 + o (ts - t,)l ohms. 

Note. Specific values of o for various materials are given on page 297. 

Temperature (tt) of a conductor when its resistance is R^ ohms 

and which has a resistance of Ri ohms at a temperature of ti 
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degrees Cent., the resistance-temperature coefficient of tiie 
material at ti degrees Cent, being o. 
, R, - R, (1 - at,) 



818 



oRi 



■ degrees Cent. 



Resistance (R) between the bases of the frustum of a cone, 
1 centimeters in height with bases of ii and r» centimeters radius 
respectively, made of a material of p ohms per centimeter-cube 
resistivity, [ri and r^ small compared with 1] 

849 R = -C^ ohms. 

TTTiri 

Resistance (R) between two concentric cylindrical surfaces I , 
centimeters in axial length, the exterior ft centimeters and the 
interior fi centimeters in radius, the resistivity of the medium 
between the cylindrical surfaces being p ohms per centimeter- 
cube. [In equals log,] 

860 R=-£-;!n^ ohms. I 

2irl n 

Total resistance (R,) of a series circuit the respective parts of , 
which have resistances of Ri, Rs, Rj, etc., each resistance being 
measured in ohms. I 

861 H, = Ri + Rt + R,, etc., ohms. 

Equivalent resistance (Rp) of a parallel circuit the respective 
branches of which have resistances of Ri, Ra, Ra. etc., and contain 
no e.m.f., each resistance being measured in ohms. I 



Note. When there a 



e only two branches 85a reduces 
13 and when there are n branches each of equal resistance Ri ohms, Rf » 



R.+R. 



Potential difference (Vab) between the ends A and B of a 
part-circuit in which the current flowit^.frora A.^p,BJig lu am- 
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peres, the resistance from A to B is Rab ohms and the e.m.f. 
in the part-circuit acting from A to B Is Eab volts. 

863 Vab = +Eab - UbRab volts. 

Note. The sign of the e.m.f. or current is positive when acting in the 
direction sliown in Fig. 853andis negative when acting in the opposite direction.* 
When Vab is porative it is called a potential rise from A to B and when Vab ia 
negative it is called a potential drop from A to B. If Eab is zero, Vab " 
— IabBab volts and if either Iab or Bab is zero, Vab = +^AB volts. 

Potential difference (Vas) between the ends A and D of a 
part-circuit, the potential differences in its constituent parts 
beii^ Vab, Vbc and Vcd measured in volts. 

864 Vad = Vab + Vbc + Vcd volts. 
Note, The addition is algiebraic. 

Current (Iab) flowing from the end A to the end B in a part- 
circuit under the conditions indicated ^ Fig. 853. 

866 Iab = ^^^ ^^^ amperes. 

Note. The direction of the current is determined by its wgn, a positive 
Mgn indicating a flow from A to B and a negative sign a flow from B to A. 

When Vab equals zero, Iab = -5 amperes and when Eab equals zero, 

''■AB 

—Vab 
Iab ™ ■ ^^ ~ amperes, these dmple forms of 855 being known as Ohm's Law. 

When Vab i^ ^ function of the current the value of Vab substituted in 855 must 
be known for the particular current Iab- 

Total current (lo) flowing toward a junction from which the 
currents Ii, Ii, h, etc., flow away, all currents being measured 
in amperes. 

866 Ig = Ii + L + Ijf etc., amperes. 

Current (Ii) flowing in a branch of Ri ohms resistance con-' 
nected in parallel with a branch of Ra ohms resistance conducting 
a current of !» amperes, the e.m.f. within either branch being zero. 

867 Ii = -K-^ amperes. 

Current (10' flowing in a branch of Ri ohms resistance con- 
nected in parallel with a branch of lU ohms resistance, the sur 
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of the currents in the two branches being lo and the e.ni.f. 
within either branch being zero. 



- amperes. 




= Vapb) we may write from 853. 

- IiR, = -Ej - UU, 

- IiRi = +E3 + laRj, 



■ Current (I) flowing in any branch of a network (Fig. 859). 
The magnitudes of the current, total e.m.f. and total resistance 
respectively in any branch 
are indicated (as in the 
branch ACB) by the sym- 
bols Ii, El and Ri, and the 
respective directions of the 
current and e.m.f. are in- '*f" 
dicated by arrows, any 
unknown direction being 
assumed arbitrarily. Since 
the difference of potently 
between any two points 
is independent of the path 
(for example, Vacb = Vadb = 

859 (i) -f-E, - 

(2) +Ei - 
and from 856 

(3) 1= = I, + h. 

Note. The magnitude a.ad direction of each current may be determined 
by solving the simultaneous equations, a positive value of the current indicat- 
i:^ the same direction and a negative value indicating the opposite direction 
to tfiat assumed in the figure. The equations written under 859 state the 
principles knoivn as Kirchhoff's Laws. In d magnetic circuit containii^ 
several branches of known permeability similar equations may be written 
substituting magnetomotive force for electromotive (orce, flux for current and 
reluctance for resistance. 

• Power (P) delivered to or from a part-circuit conducting a cur- 
rent of I amperes and across which the potential difference is 
V volts. 

860 P = VI watts. 

Note. A potential rise in the direction of the current indicates power 
delivered from, and a potential drop in the direction of the current indicates 
power delivered to the part-cireuit. Multiply 860 or 861 by seconds to obtain 
joules or by hours divided by 1000 to obtain kilowatt-hoiu^. 
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Power (P) delivered to a part-circuit of R ohms resistance con- 
taining no e.m.f. and conducting a current of I amperes. 

861 P = PR watts. 

Quantity of electricity (Q) transmitted in t seconds through a 
circuit conducting a current of I amperes. 

862 Q = It coulombs. 

Quantity <tf electricity (Q) transmitted through a circuit of 
R ohms resistance when the flux linking N turns of the circuit 
is changed from <^i to <^ maxwells. 

863 Q- ''^~ff coulombs. 

Voltage (Vl) at the load end of a transmission line of I^ 
ohms total resistance and conducting a current of Ii amperes, 
the voltage at the generator end being Vo volts. 

864 Vl = Vo - IiRi volts. 

Power (I^) received at the load end of a transmission line under' 
the conditions stated in 864. 
866 Pi = VgIi - Ii*Ri watts. 

Energy (Wl) received at the load end of a transmission line in 
h hours under the constant conditions stated in 864. 



Efficiency (i\) of a transmission line under the conditions 
stated in 864. 

Current (Ii) conducted by a transmission line of Ri ohms total 
resistance when the power delivered at the load end is Pl watts 
and the voltage at the generator end is Vo volts. 

868 I »Yo±22ME4^ amperes. 

Area (A) of 1 feet of copper wire conducting a current of I 
amperes and in which the potential drop is V volts. 

869 A = — '^ — circular mils. 
Note. For stranded wi4 the constant is 10.8. 
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Wei^t (G) of copper wire required to transmit enet^^y a 
distance of 1 feet at a rate of Pl watts when the load end and 
generator end voltages are Vl and Vq volts respectively. 

870 G = 0.000128 r=7 -. ' v ,- ■ pounds. 

( Vg — V l) V l 

Sectioiial area (A) of c»pper wire required to transmit energy 
under the conditions stated in 870. 

871 A = -T^ — ' -. ,''.. - circular mils. 

( Vg — Vl) Vl 

Sectional area (A) of a copper wire for which the totfil annual 
cost of transmitting energy over a line conducting a constant 
current of I amperes will be a 



V CD 



872 A = 593 I y -;- circular mils. 

Note, c is the cost of the generated enei^ in dcdiars per fcilowatt-hotir, 
c' b the coet of the bare copper wire in dollars per pound, h is the number of 
hours per year that the line b in use and p is the annual percentage rate of interest 
on the capital invested in copper which will pay the annual capital interest, 
taxes and depreciation of the ct^per. Equation 872 states the principle 
known as Kelvin's Law. 

TRAHSIENT CURRENTS' 
Current (it) flowing in a series circuit of R ohms resistance and 
L henries self-inductance t seconds after a constant e.m.f, of E 
volts is impressed uffon the circuit. 

873 ii = p ( 1 - e M + I« "^ amperes. 

Note. I is the current in amperes flowing in the circuit at the instant 
before the e.m.f. is impressed. It is a poative quantity if flowii^ in con- | 
junction and is a negative quantity if flowing in opposition to the e.m.f. 

Current (it) flowing in a series circuit of R ohms resistance and 
L henries self-inductance t seconds after its source of e.m,f. is | 
short-circuited, the current flowing in the circuit at the instant | 
before the short-drcuit being I amperes. 

874 ii = It ^ amperes. i 
Current (i|) flowing in a circuit of R ohms resistance and C j 

* The value of < throughout is 2.718. 
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farads series capacitance t seconds after a oinstant e.m.f . of E volts 
is impressed upon the circuit. 

875 *' ~ (~"r — )* ^amperes. 

NoTB. V is the potential difference across the condenser a.t the instant 
before the e.m.f. is impressed. It b a positive quantity if acting in oppo»tion 
and a negative quantity if acting in conjunction with the imfH-essed e.m.f. 

Chai^ (qt) on the condenser at any time t under the conditions 
stated in 875. 

876 qt = CE (1 - e" ^c) + CV«" ^ coulombs. 
Poteotiai difference (Vt) across the condenser at any time t 

under the conditions stated in 875. 

877 v, = EVi-€"^) + V€"^ volts. 

Current (it) flowing in a circuit of R ohms resistance and C 
farads series capacitance t seconds after its source of e.m.f. is short- 
circuited, the potential difference across the condenser at the 
instant before the short-circuit being V volts. 
V - 

=r 

Charge (qt) on the condenser at any time t under the conditions 
stated in B78. 

879 qt = CV«" ^ coulombs. 

Potential difference (Vt) across the condenser at any time t 
under the conditions stated in B78. 

880 Vt = V€~ Se volts. 

Current (i,) flowing in a circuit of R ohms resistance, L henries 
self -inductance and C farads series capacitance t seconds after a 
constant e.m.f, of E volts is impressed upon the circuit, the 
potential difference across the condenser and the current flowing 
in the circuit at the instant before the e.m.f. is impressed being 
V volts and I amperes respectively. 

Case I. R=C > 4 L- 

881 "=j (b-a)L i*^'-! (b-»L, S*^ r.P^- 



878 it = 5« ^ amperes. 



Case II. R'C-4L. 
Casein. RK;<4l- 



883 ■i-j( ''^2^L *" ) sin ait + 1 C08<»itj«"-t amperes. 
-,„„ EC - VR'g - 4 LC . EC + VR'P - 4 LC 

and "I = "Yq The current (I) is positive when flowing in the 

same direction as the impressed e.m.f. and the sign of the potential difference 
(V) is obtained as in 875. 

Current (it) flowing in a circuit of R ohms resistance, L henries 
self-inductance and C farads series capacitance t seconds after its 
source of e.m.f. is short-circuited, the potential difference across 
the condenser and the current flowing in the circuit at the instant 
before the short-circuit beir^ V volts and I amperes respectively. 

Note. Write 881, S82 or 8S3 making E zero in each case. 

Current (It) flowing in a circuit of R ohms resistance, L henries 
self-inductance and C farads series capacitance t seconds after a ' 
harmonic e.m.f., Ci = Em sin (at -\- a) volts, is impressed upon the 
circuit, the potential difference across the condenser and the 
current flowing in the circuit at the instant before the e.m.f. is 1 
impressed being V volts and I amperes respectively. 1 

Case J. RK; > 4 1" 
881 i« = G«-" - H€-" + -^ Bin M -t- a - 6) amperes. I 

Case II. R*C = 4L. • 

S. F I 

886 i, = (J-|-Kt)« ^-F^sin(o>t-|-a-e) amperes. , 

Casein. R'C<4l» 

f 1 -*" E i 

886 it= Msin»,t+NcoscO|t|« »^-|--^sin(«t + a — fl) amperes. 
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Hannonic Alternating Curroits 
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a — sui~' s— , where e equals the algebraic value of the harmonic e.ni.f. at the 

instant that it is impressed on the circuit. The current (T) is positive if flow- 
ing in the same direction as the impressed e.m.E. and the potential difference 
(V) is po»tive if acting in oppoution to the impressed e.m.f., both at time (t) 
equals zero. If the circuit contains no condenser the series capacitance is infinite 



and a - o, b - ^ and 2 - VRJ + m'V. 



HARMONIC ALTERNATING CURRENTS 

ElectromotiTe force (et) of a harmonic e.ni.f. of maximum value 
Em volts and angular velocity o radians per second at any har- 
monic time t seconds. 
887 et = Em sin ot volts. 

Note. A harmonic cycle is a single sequence of harmonic values from 
zero to positive maximum to zero to negative maximum to zero. The har- 
monic frequency (f) is the sequence rate in cycles per second. The angular 
velocity (") in radians per second equals 2 ■w times the frequency (f). The 
harmonic time (t) is the time in seconds measured from the instant when the 
harmonic value is zero and Is increasing to a positive maximum. When a 
harmonic e.m.f. is indicated by the expression, et ^ Em sin (at -|- a), har- 
monic time is measured from the instant when e ~ Em sin a. 



Cturent (it) flowii^ at any harmonic e.m.f. time t seconds in 
a circuit of R ohms resistance, L henries self-inductance and C 
farads series capacitance upon which a harmonic e.m.f., et = Em 
sin ttt, is impressed. 

888 i, = ^ sin|tat-tan-'^ g-^^jamperes. 

Note. It is assumed that the e.m.f. has been impressed upon the drcuit 
long enough to produce a harmonic current. The early transient current is 
^venby 884, 8^ or 8B6. ,,„,.:, ^,,„..,,^ 



El«cMd4 
current (Im) flowing in a drcuit under the conditions 

Im = ' amperes. 



\/^ +{'--£> 



Effective e.m^f. (E) of a harmonic e.m.f., e* = Em sin at volts. 



Note, The effective current (I) of a harmonic current equals —t= amperes. 
Average e.mJ. (E.) of a harmonic e.m.f., et — Emsin «»t volts. 

891 E, = ^^ volts. 

ir 

Note. The average current (U) of a harmonic current equals amperes. 

Fona factor (f.f.) and amplitude factor (a.f.) respectively of 
a harmonic e.m.f., ei = Em sin tot volts. 

892 M. =^= i.ii. 

- Em 

aJ. = rg- - 1414. 

Note. The form factor (fJ.) and amplitude factcv (ai.) respectively of 
a harmonic current are ^ = i.it and -p = 1.414. 

Reactance (X) of a circuit of L henries self-inductance and C 
farads series capacitance when conducting a harmonic current 
of a radians per second angular velocity. 

893 X = L» - p- ohms. 



Note. Lo b called the inductive reactance and s- the capadtive reactance 
of the circuit, each measured in ohms. 

Impedance (Z) of a circuit of R ohms resistemce and X ohms 
series reactance. 
894 Z = Vr» + X* ohms. , ,^ 
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Phase angle (6) of a circuit of R ohms resistance and X ohms 
series reactance. 



Note. The phase angle (•) of a. circuit in radians divided by the angular 
velodty (•) of the conducted c»«rent in radians per second equals the time t in 
seconds by which the harmonic current lags or leads the harmonic e.m.f. A 
positive value of s indicates a lagging current and a negative value a leading 

Power factor (p.f.) of a part-circuit of R ohms resistance, 
Z ohms impedance and phase angle 6 containing no generated 
e.m.f. 

896 p.f. =| = cose. 

Total resistance (R,) of a series circuit. See 851. 
Total reactance (X,) of a series circuit the respective parts of 
which have reactances of Xi, Xj, Xj, etc., ohms. 

897 X, = Xi + Xi + Xa, etc., ohms. 

Note. The addition is algebraic, inductive reactance being po^tive and 
capadtive reactance n^ative. 

Total inqwdance (Z,) of a series circuit of R, ohms total resist- 
ance and Xi ohms total reactance. See 894. 

Note. The total impedance of a serieg circuit does not equal the sum c^ 
the impedances of its respective parts unless the ratio of reactance to resistance 
in each part is the same and the net reactances are of the same sign. 

Power (P) delivered to or from a part-circuit conducting an 
effective current of I amperes across which the effective potential 
rise in the direction of the current is V volts, the phase angle 
between the current and the potential rise being 6. 

898 P = VI cos 9 watts. 

Note, Positive power indicates net poww delivered from, and negative 
power indicates net power delivered to the part-circuit. Multiply 898 or 899 
by seconds to obtain enec^ in joules and by hours divided by 1000 to obtain 
energy in kilowatt-hours. 

Power (P) delivered to a part-circuit of R ohms resistance 
conducting an effective current of I amperes and containing no 
generated e.m.f. 

899 P = PR watts. 

Note. The net power delivered to a reactance is zero. . ;, OooqIc 



Effective vector expressioD ($) and (I) for an e.m.f., et = 
Em sin (wt + o) volts, and a current, it = Im sin (wt — P) amperes. 

900 ?=ftcosa + j^sina) volts. 

NoTB. In symbolic notation the horizontal component of a vector is 
without prefix and its s^n is + to the right and — to the left of the Y axis; 
the vertical component ia designated by the prefix j and its agn b + above 
and — below the X axis. In some mathematical operations the symbol j has 

the value V^. 

Vector electromotiTe force (Ead) in a circuit the constituent 
parts of which contain the vector e.m.f.'s Eabi Ebc and Ecd volts. 

901 Ead = Eab + Ebc + Ecd volts. 

Note. Each vector e.m.f. must be referred to the same axis of reference. 
The subscripts in each case indicate the direction of e.m.f. rise. 

Vector current ((ba) flowing from B toward a junction A from 
which the vector currents Jac> Iad and lu amperes flow away. 

902 Iba = Tac + Tad + Iaf amperes. 
Electromotive force eqtiivalent (E) of a vector e.ra.f., ? = 

(a + jb) volts. 

903 E = Vfli! + b* volts. 

Note. The current equivalent (I) of a vector current I = (c + jd) 
amperes is Vc» + d' amperes. 

Symbolic expression (Z) for the impedance of a circuit of R 
ohms resistance and X ohms reactance. 

904 Z = (R + jX) ohms. 

Note. The resistance component has no prefix and is always +; the 
reactance component has the prefix j, a + sign indicatii^ net inductive re- 
actance and a — sign net capacitive reactance. 

Symbolic impedance (Zad) between the ends A and D of a 
part-circuit containing several series parts of symbolic impe- 
dance Zabi Zbc and ?CD ohms respectively. 
906 Zad = Zab + ?bc + ?cd ohms. 

Vector current (I) flowing in the direction of an e.m.f. rise, 
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? = (a + jb) volts acting in a circuit of symbolic impedance 
? = (r + jx) ohms. 

906 I = f * 't M amperes. 



Note, To rationalize 906 multiply both numerator and denominator by 
the denominator with the ^n of its j term reversed. We then have 
(a + jb) (r - jx) af-pbx+jbr-i(g 
* (i + ^(r-ji) f-pif 

In this operation j = V—i or ? " — i. Hence 

^ _ (T + bx) + j(br-ai) ^ l ai + bi \ / br-«x \ 

Vector poteDtial rise (Vab) between the ends A and B of a 
part-circuit of symbolic impedance 2ab ohms conducting 3 cur- 
rent of vector value Iab amperes and containing an e.ni.f. rise 
of vector value Eab volts. 

907 Vab = +Eab - Ub?ab volts. 
Note. If Eab = a+jb, lAB = c + id and Zab = i + fc 

YAB=a + jb~(c + jd)(r-l-ii) 

-a-fjb-cr — fdx-}cx-jdr 
and since j* " — I, 

Vab - (a - cr + dx) + j (b - CI - dr). 

Vector potential rise (Yad) between the ends A and D of a 
peirt-circuit containing several series parts across which the 
respective vector potential rises are Yabi Ybc and Yen volts. 

908 Yad = Vab + Vbc + Ycd volts. 

Power (P) delivered to or from a part-circuit conducting a 
vector current I = (c + jd) amperes and across which the vector 
potential rise in the direction of the current is Y ~ C« + Jb) 
volts. 

909 P - (ac + bd) watts. 

Note. The signs of a, b, c and d are preserved in 909. Positive power 
indicates power ddivered from, and negative power indicates power delivered 
to the part<ircuit. The power does not equal (a + jb) (c + jd). 

Conductance (G-) and susceptance (B) of a branch of R ohms 
resistance, X ohms series reactance and Z ohms impedance- 



910 



X X 



-^BFT^-z^'^^'^:,__x;oog\c 



Admittance (T) of a branch of Z ohms impedance, G mhos 
conductance and B mhos susceptance. 

911 Y = J = VG* + B* mhos. 

Total conductance (Go) of several parallel branches of Gi, 
G] and Gs mhos conductance respectively. 

912 Gj = Gi + Gt + G» mhos. 

Total susceptance (Bg) of several parallel branches of Bi, Bi 
and Bg mhos susceptance respectively. 

913 Bb = Bi + Bi + B» mhos. 

Note. The addition ia algebraic, inductive susceptance beii^ positive and 
capacitive susceptance negative. 

Total admittance (Yo) of several parallel branches of total con- 
ductance Go mhos and total susceptance Bo mhos. See 911, 

Note. The total admittance of a parallel circuit does not equal the sum 
of the admittances of the respective branches unless the ratio of susceptance to 
conductance in each branch is the same and the net susceptances are of the 

Phase-angle (6) of a circuit of G mhos conductance and B 
mhos susceptance. 

914 9 = tan-'^- 

Power factor (p.f.) of a part-circuit of G mhos conductance 
and y mhos admittance, containing no generated e.m.f, 

916 pJ. = |- 

Resistance (S) and reactance (X) of a circuit of G mhos con- 
ductance, B mhos susceptance and Y mhos admittance. 

916 R = ^ , p. = V2 ohms. 



G* + B' 

B 
G= + B» 

Impedance (Z) of a circuit of Y mhos admittance. 



= ^+V = Y5 °^'"^- 



Symbolic expression (Y) for the admittance of a circuit of G 
mhos conductance and B mhos susceptance. 
918 Y - (G - jB) mhos. 
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Symbolic admittance (Ys) of a parallel circuit containing 
several branches of symbolic admittance Yi, Tft ^^ T> nihos 
respectively. 

919 Yo - Yi + T» + Ts mhos. 

VectOT curreat ({) flowing in the direction of an e.m.f. rise ^ 
acting in a circuit of Y mhos symbolic admittance. 

920 I = EY amperes. 

Voltage (Vg) at the generator end of a transmission line of Ri 
ohms resistance and Xi ohms inductive reactance conducting a 
current of I| amperes, the voltage at the load end of the line being 
Vl volts and the phase angle between the load end volt^^e and 
the line current being 6l. 




922 



6q = tan~' 



921 Vo = V(Vl cob 9l + IiRi)= + (Vi sin Ol ± IiXi)' volts. 

Note. When 1| lags or is in phase with Vl the agn before I|Z| is + and 
when Ii leads Vl the sign before Ii^ is — . 

Phase angle (do) between the generator end voltage and the 
line current under the conditions stated in 921. 
., Vl sin Ol ± IiXi 
VlcosBl + IiRi' 
Note. The power factor at the generator end of the line equals cos 9a. 
Efficiency {i\) of a transmission line under the conditions 
stated in 921 . 

_ VlIicos9l VlCos9l 

*'*' ^ VlIi cos ©l + Ii^ " Vg cob flo' 

Nomenclature of 3-pliase cbrcuits. Line e.m.f., Ei volts; line 
volt^e.Vi volts; line current, Ii amperes; phase e.m.f., Ep volts; 
phase voltage, Vp volts; phase current, Ip amperes; phase angle 
(9p) between phase voltage and phase current. Conditions for 
"balanced" 3-phase circuit : all phase currents, phase e.m.f.'sand 
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phase voltages, respectively, equal and diffmng in phase by 
I20 degrees. Conditions for "unbalanced" 3-phase circuit: 
phase currents, phase e.m,f.'s and phase voltages respectively 
unequal or not differing in phase by 120 degrees. 
Balanced Y-connected branches (Fig. 924). 

924 El = V3 Ep. 
V,= ViVp. 
Ii =Ir 
?OA + EoB + Eoc = o. 

?AB + Ebc + eCA 

JoA + Job + loc 
YoA + Yob + Yoc 
Yab + Ybc + Yca = 0. 

Unbalanced Y-connected branches (Fig. 924). 

925 Yab + Ybc + Yca = o, 

loA + loB + loC = 0> 

provided no current flows in a neutral connection. 

Balanced A-connected branches ^ 

(Fig. 926). 

926 El = Ep. 
V, = Yp._ 
Ii = V3V 

?AB + ?BC + EcA = O. 

Iab + Ibc + Ica =0. --i^.P ,Q OAO.O .' 

Yab + Ybc + Yca = o. " i^.grt. 

Unbalanced A-connected branches (Fig. 926). 

927 Yab + Ybc + Yca = o. 

Y phase symbolic impedance (Z?) of a symmetrical Y-con- 
nected branch equivalent to a symmetrical A-connected branch 
of A phase symbolic impedance Za ohms. 




Single-pbase symbolic hnpedance (Z) equivalent to a symmet- 
-ical Y-connected branch of Y phase symbolic impedance (Zr) 
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ohms or of symbolic impedance (?t) ohms between two ter- 
minals. 

929 Z = ?T = Y ohms. 

Singte^iliase symbolic impedance (?) equivalent to a symmet- 
rical A-connected branch of A phase symbolic impedance {?a) 
ohms or of symbolic impedance (?t) ohms between two" ter- 
minals. 

930 ?-?^-?^ohms. 

33 

Line current (I|,) of a single-phase circuit equivalent to the 
line current (Ii,) amperes of a symmetrical 3-phase circuit. 

931 Ii, = v^Iu amperes. 

Power (P) delivered to or from a balanced 3-phase line. 

932 P = V3 ViIiCOS 8p watts. 
Power factor ipS.) of a balanced 3-phase load. 

933 p.f. = cos flp. 

Power (P) delivered to or from an unbalanced 3-phase line. 

934 P = Vp,Ip, cos ep, + Vpjp, cos 6,, + Vpjp, cos flp, watts. 
Power factor (p.f.) of an unbalanced 3-phase load. 

^ ''■'■ = V^„ + vl + v,j[„- 

Power (P) measured by two wattmeters connected in a 3-phase 
line as shown in Fig. 936. 




936 P = Pa i Pb watts. 

Note. To determine use of -|- or — sign, break connection erf potential 
coil o( wattmeter A at line C and connect to line B. A wattmeter deflection 
on scale indicates the use of the + sign and a deflection off scale indicates the 
use of the — sign. 
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Power (Pa) and (Pb) respectively measured by two watt 
meters connected in a 3-phase balanced line as shown in Fig. 93^ 

937 Pa = Vilicos (30" - Op) watts. 
Pb = Vili cos (30° + Be) watts. 

Phase angle (9) of a balanced 3-phase load when two watt- 
meters connected as shown in Fig. 936 measure Pa and Pb wattsj 
respectively. 

938 .......Vi^^;. 

Y phase voltage (Vg) at the generator end of a balanced 3-phase 
transmission line, each line of Ri ohms resistance and Xi ohms 
inductive reactance conducting a current of Ii amperes, the Y 
phase voltage at the load end of the line being Vl volts and the 
phase angle between the load end Y phase voltage and the line 
current being 6, 

Substitute the above quantities in 921 and multiply the result 
by V3 to obtain the generator line voltage. The phase angle 
between the generator end Y phase voltage and the line current 
and the power factor at the generator end are obtained as indi- 
cated in 922 and the transmission line efficiency as in 923. ^ 

NON-HARMONIC ALTEklVATING CDRRENTS 

Electromotive force (et) of a non-harmonic e.m.f. at any har- 
monic time t seconds. 

939 Ct = E„, an (<ot -I- 61) + E„^ sin {3 wt + 6j) 

+ Ea^ sin (s ut + 9s) -j-, etc., volts. 
Note. Emi, E,ii, Em^, etc.. represent the ina»mum e.m.f. 'a respectively of 
the first, third, fifth, etc., constituent harmonic e.m.f. 'a and Bi, >», B^ etc.. their 
respective phase angles with a common axis of reference. A non-harmonic 
potential difference may t^ expressed in the same manner. The ancnilar 
velocity (•) is that of the fundamental or first harmonic. Alternators do not 
generate even harmonics of e.m.f. 

Current (ii) at any harmonic e.m.f. time t seconds flowing in a 
circuit of R ohms resistance, L henries self-inductance and C farads 
series capacitance upon which a non-harmonic e.m.f, of the form 
stated in 939 is impressed. 

940 i, = I„, sin C(ot + 9,') + I„, ^ {3 «t + 9/) 

-j- Inn sin (s wt + fls') +. etc., amperes. 
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Note. 
Im, 



■■■- , ,^ .,. ■ •.■-•.-<^-'\—^), 

Effective e.mi. (E) of a non-harmonic e.m.f. of the fonn 
stated in 939. 

941 E-^<^--.>' + 'y + 'W volts. 

Note. The effective value of a non-harmonic potential difTerence or 
current is obtained in the same manner. 

Power (P) delivered to a part-circuit conducting a non- 
harmonic current of the form stated in 940 and upon which is 
impressed a non-harmonic e.m.f. of the form stated in 939. 

942 p= 5^ cos (6.-61') +^^005(63-63') 

; +l2ikfcos(66 - 65') -f-, etc., watts. 

Power factor (p^.) of a part-circuit conducting a non-harmonic 
current of effective value I amperes and absorbing energy at a 
rate of P watts, the effective value of the non-harmonic potential 
difference between its ends being V volts. 

948 P-f=^- 

Hannonic ejii.f. and current equivalent to the non-harmonic 
. forms stated in 939 and 940. 
944 et = V2 E sinut volts; 

it = Va I sin {o>t ± cos"' p^.) amperes. 
Note. p.f. is the power factor of the circuit upon which the non-harraoiuc 
, e.m.f. is impressed. 

Resistance (R) of a part-circuit containing no source of gen- 
erated e.m.f., conducting an effective current of I amperes and 
absorbing energy at a rate of P watts. 

p 
946 I^ "= p ohms. 
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Impedance (Z) of a part-circuit containing no source of gen- 
erated e.m.f., conducting an effective current of I amperes and 
across which the potential difference is V volts. 

V 

946 Z = Y ohms. i 

Reactance (X) of a part-circuit of R ohms resistance and Z i 
ohms impedance. i 

947 X = VZ* - R= ohms. ' 

Note. The reactance of a part-circuit to a non-harmonic current does not 
equal ('-""?;) ohms. 

DIRECT CURRENT MACHINERY 



s to a generator or 

Nomenclature and units of measurement. E.m.f. generated 
in armature, E volts; terminal potential difference or voltage, 
V volts; armature current, I amperes; line current, I| amperes; 
shunt field current, If amperes; series field current, lb amperes; 
armature resistance between brushes, R olims; shunt field re- 
sistance including rheostat, R( ohms; series field resistance in- 
cluding shunt, Rb ohms; number of poles, p; shunt field turns per 
pole, Nf; series field turns per pole, Nb; number of armature 
paths between terminals, m; number of armature conductors, Z; . 
magnetic flux per pole, # maxwells; armature speed, S revolu- 
tions per minute; armature torque, T pound-feet. 

ElectromotiTe force (E) generated in the armature of a dynamo. 

948 E = ■ P*5^ , volts, 

om X lo' 

Shtmt field current (Im) equivalent to the demagnetizing mag- ' 
netomotive force of the armature of a dynamo per pole when 
the armature current is I amperes and the brushes are shifted 
through an angle of 6 space degrees from the neutral plane to 
improve commutation. 

*** '" - pl^ """P"?-,, . Google 
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Shunt field current (In) equivalent to the m^netomotive 
force of the series turns of a dynamo per pole. 

950 Ifb = ^ lb amperes. 

Net field current (Jta) of a dynamo at any load. 
961 Iin - If — Ifd ± Ifb amperes. 

Note. The sign before Itb is + for a cumulative and — for a differential 
compound dynamo. 

Terminal voltage (V) of a shunt dynamo when the armature 
current is I amperes and the generated e.m.f. is E volts. 

952 V = E ± IR volts. 

Note. The sign before IR is + for a motor and — for a generator. In a 
series or long-shunt compound dynamo, V = E ± I (R + Kb) volts and in a 
short-shunt compound dynamo, V = E ± IR ± IbRb volts. 

Armature speed (S) of a dynamo when the generated e.m.f. 
is E volts. 

o 6 Em X io» . ^ 

953 S = js revs, per mmute. 

Armature torque (T) of a dynamo when the armature current 
is I amperes. 

Stray power (Pb) of a dynamo which, operated as a shunt 
motor at no load with a voltage between brushes of V volts, 
takes an armature current of I amperes. 

965 P, - VI - PR watts. 

Note. To determine the stray power corresponding to a definite load the 
dynamo, operated as a shunt motor at no load, must be run at the same 
speed and with the same generated e.m.f. as when running at the definite load. 
Copper losses (P[) of a dynamo at any load. 

966 Shunt field, Pf - l^t = VI, watts. 
Series field, Pb = Ib*Rb watts. 
Armature, P. = PR watts. 

Pover input (Pi) to a generator at any load. 

967 Pi = EI + P, watts. 

= Po + Pr + Ps watts. 

= 0.1420ST watts. 

= 1.903 ST X 10-^ horse-power. '^'^S'*^ 



Power output (Pg) of a generator at any load. 
968 Po = VI| watts. 

Power input (Pi) to a motor at any load. 

959 Pi = VIi watts. 
Power output (P<,) of a motor at any load. 

960 P„ - EI - P. watts. 

= Pi - Pr - P. watts. 
= 0.1420 ST watts. 
= 1.903 ST X 10-* horse-power. 
EfiSdency (11) of a dynamo at any load. 

Ml ,-!;. 

ALTERNATING CURRENT MACHINERY 

Note. Sinusoidal e.m.f.'a and currents are assumed throughout and thrir 
magnitudes are expressed by effective values. Unless indicated otherwise 
each formula applies to a generator or a motor. 

Synchronous Machines 
Frequency (f) of the e.m.f . generated in a synchronous machine 
having p poles, the speed of the armature or field being S revo- 
lutions per minute. I 

962 f = J— cycles per second. 1 

Electromotive force (Ep) generated per phase in the armature 
of a synchronous machine. 




Note. H is the number of armature turns per phase or one-half the num- 
ber of series conductors on the armature divided by the number of phaws, 
♦ is the flux per pole in maxwells, ^ is the pitch deficiency or the difference in 
electrical degrees between the pole pitch (i8o°} and the coil pitch, m i 
number of slots per pole per phase and a is the angle between adjacent AX 
centers in electrical degrees. Electrical degrees equal space d^e» n 
plied by". . , ^.v,,,, ,^ 
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Field current (lu) equivalent to the armature magnetomotive 
force of a 3-phase synchronous machine at any load. 

_-. » 0.7s KNJn 

964 If. = -, ' amperes. 



, Note. E equals cos 






as explained in 963. Na is the number of 



a per pole, Ip is the armature phase 
ber of field turns per pole. In a single- 
phase machine provided with dampers 
(short-circuited coils in the field poles) 
the equivalent field current is given ap- 
proximately by 9&4. Without such damp- 
ers the armature magnetomotive force is a 
variable. 

I 



Characteristic curves (Fig. 965) of 1 
a synchronous machine. Data are 
plotted as follows: O.C.C. (open cir- 
cuit characteristic), terminal gener- 
ated e-m.f. and field current at no 
load; S.C.C. (short circuit characteristic), line current and field 
current with armature terminals short-circuited. 

Leakage reactance • (X) of the armature of a a-phase syn- 
chronous machine. 
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Fig. 965. 



966 



_ Ei-E 



ohms. 



Note. Ei is the terminal generated e.m.t. on O.C.C. (Fig. 965) corre- 
sponding to a field current which will produce Ii on the S.C.C., and Et is the 
terminal generated e.m.f. on O.C.C. corresponding to the equivalent field cur- 
rent du) as obtained in 964. In a 2-phase machine, X = ■ ' . — ohms. 

Ohmic resistance * (Ro) of the armature of a 3-phase syn- 
chronous machine which has an ohmic resistance between 
terminals of 'R^,t ohms. 



* Equivalent aingle-phas 



,,Coot^lc 



224 Electridty 

Effective resistance • (R) of the armature of a 3-phase syn- 
chronous machine. 

967 R = ^' p^" ohms. 

Note. Pi is the power input to the short-circuited machine when the 
armature current is I amperes* and Ptw ia the friction and windage loss in 
the machine during the short-circuit run. 

Effective resistance * (Rj) of the armature of a synchronous 
machine at tj degrees centigrade, given the ohmic resistance* 
(Roi) and the effective resistance * (Ri) of the armature at ti 
degrees centigrade. 

968 Rj = R,, ( ^35 + U \ ^ j^^ _ j^^^ ^jj^g 

\*35 "r ti/ 
Terininal electromotive force (E) generated in the armature 
of a 3-phase synchronous machine when the terminal voltage is 
V volts; terminal power factor, cos 9; armature current* I 
amperes; armature effective resistance,* R ohms; armature 
leakage reactance,* X ohms. 

969 E - V(± V cos e + IR)* -f- (± V sin ft + IX)* volts. 
Note. Geiwrator Motor 

Current phase lag lead lag lead 

Sign before V COS 8. -h + - — 

Sign before V sin 8. -(. - - + 

I^eld current (Ii) required to produce a difference of po- 
tential of V volts at the terminals of a synchronous machine 
at any stated load. 

97„I,.y/[iiViii|±iR)k]'+p 

amperes. 
Note. E ia determined by 969, If" is found on O.C.C. (Fig. 965) corre- 
sponding to E and Ifi is determined by 964. All other quantities are de- 
scribed in 969. 

Efficiency (t\) of a synchronous machine when the output is 
Po watts. 

®" ^ " Po + P. + Pc + P<w + Pf' 

Note. P«, the armature copper loss, equals the armature current * squared 

times the effective armature resistance.* Pc is the core loss (hysteresis and 

* Equivalent single-phase; see 939 to 931. 
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eddy current losses). To determine Pt at any stated load calculate E by 969 
and find It corresponding on O.C.C. (Fig. 965). Pc is then found o 
loss curve (Fig. 971) corresponding to Ii. P 
is the friction and windage loss and Pi b t 
field copper loss. 

Synchronous Converters | 

Effective alternating voltage (Vie) | 
between slip-rings of a synchronous 
converter when the direct voltage 
between brushes is Vdc volts. 



972 



0.707 VdcSin- volts. 




Note, n, the number of slip-rii^s, equals two for a single-phase machine 
and for a polyphase machine equals the number of phases. 

Alternating line current (lac) of a synchronous converter 
when the direct armature current is Idc amperes. 

2.83 he 

973 lac = , , r amperes. 

Hn (pj.) 

Note. The efficiency (n) is approximately 0.95. 

Armature copper loss (P«) of a synchronous converter when 
the direct armature current is Idc amperes. 

974 P. = [7 -Tj -~+ illdc'Rdc watts. 



[(iin(p.f.; 



)sm- 



NoTE. Rdc is the re^stance of the armature between the direct current 
brushes. 

Field current (Iib) equivalent to the armature magnetomotive 
force of a synchronous converter when the power output is Po ' 
watts. 

i.5KN.Potane 



976 



Ih = 



964. p is the number of poles and t the power 



Note. K, Na and 
factor angle. 

Net field current (Ifn) of a. synchronous converter at any 
stated load. 
976 Ifn = Ii + lb ± It, amperes. 

Note. If is the actual shunt field current. Ifa is determined by 964 and lb. 



the equivalent s 



s field current, equal: 



IdcNb 
Nf 



where Idc is the direct line 



977 1) = 



236 BlectricitT 

current of a ehort-ehunt compound machine, Nb and Hf are respectively the 
number of series field turns and shunt field turns per pole. 

Conversion a.c. to d.c d.c to a.c. 

Current phase lag lead la^ lead 

Sign before III + - - + 

Efficiency (ii) of a synchronous converter when operating 
a.c. to d-c. and delivering Po watts, 

Pj 

" Po + P. + P. + Pf- + Pf + Pb* 

Note. P« is determined by 956, Pc as in 97< where It is found on the 
O.C.C. corresponding to the terminal voltage, Ph» by test, Pf and Pb by 956. 

Transformers 

Electromotive force (E) induced in N turns linked by a flux, 
<t) — $m sin 2 irft maxwells. 
978 E = 4.44 Nf*ni 10'" volts. 

Hysteresis loss (Ph) in the magnetic circuit of a transformer. 
See 776. Divide ergs per second by 10' to change to watts. 

Eddy current loss (Pe) in thin laminations placed in an 

alternating magnetic flux. 

1.64 (tf B„)* 

— ^-^ watts per cubic centimeter. 

Note, t is the thickness of the laminations in centimeters, f is the fre- 
quency of the alternating magnetic flux in cycles per second, Bm is the maxi- 
mum flux density in gausses and p is the resistivity of the laminations in ohms 
per centimeter cube. 

Core loss (Pe) of a transformer at any load. 
• 980 Pt = Pb + Pb watts. 

Ratio of transformation (Ti) from primary to secondary of a 
transformer wound with two coils of Ni (primary) and Nj (sec- 
ondary) turns respectively, 

981 Tj = ^'■ 

Note. Ti equals the ratio { E" 1 of the e.m.f.'s induced respectively in the 
primary and secondary coils and equals approximately the ratio 1=^] of 
terminal voltages of the primary and secondary c^ils or tljt^J^tioij-J of the 
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secondary and primary currents. The ratio of transfcK-mation (Ti) from 
secondary to primary equals =- ■ 

Magnetizing current (Im) in a coil of N turns wound on a 
magnetic circuit of uniform maximum permeability (|i), 1 centi- 
meters in mean length, A square centimeters in mean- section 
and conducting a flux, 4> = ^m sin 2 irft maxwells. 

<.«. -r IO*iill , , 

982 Im = 7= amperes (approx.) 

4'irN|iAV2 

Core loss current (L) in a coil containing an induced e.m.f. of 
E volts and wound on a magnetic circuit in which the core loss 
is Pe watts. 

983 

No load current (lo) taken by a transformer which requires 
a magnetizing current of Im amperes and a core loss current of 
Ic amperes. 
984 In - "V^V +Ic° amperes. 

Equivalent resistance (Ri) and equivalent reactance (Xi) be- 
tween the primary terminals of a transformer which has a pri- 
mary resistance of ri ohms, a primary leakage reactance of Xi 
ohms, a secondary resistance of rj ohms, a secondary leakage 
reactance of Xa ohms and primary to secondary ratio of trans- 
formation of Ti- 

986 Ri = ri 4- Tih-j ohms. " 

Xi = Xi + Ti^Xs ohms. 

Note. The equivalent resistance and reactance respectively between the 
secondary terminals is given by Ri — rj + Tj'ri ohms a nd Xi = Xi + Ti"!! 
ohms. The equivalent impedance in each ease equals VR' -|- X' ohms and 
Zi = Ti'Z, ohms. 

Equivalent resistanc& (Rj) between the primary terminals of 
a transformer which, with short-circuited secondary, absorbs 
Pi watts with a primary current of Ii amperes. 

p. 
986 Ri = ^ ohms. 

Equivalent impedance {ZO between the primary terminals of 
a transformer which, with secondary short-circuited and with 



Vi volts between the primary terminals, takes a primary current 
of Ii amperes. 

987 Z, - yi ohms. 

Equivalent reactance (X,) between the primary terminals of 
a transformer of equivalent resistance (Ri) ohms and equivalent 
impedance (Zi) ohms between the primary, terminals. 

988 Xi = VZi' - Ri» ohms. 

Primary voltage (Vi) of a transformer of ratio of transforma- 
tion (Ti), equivalent resistance and reactance respectively be- 
tween secondary terminals (Rj) and (Xj) ohms, secondary 
terminal voltage (Vs) volts, secondary current (Is) amperes and 
power factor of the load on the secondary (cos 6s). 

989 V, = Ti V(V, cos e, + Wl,)' + (Vj sin 9, ± hX^y volts. 

Note. The sign before IiZg is + for zero or lagging current phase and — 
for leading current phase. 

Voltage regulation (v.r.) of a transformer at any load; Vi, Vj 
and Ti as in 989. 

V, — TtV. 



Efficiency (r\) of a transformer at any li 



TI = 



IsVsCOsej-fls'Ri + Pc 



Induction Machines 

Note. Three-phase machines are assumed throughout and unless indi- 
cated otherwise each formula applies to a generator or a motor. All rotor 
resistances and reactances are referred to the stator. 

Equivalent effective resistance * (Ri) of an induction machine 
between the stator terminals. 

992 • R, = ^ ohms. 

Note. Pi is the power input on blocked run and Ii is the stator blocked-run 
current.* 

Equivalent impedance * (Zi) of an induction machine between 
the stator terminals. 

993 Zi=Y!ohms. 

• Equivalent single-phase, j.^iOOglC 
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Equivalent reactance • (Xi) of an induction machine between 
the stator terminals. 
994 Xi = VZi= - Ri* ohms. 

Note. Zi and Ri are detennmed as in 993 and 99a. 

Rotor resistance * (ft) of an induction machine referred to the 
stator. 
996 It = Ti*rs' ohms. 

Note. Ti' ia the actual rotor n 
tion from stator to rotor or the rat 
rotor respectively during blocked-run. 

Rotor leakage reactance * (Xs) of an induction machine re- 
ferred to the stator, 

996 Xt= TiV ohms. 

Note. Read note to 995, substituting Xi' for Ti' and reactance for resistance. 

Equivalent eflfective resistance* (Ri) of an induction machine 
of Ti, ohms effective stator resistance* and tse ohms effective 
rotor resistance* referred to the stator. 

997 Ri =■ ti. + Tje ohms. « 
Equivalent reactance* (X,) of an induction machine of Xi 

ohms stator leakage reactance* and Xt ohms rotor lealcage re- 
actance* referred to the stator. 

998 Xi = Xi + Xa ohms. 

Synchronous speed (Sj) of an induction machine having p 
poles, the frequency of the impressed voltage being t cycles per 
second. 

999 Si = revolutions per minute. 

Note. The number of poles (p) of an induction machine equals twice the 
number of separated coil groups per phase. 

Slip (s) of an induction machine of synchronous speed (Si) 
revolutions per minute when the rotor speed is Sj revolutions 
per minute. 

1000 s = I - |i. 

* Equivalent sii^le-phase. '-' 
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Induced stator tenninal e.iii^. (En) of an induction machine 
at no load. 

1001 E, - Vi - I„ Vr„* + xi» volts. 

Note. Vi is the stator terminal voltage, In the no load line current,' ri« 
and xi as in 997 and 998. 

Rotor current* {I3) referred to stator of an induction machine 
at slip (s). 

1002 Ij = .-■ ■- -- - amperes. 

Note. To find the starting rotor current of an induction motor make 8 
equal one and substitute (rie + Ra) for tut- Re is the effective external re- 
sistance* referred to the stator added to the rotor during starting. 

Stator current* (Ii) of an induction machine at sHp (s). 

1003 Ii = Vl^ + In' + a Ua sin a amperes. 

Note. Ii is determined by 1001, la is the no load current* and a = cos~^ 

(p.f. at no load) +taii-' I — ^j . The starting stator current is given by 

making 5 equal one and substituting (rjo + H«) for rso in the expres^on for 
a, the starting rotor current being determined as indicated in looa. 

Power output (Po) of an induction machine at slip (s). 

1004 Po -=It*ra,(^-=-5)watts. 

Note. When starting or at very low speeds rio should be increased as in- 
dicated in lOoa. When the slip is negative Pa b negative and gives the power 
input to an induction generator. 

Power input (Pi) to an induction machine at slip (s). 

1005 Pi =■ ^^ + Ii^ri, + Pn - In^i. watts. 

Note. Pn is the power in watts taken at no load. When starting or at 
very low speeds rm should be increased as indicated in looa. When the slip 
is negative Pi is negative and gives the power output of an induction generator. 

Torque (T) of an induction machine at slip (s). 

1006 i — V-M^M/ 5- 

Note. Read comment on rw and s under starting conditions in lOoa. 
Negative slip gives negative torque or the torque applied to the rotor of an 
induction generator, p as in 999. 

* Equivalent single-phase. ^ ■v'c^l,!^ 
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Slip (s) of an induction motor at any stated load. 

'^(^ -2ri, -ITio) 
LOOT s = ^^° . rj L. 

Note. Read comment on r» under starting conditions in lOOa. 
Slip (s) of an induction generator at any stated load. 

inna e £s 



Efficiency (11) of an induction machine. 
L009 T|=|°. 
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29 


6699 


6733 


6768 


680Z 


6836 


6870 


6904 


6937 


6971 


7004 


SO 


7038 


7071 


7104 


7137 


7i7q 


7203 


7236 


7268 


7621 


7333 


3' 


7366 


7398 


7430 


7462 


7494 


7526 


7S57 


7589 


7652 




7683 




7746 


7777 


7807 


7838 


7869 


7900 


7930 


796. 


33 


7991 


Soij 


8051 




8iii 


8.41 


8171 


8201 


8230 


8260 


34 


8289 


8319 


8348 


8377 


8406 


843s 


8464 


8493 


8522 


855: 


35 


8579 


8608 


8636 


866s 


8693 


8721 


8749 


8777 


880s 


8833 


36 


8861 


8889 


8916 


8944 


8972 


8999 


9026 


9054 


9081 


910S 




913s 


9162 


9189 


9216 


9243 


9269 


9296 


9322 


9349 


9375 


38 


9402 


9428 


9454 


9480 


9So6 


9532 


9558 


9584 


9610 


9636 


39 


956, 


<*687 


97>3 


9738 


9764 


9789 


9814 


9839 


986,, 


9890 


40 


9915 


9940 


9955 


9989 


6.aji4 


5.0039 


6.0064 


6,0088 


6,01,3 


6.0137 


41 


5.0162 


6.0186 


6.0210 


6-0234 


02S9 


0283 


0307 


0331 


035s 


0379 




0403 


0426 


0450 


0474 


0497 


0521 


0544 


0568 


0591 


0615 


43 


0638 


0661 


0684 


0707 


0730 


0753 


0776 


0799 


0S12 


0845 


44 


0868 


0890 


0913 


0935 


0958 


098. 


1003 


1026 


'048 


,070 


45 


1092 


1115 


"37 


"59 


1181 


1203 


1225 


'247 


,269 


,291 


46 


1312 


1334 


1356 


1377 


1399 




1442 


1463 


148s 


1506 




1527 


1S49 


"570 


159' 


l6l2 


'633 


■654 


167s 


,696 


,7,7 


48 


1738 


'759 


'779 


iSoo 


1821 


1 841 


1862 


1883 


,903 


1924 


49 


»944 


1964 


198.^ 


2005 




2046 


2066 


2086 


2106 


2126 


M^ 


.,46 


2166 


2186 


2206 


2226 


2246 


^26; 


228.S 


_ia25 


*J24 










^-3— 


_1_ 


_1_ 




» 


s 


} 1 



Natural Logaiil^ms 



H 





I 


1 




4 




6 


1 


8 


9 




M 


i.2,46 


).2i66 


).2i86 


6,2206 


6.2316 


6.2246 


6,^26, 


(>.228-i 


6.230s 


6,2324 




SI 

S3 
S4 

1 


2344 
2538 
3729 
igi6 
3099 
3279 
3456 
3630 
3801 


2364 
=538 
3748 
2934 
3"7 
3297 
3474 
3648 
,8.8 


2383 
2577 
2766 
2953 
313s 
3315 

l8,s 


i 

2971 
3154 
3333 
3509 
3682 
38S2 


nil 

2804 
2989 
3172 

335' 
3526 


2442 
2634 
2823 
3008 
3190 
3368 
3544 
3Ji5 


24bi 
2653 
2841 

30»6 
3208 
3386 
3S6i 
3733 


248a 
2672 
2860 

3404 
3578 
3750 


.879 
3063 
5244 
343' 
3S96 
3!6, 
3936 


2S'9 

s\ 

3439 
3613 
3784 
39S3 




60 




,«86 






403' 




4o6q 


408s 


4102 


4..I 




6i 

6! 

63 
64 

u 

67 

68 


4135 

4297 
4457 
+61 S 
4770 
49*2 
5073 
53^7 


415' 
43" 3 
4473 
4630 
4785 

s 


4167 
4329 
4489 
4646 
4800 
4953 
S'03 
5250 


4184 
4345 
4505 
4661 
4816 
4968 
S"7 
5265 
S4'o 


4200 

4362 

4S20 
4G77 

4983 

5 '32 

5280 
5425 


42,6 
4378 
4536 
4693 
4846 
4998 
5 '47 
S*94 
5439 


4232 

4394 
4SS2 
4708 
4862 
5013 
5162 
S3'>9 
S4S3 


4249 
4409 

4S68 
4723 
4877 
502S 
S177 
S3 53 
5468 


4>6S 
447S 
4S83 

5043 

5'9i 

git 


■4599 

47S4 
4907 
5*S8 
5206 
5352 
,'>497 




70 


55" 








556t 


,^582 


,5596 


56to 


S6„ 


5639 




71 
72 
73 
74 
75 
76 

78 
79 


5653 
5793 
S930 
6067 
6201 
5333 
6464 
6593 
6720 


5667 

5806 

5944 
6080 
62.4 
6346 
6477 
6606 
fi733 


1£ 

S958 
6093 
6227 
6359 
6490 

6746 


SO95 
S834 
S97I 

6241 
6373 

67^8 


i3 

5985 
6120 
6254 
6386 

%•: 

6771 


nil 

5999 
6399 

is? 

6781 


5737 
5876 
6012 
6147 
6280 
6412 

a;; 

6796 


6161 
6.94 
641S 

6809 


576s 

s 

6' 74 
6307 
6438 

s 

6821 


5779 

1^5^ 
6187 
6320 
64S' 
6s8a 
6708 
68,34 




80 


6846 


.bBw 


6871 


68S4 


6896 


690! 


6921 


6933 


6946 


695i 




Si 

Si 
83 
84 

ii 

87 
ss 


6970 
7093 
7214 
7334 

7569 
768s 
7799 


6983 
710S 
7226 
7346 
7464 
7581 
7696 
7811 


6995 
7593 

lit 


7007 
7130 
7250 

7370 
7488 
7604 
7719 
7941 


7020 
liU 

7731 
ff845 


7032 
7154 
7274 
7393 
7627 

7742 
7856 
7968 


7044 
7166 
7286 
740s 

786? 
7979 


7056 
7178 
7398 
7417 

11% 

799' 


7069 
7190 
7310 
7429 

;is 

, 7776 
7890 
8002 


708J 

7323 
. 7441 

7788 




90 


S024 


801 


8046 


80^7 


'S06) 


8079 


8«w 


Sioi 


8112 


8123 




9' 
92 
93 
94 

SI 

97 
98 
99 


8134 
8244 
83s a 

S669 

8773 

8876 

8977 


8145 
, 8255 
83fi3 
8469 
8575 

8783 
8886 

■my 


826s 
8373 
8480 
8586 
8690 
8794 
8895 
Sqq? 


827i 
8384 
8491 
8396 
8701 
8804 
8906 
9007 


8178 
8287 
839s 
8501 
8607 
8711 
8814 

9017 


8189 
8298 
8405 
8512 
8617 
8721 

ga 

9027 


8200 

8S22 

8628 

8732 
8835 
8937 
9037 


8211 

8350 
8427 
8533 
8638 
8742 
884s 
8947 
9048 


8222 
8330 
8437 
8544 
8648 
8752 
8855 

8957 
9058 


8233 

1!!S4 

8865 
8967 
9068 




100 


907J 


jQos; 


qoqJ 


9ioi 












9167 




R 




I 




» 






6 


_I_ 


. » 







238 Numbere (i to so), Squatw, Cube», Square Koote, Cuba Roots, 


IT 


V 


K" 


v« 


^yv 


T 


«H 


«£ 


i 

4 

i 

7 

S 


9 
16 

Si 


3 

27 
64 

343 

512 




0000 

7321 
0000 

2361" 
4495 
6458 
8284 

opoo 


\ 


2599 

4422 

5874 

9129 
0000 

0801 


Soo 

333 
250 

i6t 
141 


333 

000 

66^ 
857 


3 142 
6.283 
9425 
12.S66 
15.708 
■8.850 
»i-99" 
as. 133 
28.274 


0-7854 
3.1416 
7.0686 
.2.5664 

19-6350 
38.2743 
38.4843 
50.2653 
63 6.73 




100 






162, 


2 


1544 


100 


000 


31-416 


78.5398 


'3 
14 

19 


144 
1S9 
.96 

«6 
.»9 
3.4 
,161 


1331 
1718 

"97 
*744 
■ 3375 
4096 
4913 


4 


3.66 

4641 
6056 
7417 
8730 

1131 
2426 
1589 


I 


1240 
2894 
3513 
4101 
4662 
5198 
5713 
6207 
6684 


i3 
76 

71 

66 
62 
58 
55 


9091 
3333 
49231 
4286 
6667 
5000 
8235 

If, 


34.558 
37-699 
40.84. 
43982 

47-124 
50-265 
53.407 
56.549 
59.690 


95.0333 
.13 097 
133-732 
153.938 

176,7.5 

20. .063 
226.980 
254.469 
283.529 




4<»- 


8o« 




4721 


a 




50 


0000 


5). 83 2 




33 

3 

a; 

28 


4S4 
729 


9261 
10648 

13824 

19683 

"95* 
24389 




5826 
6904 
7958 
8990 

0000 

0990 
.962 

3852 


3 
3 


8439 
884s 
9240 
9625 

0366 
0723 


47 

45 
43 

41 
40 
38 
37 
35 
14 


6190 
4545 
4783 
6667 
0000 
461 S 
0370 

llii 


55-973 
69.115 
73.257 

75.398 
tit 
84.833 
87-965 
9i.ro6 


346.361 

380.. 33 
4.5-476 

452.389 
490.874 
530.929 

573. 5SS 
615.752 
660.530 


30 


.*00 


27000 




4773 


3 


1072 


33 


3333 


94.348 


706.858 


31 

33 
34 

11 

37 
38 

39 


1024 
1089 

iisS 

133S 

1S96. 
1369: 

1444, 
1521' 


35937 
39304 
4287s 
46656 
50653 
54872 
59319 




5678 
83.D 

9I6I 

0828 
1644 


3 
3 
3 
3 
3 
3 
3 
3 
3 


1414 
1748 
2075 

2396 
2711 
3019 

3912 


32 

31 
30 

3 

27 

11 


2581 
2500 
3030 
41.8 
5714 
7778 
0270 

IIS 


97.389 
100.531 
103.673 
106.814 
109.956 
113-097 
116.339 
119.381 
122.522 


855-299 
907.920 
962. JJ3 
.0.J.88 
1075.31 
1134.11 
"94-59 


40 


1600 ■ 


64000 




3246 


3 




25 


0000 


J25.66 


1256.64 


41 

4» 
43 
44 

:i 

47 
48 
49 


r68i 
1764 
1849 
'936 
2025 
2116 
2209 
3304 


6892. 
74088 
79507 
85184 
91125 
97336 
103823 




4031 

4807 
5574 
6332 
7082 
7833 
8557 
9283 
0000 


3 
3 
3 
3 
3 
3 
3 
3 


4482 
4760 
5034 
5303 

tt 
6088 
6342 


23 

23 


2558 

7273 

7391 
2766 


12S.81 
131-95 
135.09 
138.. '!3 
141. ,i7 
144.51 
147.65 
150.80 


13^0.35 
1385.44 
1452.20 
1520.53 
1590-43 
1661.90 
1734.94 


50 


isoo 


125000 




0711 




6840 


20 


0000 


157 -o« 


1963.50 



numben (si to loo), Squares, Cubes, Square Roots, Cube Roots, 


239 


N 


M' 


H' 


vs 


■^s 


¥ 


vn 


=? 1 


S2 
53 
54 

P 
II 

59 


2601 
2704, 
2809 

3136 
3349 
3364 
3481 


148877 
157464 
'6637s 
175616 
185193 

i95"2 
205379 


7. 14 14 

7-3485 
7.4162 

7 4833 

7.68II 


3.7084 
3.7325 
3-7563 
3-7798 
3-8030 
3.8259 
3.8485 
3-8709 
3.8930 


19.6078 

TAt 

18.5185 

18.1818 
17.8571 
'7-5439 
'7.2414 
16.9492 


160. 33 

'&i 

169.65 

172.79 
175*93 

'79.-7 
1S2.11 
185-35 


2042 
2123 
^306 

2290 
2375 
2463 
2551 
2642 
2733 


82 

72 
18 

83 

76 
08 

97 


6o 


3600 


2 6000 


7.7460 




16.6667 


188,50 


2827 




6i 
63 

ll 
67 
68 
69 


3721 
3844 
3969 
4096 

4356 
44B9 
4624 
4761 


226981 
238328 
* 50047 
262144 
274625 
287496 
300763 
3 '4432 
328509 


7.8102 
7.8740 
7.9373 

8^0623 

8..240 
S..S54 
8.2462 
8.3066 


3.9365 
3. 9579 
3.9791 
4.0000 
4.0107 
4.0411 
4.0615 
4.%8.? 
4.1016 


16.3934 
16.1290 

15-8730 
15.6250 
1 5-. 3846 
'5-ISI5 
'4.9254 
14.7059 
14.4928 


'91.64 
194-78 
197.92 
201.06 
204.30 
207.3s 
210.49 
213.63 
216.77 


2922 
3019 
3117 
3216 
33'8 
3421 

%i 

,1739 


47 

07 
»S 
99 
3' 
19 
6s 
68 

38 


70 






8.3666 




14.2857 


219.91 


3848 




71 

73 
74 
Zt 
75 

]l 

79 


5339 


3579" 

405224 
421875 
438976 
456533 
474552 
493039 


8 4161 
8-4853 
8.5440 
8.6023 
8.6603 
8.7.78 
8.7750 
8,8318 
3.S882 


4.1408 
4.1602 

4.1793 
41983 
4.2172 
4.^358 
4 2S43 
4-2727 
4.2908 


14.084s 

13.8889 
13.6986 
'3 S135 
■3.3333 
■3.1579 
12.9870 
12,8205 
12.6582 


126,19 
"9.34 
232.48 
235.62 
238.76 
241,90 
245-04 
248.19 


3959 

4300 

44'7 
4536 
4656 
4778 
4<pi 


'9 
50 

39 

tJ 

46 
H 




6400 




8.9443 




n sooo 








81 

32 

83 
84 

II 

87 
88 
89 


6561 

6889 
■7056 

7396 
7569 
7744 
■79" 


531441 
551368 
S71787 
592704 

636056 
658503 
681472 
704969 


9.0000 

9.0554 
9 1104 
9.1652 
9.^195 
9.2736 
9.3m 
9.3808 
9.4.M0 


43^67 
4-3445 
4.3621 

4.4140 
4.4310 
4.4480 
4-4647 


12.3457 
12.1951 
12.0482 
11 ,9048 
11.7647 
11,6279 
11.4943 


254.47 
257.61 
260.75 
263.89 
267,04 
270.18 
273.32 
276.46 
279,60 


5 '53 

5281 
54' 
554' 
5674 
5808 
5944 
6082 

6221 


00 
61 

77 

£ 

'4 


W 


8100 


729000 


9.4868 


4.4814 


11 nil 


282.74 


bib. 


n 


91 
93 
93 
94 

Si 

97 
98 
99 


8281 
8464 
8649 
8836 
902s 

9ii6 
9409 

9604 
1*801 


B30584 
857375 
884736 
912673 
941192 
970299 


9-5394 
9 5917 
9.6437 
9.6954 
9.7468 
9.7980 
9.8489 
9-8995 
9-9499 


4.4979 
4.5144 
4.5307 

4.5468 

4.5629 
4.5789 
4.5947 
4.6104 
4.6261 


10.7527 
10,6383 
.0.5263 
10.4167 
10.3093 
10.2041 


285.88 
289.03 
292.17 
295.31 
298.4s 
301.59 
304.73 
307-88 
311 .02 


6503 
6647 
6792 
6939 
7088 
7238 
7389 
7542 
7697 


88 
6. 
91 
78 

23 
8r 
96 

6q 


100 


10000 


lOOOOOO 




4.6416 


10,0000 


314. '6 


7853 


98 



240 HnmbWB (lOi to 150), Sqiutres, Cubes, Square Roots, Cube Roots, 
• Redprocals, Circninferences and Circular Areas 



IT 


H» 


N' 


VS 


<^ 


T 


■wS 


«!' 


lOI 


JO201 


1030301 


10-0499 


4.6570 9 


90099 


317 30 


801..8S 




10404 


1061JO8 


10,099s 


4.6733 9 


80392 


320 


44 


8171,2s 


103 


J0609 


1092727 


10.. 489 


4.6875 9 


70874 


323 


S8 


8332.29 


104 


10816 


1 1 24864 


.0.980 


4.7027 9 


61538 


326 


73 


8494-87 


los 


II02S 


1.57625 


10,2470 


4.7177 9 


5238. 


329 


87 


8659.01 


io6 


lt.36 


119. 016 


10.2956 


4.7326 9 


43396 


333 




8824.73 


107 


"449 


1235043 


.0.3441 , 


4.747s 9 


34579 


336 


15 


8092.02 


loS 


1 1664 


I3S97I2 


.0.3923 


4,7622 9 


25926 


339 


29 


9160.8S 


109 


11881 


.295029 


10.4403 


4.7769 9 


1743' 


342 


43 


9331 .32 




11100 


■331000 


10.488. 


4,7914 9 


09091 


34S 


i8_ 


9503.3' 


III 


12321 


■36763^ 


10.5357 


4-8059 9 


00901 


348 


73 


9676.89 




12544 


1404928 


10.5830 


4.8203 8 


92857 


351 


86 


9852-03 


113 


.2769 


.442897 


10.6301 


4.8346 8 


84956 


35S 


00 


10028.7 


114 


12996 


1481544 


10.6771 


4.8488 8 


77193 


3S8 






"S 


13225 


152087s 


■0.7238 


4.8629 8 


69565 


36. 


38 


10386 ;9 


it6 


13456 


■S60895 


■0.7703 


4.8770 8 


62069 


364 


42 


10568.3 


117 


13689 


.601613 


10,8167 


4.8910 8 


54 701" 


367 


S7 


I075> -3 


118 


13924 


1643032 


10.8628 


4.9049 8 


47458 


370 


71 


.0935-9 


119 


14161 


1685159 


10,9087 


4-9^87 8 


40336 


373 


8S 






14400 


1728000 


10.9545 


4-9324 8 


33333 


376 


99 


11309.7 


,21 


14641 


.77.561 




4.9461 8 


26446 


18^ 


13 


114990 




14884 


1815848 


11.0454 


4-9597 8 


19672 


383 




.16S9.9 


123 


151*9 


1B60B67 


11.0905 


4-9732 8 


i3=»8 


386 




.1883-3 


134 


15376 


1906624 


".■355 


4.9866 8 


06452 


389 


56 


12076.3 


lis 


15625 


.953125 


.1..803 






392 


70 


I32JI.8 


126 


15876 


2000376 


11.2250 


S-0133 7 


93651 


395 


84 


12469.0 


1J7 


16129 


2048383 


".3694 


5. 0265 7 


87402 


398 


98 


.3667.7 


1=8 


16384 


2097^52 


".3137 


S -0397 7 


81250 


401 




.2868,0 


1J9 


16641 


2.46689 


■1.3S78 


5,0528 7 


75194 


405 


_27_ 


13069.8 


130 


16903 


2.97000 


11. 4018 


5 -0658 7 


6923. 


408 


41 


■3273-2 


131 


17161 


2248091 


11.4455 


5 0788 7 


63359 


411 


55 


■3478.2 


131 


17434 


2299968 


".4891 


5-0916 7 


57576 


414 


69 


.3684-8 


>33 


17689 


3352637 


11.5326 


5-1045 7 


51880 


417 


83 


13893,9 


134 


17956 


2406104 


11.S758 


S-1172 7 


46269 


420 


97 


14102.6 


135 


1822s 


2460375 


11.6.90 


S-1299 7 


40741 






143139 


136 


18496 


3SI54S6 


I.. 66.9 


5,1426 7 


35294 


437 


26 


14526,7 


■37 


18769 


257.353 


11.7047 


S-iSSi 7 


29927 


430 


40 


14741.1 


its 


19044 


2628072 


■1.7473 


5,1676 7 


34638 


433 


54 


14957. 1 


139 


19321 


2685619 


11.7898 


5.1801 7 


19424 


436 


68 


15174.7 




19600 


2744000 


...8322 


5.1925 7 


14286 


439 


83 


.,5.W3.8 


141 


19881 


280322. 


1.-8743 


5.2048 7 


09330 




96 


.5614.5 




20164 


2863188 


11.9164 


S-2.71 7 


04255 


446 




15836,8 


■43 


20449 


2924207 


".9583 


5,3293 6 


99301 


449 


25 


.6060.6 


144 


20736 


2985984 


J2.0000 


S,24iS 6 


94444 


452 


39 


.6286,0 


US 




3048625 


13.0416 


5-2536 6 


8965s 


455 


S3 


165.3-0 


.46 


21316 


3..2.36 


12.0830 


5.2656 6 


84932 


458 


67 


16741 -S 


147 


2.609 


3176523 


12.1244 


5.2776 6 


80272 


461 


8t 


.6971-7 


148 


21904 


3241792 


12.165s 


5.2896 6 


75676 


464 


96 


17203.4 


149 




3307949 


12.2066 


5-301S 6 


71141 


468 




17436,6 


150 


22500 


337SOOO 


12.2474 


5.3133 6 


66667 


471 


"IT 


■ 7671.5 



KmnlMn (151 to aoo), Squares, Cnbes, Square Roots, Cube Roots, 241 
Reciprocals, Circumferences and Circular Areas 


H 


W 


M' 


v^ 


-c^s 


1000 


" 


?l 


rsi 

153 

154 

:ii 

157 
1 58 


3a8oi 
23104 
23409 
Z3716 
2402s 
24336 
24649 
24964 
25=8, 


3442951 
3511808 
3581577 
3652264 
372387s 
3796416 
3869893 
39443 '2 


li 


288J 
3288 
3693 
4097 
4499 
4900 

6095 


5^3368 

5-365i 
5-3717 
5-3832 
5-3947 
5-4061 


6.62253 
"6.5789s 
6-53595 
6.49351 
6.45161 
6.41026 
6.36943 
6.32911 
6.28931 


474 

X 
Si 

490 

493 

496 


38 
52 

66 
81 
95 
09 

23 
37 


17907 
18145 
■8385 
18626 
18869 
19113 
19359 
19606 
19855 


9 

3 

4 
S 

3 

7 


160 


25600 


4096000 


12 


6491 


5.4288 




,S02 


6S 


20106 




161 

162 
163 
164 

\n 

167 
168 
.69 


26569 
26896 
27225 
27556 
278S9 
28224 
28561 


4173281 
4251528 
4330747 
4410944 
449212s 
4574296 
4657463 
4741632 
4S26809 


'1 


6886 
7279 
767c 
8062 
8452 
884. 
9228 
9615 


5-4401 
5-4514 
5-4626 
S-4737 
5.4848 
5-4959 
S-5069 
5-5178 
5-5288 


6.17284 
6.13497 

6.02410 

5.95238 
5-91716 


B 

521 
524 
527 
530 


80 
94 
08 

36 
50 
65 
79 

93 


20867 
21124 

X' 

22411 


3 


170 


28900 


4913000 




0184 




5. 88235 




07 


22698 





171 

173 
174 

179 


P9i4> 
=9584 
29929 
30276 
30625 
30976 

32041 


5000211 
S088448 
S177717 
S 268024 
5359375 
5451776 
5545233 
5639752 
573 5339 


13 
13 
13 
13 
13 
13 
'3 
»3 
1,1 


0767 
1149 
1539 
1909 
2288 
266s 
3041 
3417 
1791 


5-5505 
5-5613 
5-5721 
5-5828 
5.S934 
5.6041 
5-6147 
5-6252 
5-6357 


5-84795 
5 -81395 
5-78035 

s- 74713 
s- 71429 

5.68182 
5.64972 
5-61798 
s. 58659 


537 
540 
543 
546 
549 
552 
5S6 

W^ 
565 


35 
50 
64 
78 
92 
06 

3S_ 


2296s 
23235 
23506 
23778 
24052 
24328 
24605 
24884 

_25r64 
2.5*46 


6 

i_ 

9 


iSo 




5832000 


M 


4' 64 


5.6462 




181 

lg2 
18+ 

111 

187 
188 

.8q 


32761 
33124 
33489 
33855 

34596 
34969 

35344 
35721 


fcs8s68 
6128487 

6331625 
6434856 

^67^ 
6751269 


13 
13 
13 
'3 
13 
13 
13 
13 
1,1 


4536 
4907 
5277 
5647 
601S 
6382 
6748 
7113 
7477 


5-6774 

5.7083 
5.7:85 
5.7287 
5-7388 


5.52486 

l:Si 

5-43478 
5-40541 
5-37634 
5-34759 
5.3191s 
5.29101 


568 
571 
574 

IS 

584 
587 
590 
593 


63 
77 
91 
05 
'9 
34 
48 
62 
76 


26302 

271 71 
27464 
27759 
28055 


4 

5 

4 

3 
6 
6 


190 


,blOD 


6859000 


11 


7840 


5 -7489 


5.26316 


596 


90 


28352 


9 


191 

i9i 
193 
194 
'95 
196 
J97 
198 
199 


3648. 
36864 
37249 
37636 
3802s 
38416 
38809 
39204 
39601 


6967871 
7077888 
7189057 
7301384 
7414875 
7529536 
7645373 
7762392 


13 
13 
13 
13 
13 
■4 
14 


8203 
8564 
8924 
9284 
9642 
0000 
0357 


5.7590 
5.7690 
5 -7790 

5. 8186 
5.8285 
5-8383 


5.23560 
5 -20833 
5-18135 
s-. 15464 
5.12831 
5 10204 
5-07614 
5.05051 


600 

^ 
609 
612 
61S 
61S 

622 
62s 


04 

19 
33 
47 
61 
75 
89 

18 


28652 
28952 
29255 

gig 

30171 
30480 
30790 
31102 


9 
3 

9 

5 
6 




40000 


8000000 


14 


1421 


5 -8480 


5.00000 


628 


32 


31415 


9 



242 nnmben (loi to 3So)i Squans, Cubn, Square Roots, Cubs Boots, 
Reciprocals, Circumferences and Ciiciilar Areas 



H 


M* 


V 


vs 


^fi 




wK 


w^ 


JOJ 


40401 


8120601 


14.1774 


5-8578 


497512 


631.46 


31730-9 




40804 


8242408 


14-2127 


5.8675 




95050 


634.60 


32047-4 


ao3 


41209 


8365427 


14.2478 


5.877. 




9261. 


637-74 


32365-5 


»4 


41616 


8489664 


14.2829 


5.8868 




90196 


640,89 


32683,1 


JOS 


4202s 


8615125 


.4.3178 


S.8964 




8780s 


644,03 


33006,4 


206 


42436 


8741816 


14.3527 


3.9059 




85437 


647.17 


33329-2 


107 


43849 


8869743 


14.3875 


5.91SS 




83092 


650.3. 


33653-5 


»8 


43164 


8998912 


14.4222 


5.9250 




80769 


653.4s 


33979 -S 


209 


4368. 


9129329 


14.4568 


59345 


_±- 


78469 


656.59 


34307-0 


aio 


44100 






5.9439 




76190 


659.73 


34636 , I 


311 


44S3I 


9393931 


14.5238 


5.9533 




73934 


653,88 


34966,7 




44944 


9528128 


.4.5602 


5.9627 




7.698 


666.02 


35298.9 


ai3 


45369 


9663597 


14.5945 


5 9721 




69484 


669.16 


35632-7 


ii4 


45796 


9800344 


.4.6287 


5 9814 




67290 


672.30 




IIS 


4622s 


9938375 


14.6629 


S.9907 




651.6 


675.44 




216 


46636 


10077696 


14.6969 






62963 


678.58 




ai7 


47089 


102183.3 


14.7309 


6.0092 




60829 


681.73 


36983.6 


318 


475=4 


10360332 




6.0185 




58716 


6S4.87 


37325.3 


"9 


4796. 


10503459 




6,0277 




5663. 


688.01 


37668.5 


230 


48400 


10648000 


14.8324 


6.0368 




54545 


69.. IS 




221 


48841 


1079386. 


.4.866. 


6.0459 




52489 


694.29 


38359.6 




49284 


10941048 


14-8997 


6.0350 




50430 


697 -43 


38707.6 


M3 


49729 


11089367 


14.9332 


6.0641 




4343' 


700.58 


39057-1 


314 


50176 


11239424 


.4.9666 


6.0732 




46429 


703.72 


39408-1 


215 


30625 


1139062s 


.5,0000 


6.0822 






706.86 


39760,8 


236 


51076 


.1543176 


15-0333 


6.0912 




42478 


710,00 




227 


51529 


.1697083 


is.-^ees 






40529 


713.14 


40470.8 


22S 


51984 


11852352 


15-0997 


6.1091 




"38596 


7.6.28 


40828.1 


JI9 


52441 


12008989 


.5.1327 


6.1180 




3668. 


7.9.42 


41.87,1 


230 


52900 


12.67000 


15.1658 


6,. 269 




3478,1 


723,57 


41547.6 


231 


53361 


12326,191 


IS. 1987 


6,1358 




33900 


725.71 


41909.6 


2il 


S3824 


12487168 


15.23.5 


6,1446 




31034 


728,85 


42273.3 


233 


34289 


12649337 


IS -2643 


6,1534 




29185 


731.99 


42638,5 


234 


54756 


12812904 


15.2971 


6.1622 




27350 


735 -13 


4300s. 3 


33s 


55225 


1297787s 


15.3297 


6,1710 




3S532 


738-27 


43373.6 


236 


55696 


13144256 


15.3623 


6,1797 




23729 


741-42 


43743.5 


237 


56.69 


13312053 


1S.3948 


6.. 885 




21941 


744.56 


441150 


238 


56644 


13481272 


15.4272 


6,1972 






747.70 


44488,. 


239 


S712I 


13651919 


15.4596 


6.2058 




18410 


730.84 


44862,7 


J40 


57600 


13824000 


15 49.9 


6,2.4s 




16667 


753.98 


45238.9 


241 


58081 


.3997521 


.5.5242 


6,2231 




.4938 


7S7-.2 


45616,7 




58564 


14172488 


15.5563 


6,2317 




13223 


760,37 


45996,1 


243 


59049 


14348907 


.3.5885 


6-2403 




11523 


763.41 


46377 ,0 


244 


59536 


14526784 


IS .6205 


6,2488 




09836 


766.35 


46759 . 5 


US 


60025 


1470612s 


15.6525 


6-2573 




08163 


769-69 


47.43.5 


246 


60516 


14886936 


.5.6844 


6,2658 




06504 


772-83 


47529.2 


247 


61009 


13069323 


15.7162 


6.2743 




.04858 


775.97 


47916.4 


248 


61504 


15252992 


15.7480 


6,2828 






779.12 


48303,1 


249 


63001 


15438249 


.5. 7797 


6,2912 




.01606 


782,26 


48695.5 


aso 


62S00 


15625000 


.3.8.14 


6,2996 




.00000 


785.40 


49087-4 



Nnmbera (351 to 300), Squares, Cubes, Square Roots, Cube Roots, 243 
Reciprocals, Circumferences and Circular Areas 



H 


n* 


H» 


vs 


■^s 


™o 


™ 


-'1 


252 

■S9 


63001 
63S04 
64009 
64516 
6S01S 
65536 
66049 
66564 
67081 


16003008 
16194277 
16387064 
1658137s 
16777216 
16974593 
i7i73Si» 


IS 
IS 
'5 

IS 
IS 
.6 
16 
16 
16 


8430 

E 

03.2 
0624 
09,15 


6 
6 
6 
6 
5 
6 
6 
6 
6 


3080 
3164 
3247 
3330 
3413 
3496 
3579 
366. 


3 
3 
3 
3 
3 
3 
3 
3 


98406 
96825 
95257 
93701 
92.57 
90625 
89105 
87597 
86100 


7S8 
791 
794 
797 
801 
804 
807 
810 
8.3 


II 

82 
96 

25 
39 


49480 
49875 
50272 
S067C 
51070 
51471 
S1874 


9 
9 
6 

7 
S 
9 
8 


Jfo 


67600 


17576000 


16 


124s 


6 


383S 


3 


846., 


8.6 


81 


S3092 


9 


261 


681Z1 
6S644 
69169 
69696 
70J25 
70756 
71*89 
71824 
72,161 


1777958' 
17984728 
18191447 

;S" 

18821096 
19034163 
19248832 
19465109 


lb 
16 
16 
16 
16 
16 
16 
.6 
16 


2173 
248. 
2788 
ms 
3401 
3707 


6 
5 
6 
6 
6 
6 
6 
6 


3907 
3988 
4070 
4151 
4232 
4312 
4393 
4473 
4^53 


3 
3 
3 
3 
3 
3 
3 
1 


83142 

78788 
77358 

7S940 
74532 
73134 
71747 


819 
823 
826 

835 

«3! 
841 
84! 


96 

24 
38 

1^ 

81 

95 
09 


53S02 
53912 
54325 
S4739 
55.54 
555JI 
S5990 
56410 
S58^j 




370 




.9683000 


16 




6 


46,1 






8,8 


21 




s. 


m 

277 

179 


73441 
73984 
74539 
75076 
75625 
76176 
76729 
77284 
77841 


19902511 
20133648 
20346417 
20570824 
20796875 
2.024576 

21253933 
2.484952 
21717639 


.6 
.6 
.6 
.6 
.6 
.6 
.5 
.6 
.6 


4621 
4924 

512J 

5529 

S83. 

6132 

6433 

6733 
7033 


6 

6 

I 

6 
6 
6 
5 
6 


47.3 
4792 
4872 
4951 
SO30 
5.08 
5.87 
5265 
5141 


3 
3 
3 
3 
3 
3 
3 
3 
,1 


69004 
67647 
66300 
649S4 
63636 
62319 
61011 


z 

S!7 
860 
863 
86j 
870 
873 
8,6 


37 
51 
66 

94 
08 

36 
50 


57680 
58106 
5S534 
58964 

IS 

60262 
60698 
61.36 






78400 




.6 


7312 


6 


5421 


3 




879 


6, 




2 


281 
282 

283 
284 

III 

287 
288 

2&» 


78961 
79524 
80089 
80656 
8122s 
8.796 
S2369 
82944 

81S2I 


22188041 
22425768 
22665187 
22906304 
»3149'25 
23393656 

24.37569 


16 
16 
16 
16 
16 
16 
16 
16 
17 


763. 

7929 
8226 

'ill 

9"5 
941 1 
9706 


6 
6 

e 

6 
6 
6 
6 
6 
6 


5499 
5577 
5654 
573. 
5808 
5885 
5962 
6039 


3 
3 
3 
3 
3 
3 
3 
3 
,1 


55872 
54610 

S3357 
52113 
50877 
49650 
48432 

47322 


88l 
8!S 
■889 
89> 

gl 

901 
904 
907 


79 
93 
07 

35 
SO 
64 
78 
92 


62015 
62458 
62901 
63347 
63794 
6424Z 
64692 
65144 
65597 




390 


84100 




17 


0194 


6 


6.91 


1 


44828 




06 


66o„ 




291 
292 
293 
294 

'21 

297 
298 

m 


84681 
85264 
85849 
86436 
87025 
87616 
8S209 
gS3o4 
89401 


24642.71 
24897088 
25153757 
25412184 
25672375 
^5934336 
26.98073 
26463592 


'7 
17 
17 
17 
17 
17 
17 


083^ 
1172 
1464 
1756 
2047 

nil 

29.6 


6 
6 
6 
6 
6 
6 
6 
6 
6 


6267 
6343 
6419 

67.9 
tin 


3 

3 
3 
3 
3 
3 
3 
3 
1 


42466 
41297 

38983 
37838 
36700 

35S7.0 
34448 


9.4 
917 
920 

?'i 

929 


35 
49 
63 
77 
91 
OS 
.9 


66508 
66966 
6742s 

69279 
69746 




300 


90000 


27000000 


17 


3205 


6 


6943 


3 


33333 


942 


48 


7068s 





'M Niimb«fs (301 to 350), Squares, Cubes, Square Roots, Cube Soots, 
Reciprocals, Circumferences and Circular Areas 



» 


H' 


H* 


vs 


■i^ 


T 


" 


-^ 1 


301 

30» 
303 
304 

s 

3 


90601 

92416 
930SS 
93636 
94149 
94864 
95481 


28094464 
28652616 
28934443 
29118112 
29503629 


17.4069 
17-4356 
17.4642 
17-4929 

i7-52'4 
'7-5499 
17-5784 


6,701s 

l:S 

6.7540 
6.7313 
6.7387 
6-7460 
6-7533 
6.7606 


3 
3 

3 
3 
3 

i 

3 

3 


32326 

31126 
30033 

27869 
3679; 
25733 
2467s 
23625 


951 

955 

t 


52 

76 
90 
04 
.9 
33 

61 


7"S7 

71631 
72106 

72583 
73061 
73541 

74506 


9 

i 

4 
7 
s 

6 


310 


96100 


29791000 


17,6068 


6 . 7679 


1 


22581 


973 


8q 


754 76 


8 


3" 

313 
314 

319 


96721 
97344 
97969 

99856 
100439 

SI 


30080231 
30664297 
30959144 
31255875 
3'S54496 
3"855oi3 
32157432 


17.6353 
'7.6635 
.7.6918 
17.7200 
'7.7482 
17.7764 


6.7752 
6,7824 
6-7897 
6,7969 
6,8041 
6,8113 
6 ,8185 
6.8256 
6,8328 


3 
3 
3 
3 
3 
3 
3 
3 
1 


2 '543 
20513 
19489 
1847* 

13480 


977 
980 
983 
986 
9S9 
993 
99S 
999 


04 
18 

32 
46 
60 
74 
88 
03 


75964 
76453 
76944 

77437 

l'& 

78923 
79422 


5 
8 

7 

7 

I 

9 


320 




32768000 


17.888s 


6,8399 


3 


12500 


1005 


3 


804)4 


8 


3" 

3" 
323 
3^4 

n 

SI 

3^9 


103041 
103684 
10(329 
104976 

:Si 

106939 

107584 
108241 


33076161 
33386248 
33698267 
34012224 

34645976 
34965783 
35287552 
35611289 


17.9165 
17.9444 
17.9723 

18.0278 
18.0555 
18.0831 
18.1108 
18.1384 


6,8470 
6,8s4' 
6.8612 
6.8683 

l;S 

6.8894 
6.8964 


3 
3 
3 
3 
3 
3 
3 
■3 


11527 

'05S9 
09598 
08642 
07692 
06749 
058.0 
04878 


1008 

1014 
1017 

1024 
1027 
1030 


5 

6 
7 
9 

3 
4 
6 


80928 
8t433 
81939 
82448 

850.2 


8 

7 

8 
3 


330 


10S900 


35937000 


'8.1659 


6.9104 


3 


03030 


.036 


7 


85529 


9 


33" 
333 
333 

334 

gi 

337 
338 


109561 
110334 

110889 
111SS6 

"3569 
114244 


36264691 
36594368 
36926037 
37259704 
37S95375 
37933056 
38272753 
38614472 
38958219 


18.1934 
18.3209 
18.3483 
18.2757 
18.3030 
18.3303 
18.3576 
18.3848 
18.41Z0 


6.9174 
6.9244 
6.93'3 
6,9382 
6.9451 
6.9521 

?;S 

6.9727 




03.15 
0.20s 
00300 
99401 
98507 
97619 
96736 
95858 
94985 


1039 
1043 
i<h6 
1049 
1051 
1055 
1058 
1061 
.06s 


9 

3 

4 

6 

7 
9 


87092 
8761s 
8S.4. 

88668 
89196 
89727 
90258 


7 

9 
3 
3 
9 


340 


115600 


39304000 


18,439' 


6-9795 




94118 


1068 


. 


90792 





341 
342 
343 
344 

18 


116281 

::S 

118336 
11902s 
119716 
130409 
121 104 

mSoi 


39651821 
40001688 
40353607 
40707584 
41063635 
41421736 
41781923 
42144192 
42508549 


18.4662 
18.4932 
18.5203 
18,5472 

il&r, 

18.6379 
18,6548 
.8,6815 


6.9864 
6.9932 
7.0000 
7.0068 
7.0136 
7.0203 
7.0371 

^■°^^ 
7,0406 




93*55 
92398 
9'S45 

89017 
88184 
87356 
86S11 


1071 

1074 
1077 
1080 
1083 
1087 
1090 

•s 


3 

t 

7 
8 

3 


92401 
92940 
93482 
94034 
94569 
95114 
95662 


9 

3 
3 
9 

7 

9 


3SO 


I23S0O 


42875000 


18,7083 


7-0473 




85714 


1099 


6 


962.1 


3 



Numbers (351 to 400), Sqtures, Cubes, Square Roots, Cube Roots, 


346 


H 


If 


IT' 


vs 


<^ 


'■¥ 


»K 


4 


351 

3SS 
353 
3S4 

111 

III 


iii 

i«S3i6 
126035 
126735 
I 17449 
i28t64 
ia888i 


43|4355i 
43986977 
44361864 
44738875 
45118016 

45499293 
45882712 
46268279 


18 
i3 
18 
18 
18 
18 
18 
18 
18 


7883 
8149 
8414 
8680 
8944 
9209 




0540 
060; 
0674 

^? 
0873 
0940 
ioq6 
107a 




84900 
84091 

83186 
83486 
81690 
80899 
80111 
79330 

78^'! 2 


1 105 
II09 


7 
3 

3 
4 

5 
7 
8 


96761.8 

97867^7 
984*3 
989798 
99538.2 


j6o 


129600 


46656000 


lb 


9737 


7 


1138 




77778 


113I 





.01788 


36. 
36" 
3«3 
364 

lU 

369 


J30321 

131769 
132496 
133123 
133956 
134689 
■35424 
136161 


47045881 
47437928 
47832147 
48228544 
48627.2s 
49027896 
49430863 
49836032 


19 
19 
19 
19 
19 
19 
19 
19 


0263 
0526 
0788 
1050 
13" 


^ 


^26^ 

133s 
1400 
1466 
1531 

.726 


\ 


77008 
76243 
75483 
J47»S 
73973 
73224 
72480 
71739 
71003 


1J34 
"37 

1143 
1146 
"49 
"53 
"S6 


3 
4 
S 
7 
8 


102354 
103922 
103491 
104062 
104635 
■ 105209 
105785 
106362 
106941 


370 


136900 


50653000 


19 


2354 




1791 




70270 


1.63 


4 


107521 


371 

372 
373 

374 

Hi 

377 
378 
379 


137641 
138384 
139129 
139876 
14062s 
141376 
142129 
142884 
143641 


S 106481 1 
S1478848 
51895H7 
S23'3624 
52734375 
S3157376 
53582633 
54010152 
S4439939 


19 
'9 
'9 
19 
19 
19 
19 
19 

m 


26.4 
2873 
3132 
3391 
3649 
3907 
4165 


7 


1855 
1920 
19S4 
2048 

2177 
2340 




69542 
68817 
68097 
6J3S0 
66667 
65957 
65353 


"65 
1.68 
1171 
"75 
"78 

ii 

1190 


5 
7 
8 

5 


108103 
108687 
109272 
109858 
110447 
.1.036 
111628 

! J 281 5 


^80 


144400 


54872000 




4036 






2 


63158 




8 




381 
382 
383 
384 
385 
386 
387 
388 
l8q 


145161 
145924 
146689 
147436 
148225 
148996 
149769 
150544 
151321 


55306341 
55742968 
56181887 
56623104 
57066625 
57512456 
57960603 
58411072 
58863869 


19 
19 
19 
19 
19 
19 
19 
19 

19 


5192 
5448 
5704 
S9S9 
6214 
6469 
6723 
6977 
7211 


7 


3495 
2558 
2622 
a68s 
2748 
2811 
2874 
2936 
2999 




63467 
61780 
61097 
60417 
59740 
59067 
58398 
57069 


1196 

1203 
1206 

1J09 


9 

5 
7 
S 
9 


..5209 
I. 5812 
1164.6 
1.7021 
1.7628 
118237 
"8847 


390 


I5SIOO 






7484 




3061 


3 


56410 




2 


.19459 


391 
392 
393 
394 

397 
398 


I 5 2881 
153664 
154449 
155236 
15602s 
156816 
157609 
158404 


fo2l6288 
60698457 
61163984 
61629875 
63099136 
62570773 
63044792 
63521 199 


19 
19 
■9 
19 
19 
19 
19 
19 


7737 
7990 
8242 
B494 

8997 
9249 
9499 




3186 
3248 
33 'o 
3372 
3434 
3496 
3558 
3619 


J 


55755 
55' 03 
54453 
53807 
5316s 
52525 

f:S 

W627 


1228 
1231 

1234 
1237 
1140 
1244 

1247 
1250 


i 

8 
9 


.20072 
120687 
121304 
.21922 
.23543 

.23163 
123786 
.24410 


400 




64000000 






7 


3681 


^ 


50000 


125b 


6 


.25664 



24S Nttmbere (401 to 450), Squares, Cubes, Square Roots, Cube Roots, 
Reciprocals, Circumferences and Circular Areas 



H 


H» 


H' 


vs 


., 


^ 


«If 


w' 


401 
402 
403 

404 

s 

409 


16080I 
161604 
161409 

163216 
164025 
164836 
165649 
.66464 
1672S1 


64481201 
64964808 
65450827 

s* 

66923416 
674I9I43 
67917312 
68417929 


:f 


0250 
0499 
0749 
0998 
1246 
1494 
1742 
1990 




3742 
3803 
3864 

IIU 

4047 
4.0S 
4169 




48139 

47525 
46914 
4630s 
4570° 
45098 
44499 


lis 

1266 
1269 
1272 
"75 
1278 
12S1 
1284 


8 

9 

3 
S 
6 
8 
1 


126393 
126923 

I27SS6 
J 28190 
.2882s 
129462 
130.00 
13074. 
131382 




168100 


68921000 


10 


H85 










1288 




.3*025 


411 

413 

414 

Td 

:;s 

419 


168921 
169744 
I70S69 
17.396 
I722S5 

173056 
1738B9 
174724 
175561 


69426531 

69934518 
70444997 
70957944 

7 '473375 
7i99"96 
725"7i3 
73034633 
73560059 


I 


2731 
2978 

3224 

34TO 

IW^ 
4206 
4450 
469=; 




435° 
4470 
4530 

z. 

47.0 
4770 
4829 




43309 
42718 
42.31 

40964 
4038s 
39808 
39234 
18664 


129. 
1294 
1197 
1300 
1303 
1306 
1310 
13 13 
.,V6 


3 
5 
6 
8 
9 


132670 
1333.7 
133965 
134614 
133265 
'3S9'8 
136572 
137228 
137885 


420 


176400 


74088000 


20 


4919 




48fi<. 




38095 


i3'9 


S 


138544 


421 

422 

433 
424 

4ZS 
426 


177241 
178084 
178929 
179776 
180623 

181476 
182329 

.83184 

18404 I 


74618461 

]l& 

76225014 

77308776 
77854483 
78402752 
78953589 


E 


5183 
5426 
5670 
S9'3 

6640 




494S 
5007 
5067 
5.26 
S185 
5244 




37530 
36967 
36407 
35849 
35294 
34742 
34192 
33645 
33100 


1332 

,1328 
1332 
'335 
1338 
1341 
1344 


6 
8 

9 

3 

I 

7 


I40S3' 
14..96 
141863 
<4253> 
.43201 
143872 


430 


184900 


79507000 


zo 


7164 




5478 




12S^8 


1350 


9 


. 145220 


431 
43 J 
433 
434 
435 
436 
437 
438 
439 


185761 

186624 

187489 
188356 

190096 
190969 
191844 
I9272I 


8006299. 
80621568 
81.82737 
81746504 
8231287s 
82881856 
83453453 
84027672 
84604519 


20 


Si 

8087 
8327 
8567 
8806 
904s 
9284 

9=123 




5537 
SS9S 
5654 
57i» 
5770 
5828 
5886 




32019 
31482 
30947 
30415 
29885 
29358 
28833 
28311 
27790 


1354 

;g 

1363 
1366 
1369 
.372 
.376 

1379 


3 

1 

7 
9 


145896 
146574 
147254 

:s 

•49301 




193600 


85184000 


20 


9762 




6osq 


2 


27273 


.182 


1 


152053 


441 
443 
443 
444 

S5 


I9448I 
195364 
196249 
I97I36 
19802s 

19S9I6 
199809 

200704 
201601 


85766121 
853S0888 
86938307 
87528384 
8812. .25 
88716536 
89314623 
89915392 
905.8849 


« 


0713 

1424 
1G60 
.896 




61.7 
6174 
6232 
6289 
6346 
6403 
6460 
6517 
6=174 




267 S7 
16244 
»5734 
25125 
24719 
34215 

23714 
23214 
227.7 


ltd 

1391 
1394 

1398 
1401 
.404 
1407 


7 
9 

3 

4 
6 


152745 
153439 
154.34 
154830 
155528 
156228 
156930 
157633 


450 


202500 


91125000 


2. 


2.33 


7 


6631 


' 


22222 


14 13 


7 


159043 



Nurabsra (451 to soo)t Squtres, CuIms, Square Roots, Cube Roots, 247 
Reciprocals, Circumfeiences and Ciiculor Areas 



IT 


II' 


V 


vs 


-cs 


i~£ 


" 


^ 


45' 

4S2 
453 
4S4 

4SS 
4S6 
457 
458 
459 


203401 

204304 
205209 
206116 
2o7oas 
207936 
208849 
2S 


9'7338si 
92345408 
93959677- 
93576664 

9S443993 
96071912 
96702579 


I 


'£1 

2838 
3073 
3307 
3542 
3776 
4009 
424,1 


7.6688 

7 6744 
7.6801 
7.6857 

^■^"' 
7-6970 

7.7026 

7.7082 

7.7'38 




21730 
21239 
30751 
20264 
19780 
i9>98 
18818 


1416 
1410 

1423 
1426 
■429 
1432 

iiii 

1442 


9 

3 

6 
7 
9 


IS 
16.171 

161883 
162597 
163313 
164030 


460 


211600 




21 






3 






I 


166190 


46. 

462 
463 

s 

467 
468 

469 


312521 
213444 
214369 
aiSS96 
216225 
217156 
218089 
219024 
2.9961 


97972181 
9S611123 
99252847 
99897344 
.00544625 
101194695 
101847563 
.02503232 


i 


4709 
4942 
S174 

S407 
5639 
5870 
6102 

nil 


7.7250 
7.7306 
7.7363 
7.7418 
7.7473 
7.75»9 
7.7584 
7.7639 




16920 
16450 

15983 
15517 
15054 
14592 
14133 
13675 


1448 
1451 

1454 
1457 
146a 
1464 
1467 
.470 


3 
6 
7 
8 

3 


.66914 
167639 
168365 
.69093 
.69823 
.70554 
.71287 
.72021 


470 


220900 


103833000 


21 


6795 


7.7750 




12766 


.476 






47> 

473 
474 
475 
476 
477 
478" 
479 


22.841 
223784 
223729 
224G76 
225625 
226576 
227529 
22S484 


1044871" 
.05.54048 
1058238.7 
.06496424 
10717187s 
.07850.76 
10853.333 
.09215352 


i 


7025 

7486 
7715 

8174 

i 


7.780s 
7.7860 
7.791S 
7.7970 
7-8015 
7.8079 

7.8243 




1.417 
10971 
10526 
.0084 
09644 

SSI 


1479 
1482 
i486 
1489 
1492 
1495 
.498 
.50. 


7 
8 

3 
4 

5 
« 


174234 
174974 
175716 
176460 
.77205 
177952 
.78701 
179451 
180203 


480 


230400 


.10592000 


31 


qo8a 


7.8297 




08333 


1^08 





180956 


481 
4S2 
483 
484 

489 


23.36. 
231324 
233289 
234256 
235225 
236.96 
237169 
238144 
23912. 


.1I28464I 
...980.68 
112678587 
113379904 
..4084125 
114791256 
11550.303 
116214272 
116930169 


ii 


9317 

9545 
9773 
0000 
0337 
0454 
068. 
0907 


7.8352 
7.8406 
7.8460 
7.8514 
]:'£ 

7.8676 
7.8730 
7.8784 


2 


07900 
07469 
07039 
066.2 
06186 
05761 
05339 
04918 


1511 
iS'4 

IS17 
.520 
1523 
1526 
1530 
1533 


3 

4 
5 
8 


1817.. 
182467 
.S3225 
183984 
184745 
185508 
.86272 
187038 
187805 


490 


340.00 


1.7649000 


22 




7.8837 










188574 
189345 
.90.17 
190890 
191665 
192442 
193221 
194000 
194782 
195565 


491 

492 
493 
494. 

497 
49S 
499 


241081 
242064 
243049 
344036 

IXi 

248004 
249001 


118370771 
119095488 
119823157 
120553784 
121287375 
122023936 
121763473 
123505992 
124251499 


21 


2036 
2261 
2486 
3711 
2935 
3 J 59 
138t 


7,8891 
7.8944 
7.8998 
7.9051 
7.91*5 
7.9158 
7.9211 
7.9264 
7.9317 


I 


03666 
03251 
02840 
02429 

016.3 

00803 
00401 


1S4I 

'551 
1S5S 

1558 
156. 
1564 
1567 


S 
7 
8 
9 

4 
S 


SOO 


250000 




22 


3607 


7.9370 






1570 


8 


196350 



(8 Homben (501 to SS")' Squares, Cubes, Square Roots, Cube Roots, 
Reciprocals, Circumferences and Circular Areas 



N 


H' 


H' 


V. 


•t^ 


T 


*H 


«£ 


SO? 
502 
S03 

IS 
IS 


JSiooi 
252004 
2S3009 
354016 

IS 

^59081 


i2S75'Soi 
126506008 
127263527 
1.8024064 
12878762s 
129554216 
130323843 
131096512 
13 1872 2 29 


"l 


3830 
4054 
4277 

4499 
4722 
4944 
5167 

S?2 


7-9433 
7.9476 
7.9528 
7.9581 

7 .9739 
7-9791 
7.9843 




9960. 

98413 
98020 
97629 

97»39 


1573 
1577 
1580 
1583 
1586 
1589 
1592 
1595 


9 

4 
5 

8 

9 


197136 
■97923 
198713 
199504 

201886 
202683 
202482 




260100 


1326510^. 


2Z 


5832 


7-9896 




96078 


i6oi 


2 


204182 


S" 

■513 

1:1 

5'7 
S18 
519 


261121 
262144 
363169 
364196 

267289 
2683114 
269361 


133432831 
1342177*8 
135005697 
135796744 
137388096 
138188413 
138991832 


ii 


6053 
6274 
649s 
6716 
6936 
7156 
7376 


7-9948 
8.0000 
8.0052 
8.0104 
8.0156 
8.020a 
8.0260 
8.0311 
8.0363 




95695 

953' 2 
94932 
94553 
94175 
93798 
93424 
93050 
92678 


161 1 
1614 

1617 
1621 
1624 
16*7 
1630 


4 
5 
6 
8 
9 

3 

5 


205084 
205887 
206692 
207499 
208307 
209117 
209928 

310741 
211556 




270400 


140608000 


22 


8035 


8.0415 




92308 


1633 


6 




S2I 
5*3 

523 

SIS 
S25 
5»7 
S"8 
529 


271441 
272484 
373529 
274576 
175625 
276676 
277729 
278784 
279841 


.42236648 
143055667 
143877824 
144 703 1 25 
145531576 
146363183 
147197952 
148035889 


23 


8254 
8692 

Sg.o 
9129 
9347 
956s 
9783 


8.0466 
8,0517 
8.0569 
8.0620 
8.0671 
8.0723 
8.0774 
8.082s 
8.0876 




91939 
91571 
91205 
90840 
90476 
90114 
89753 
89394 
89016 


1636 
1639 
1643 
1646 
1649 
1652 
1655 
.658 
1661 


8 
9 

3 
5 

6 
8 
9 


214008 
2148*9 
215651 
216475 
217301 
218128 
218955 
219787 


530 


280900 


148877^0 




0217 


8,0927 




S8679 


1665 




220618 


531 
532 
533 
S34 
S3S 
536 
537 
S38 


281961 
283024 
284089 

387296 
288369 
289444 


149721291 
150568768 
151419437 
152273304 
153130375 
153990656 
154854153 
155720872 
156590819 


23 


0434 
0868 
.084 
1301 
1517 
1733 

X 


8,0978 
8.1028 
8.1079 
8,1130 
S.iiSo 
8.1231 
3.1281 
8.1332 
8.1382 




88324 
87970 
87617 
87266 
86916 
86567 
86320 
85874 
85529 


1668 
1671 
1674 
1677 
i63o 
1683 
1687 
1690 
l6q3 


3 
5 
6 
8 
9 


2231*3 
223961 
224801 
335642 
326484 
227329 


HO 


291600 


157464000 




2371 


8.1433 




85.85 


l6q6 


5 


229022 


541 
542 
543 
544 

SI 

547 
543 
■;4q 


292681 
293764 
294849 
295936 
297025 
298116 
299209 
300304 
301401 


158340421 
159220088 
160103007 
160989181 
161878625 
16)771336 
163667323 
164566592 
165469149 


23 
23 
23 
23 
23 
23 
23 
23 

21 


2594 
2809 
3024 
3238 

3880 
4094 
4307 


8.1483 
8. I 533 
8.1583 
8.1633 
8.1683 
8.1733 
8.1783 




84843 
84502 
84162 
83824 
83486 
83150 
83815 
82482 
8*149 


1699 

1702 
1705 
1709 
1712 
I7I5 
1718 


6 
7 
9 

3 

5 
6 
7 


229871 
23072a 
231574 
232428 
233383 
234140 
234998 


S50 


302500 


166375000 


23 


45*1 


8.1932 




81818 


1727 


9 


237583 



Vninbers (551 to 600), Sqiiarvs, CnbeB, Square Roots, Cube Roots, 2H 
Reciprocals, Ciicumferences and Circular Areas 



N 


IC 


B' 


Vs 


■i^9 


T 


vS 


^ 


551 
S5i 
553 
554 

IS 
SI 


303601 
304704 
305809 
306916 
30802s 
309136 
310249 
311364 
31*481 


167284151 
16S196608 
169112377 
170031464 
170953875 
171879616 
172808693 
1 7374" 12 
174676879 


23 
33 
23 

23 

23 
23 
23 
23 


4734 
4947 
S160 
5372 
SS84 
5797 
6008 
6220 
6aw 


3 
8 
3 
8 
8 
8 
8 
S 


.982 

^; 

2329 
2278 
3327 
2377 


I. 81488 

1.79856 

T. 79533 

I. 79211 

..7889. 


1731 
1734 
1737 
1740 

:;g 

1749 

1753 
.756 


3 

6 

7 
9 


238448 
239314 
240183 
241051 
341922 
24279s 
243669 
244545 

24S422 


SBO 


M^^ 


iJSSi&^o 




6641 


8 


2426 










56. 
56= 
S63 


3147" 

iia 

318096 
319225 
320356 
321489 
322624 
333761 


17655848. 
177504328 
178453547 
179406144 
18036212s 
T8.321496 
i82:,84263 
183250432 
184220009 


23 
23 
23 
23 
53 
23 
23 
23 
23 


7276 
7487 
7697 
7908 
S118 
8328 


8 
8 
8 
8 
8 

8 
8 


2475 
2524 
2573 

2670 
2719 
2768 
2816 
2865 


1.783S3 
1.77936 
1.77620 
I. 7 7305 

l',Z. 

1.76367 
1.76056 

I 75747 


1762 

1771 
I77S 
1778 
1 781 


6 
7 
9 

3 
4 
6 


347181 
248063 
248947 
249832 
250719 
251607 
252497 
253388 
254281 


S70 


324900 


185193000 


23 


8747 


8 


2913 


1.75439 


1790 




255176 


571 
572 
573 
574 

Hi 

S77 
5?8 


326041 
327184 
328329 
3*9476 
330635 
331776 
332929 
334084 


186169411 
187149248 
18813251; 
1891.9224 
19010937s 
191102976 
192100033 
193100552 


23 
23 
23 
23 
23 
24 


8956 
9165 
9374 
9583 
9792 
0000 

0203 

0416 
0624 


8 

8 
8 
8 
8 
8 
8 


2962 
3010 
3059 
3107 
3155 
3203 

3251 
3300 
1148 


1.75131 
1.7482s 
1.74520 
1.74316 
I. 73913 
1.73611 
1.73310 
1. 73010 


1793 

1809 

181 2 


9 

3 
4 
6 

8 


256072 

258770 
2614S2 


s*. 


336400 


I9S1I2000 




0832 


a 


3396 


1.72414 


1822 


1 


264208 


582 
S83 

SS4 
S8S 
S86 

s 

58<» 


337561 
338724 
339889 
341056 
342225 
343396 
344569 
345744 
3469*1 


196122941 
197137368 
198155287 
199176704 
201230056 
302262003 
203297472 
20433546(» 


24 
24 
24 

24 

24 
24 


1039 
1147 
1454 
1661 
1B68 
2074 
2281 
2487 
2693 


8 
8 
8 
8 
8 
3 
3 


3443 
3491 
3539 
3587 

3730 


1.72117 
1.71821 
1. 71527 
1.71233 
1.70940 
1.70649 
1.70358 
1.70068 
1.69779 


1825 
1828 
1831 
.834 
1S37 
1841 
1844 

1847 
1850 


3 
6 
7 
8 

3 
4 


266033 
266948 

268783 

269'7oi 
270624 
271547 
272471 


590 


,48100 




24 


2899 


8 


1872 


1.69492 


1853 


S 




S9I 

593 
594 

III 

599 


349281 
350464 
351649 
352836 
354025 
355^15 
356409 
357604 
358801 


i0642S07i 
107474688 
208527857 
209584584 
210644875 
211708736 
212776173 
213847192 
214921799 


24 
24 
24 
24 

24 


3105 
3721 

39*5 
4131 
4336 
4540 


8 
8 
8 
8 

8 
8 
8 


39'9 
3967 
4014 
406. 
4108 
4IS5 

4249 
4296 


1.67785 
1.67504 

1.66945 


1856 
1859 
1863 
1866 
1869 
1872 

187s 
1878 
.881 


I 

3 
4 
5 
8 


274325 

IS 

27T1I7 
"sgK 

281802 


600 


360000 


216000000 


24 


4949 


8 


4343 


1.66667 


1885 


° 


282743 



) NnmberB (tioi to $5^), Squares, CnbM, Sqiure ftoota, Cnbe ftoola, 
Rsc^rocals, Circumferences end Ciiciiler Arees 



M 


M* 


H' 


vs 


■ys 


i^ 


wH 


"■ 1 


6ot 
602 
60J 

604 

13 

607 
60S 
6oq 


36.201 
361404 

363609 
364B16 

367236 
368449 
369664 
3708S. 


217081801 
2 18.67 208 
219236227 
220348864 
22144512s 
222545016 
123648543 


24.5153 

M.53S7 
24-5561 
845764 
24.3967 
24-6171 
24.6374 
24.6577 


8 
8 
S 

8 

8 
8 
8 

8 


4390 

4530 
4623 
4670 
4716 

476,1 




66389 
661.3 

65837 
63363 
65289 
65017 
64743 
64474 
64204 


1888. I 
189.. 2 
1894-4 

1897. 5 
1900.7 
1903-8 
1907.0 

1910. 1 


283687 
284631 
28557S 
286536 

'^A 

189379 
290333 

291289 




610 


372100 


22698i»>o 


24.6983 


8 


4809 




639,14 


1916.4 


292247 




611 
612 
613 
614 
615 
6.6 
617 
61S 
6,q 


373311 
374S44 
375769 
376996 
37822s 
379456 
380689 
381924 


228099.31 
2292 2092 S 
230346397 
23I47SS44 
232608375 
233744896 
234883113 
236029032 


24.7184 
24.7386 
24.7588 
24.7790 
24.7992 
24.8193 

24^8596 


8 
8 
8 
8 
8 
S 
8 
8 
8 


4856 
4902 
4948 
4994 
5040 
5086 
5132 
S178 




63666 
63399 
63132 
62S66 
62602 
63338 
62075 
61812 
6.55. 


1919-5 
■922.7 
1925.8 
1928-9 
1933-1 
1935-2 
'938-4 
.941-5 


293206 
294166 
295128 
296o9« 
297057 
298024 
29899* 
299962 




630 


384400 


238328000 


24-8998 


8 


5270 




61290 


.947 8 


301907 




6ii 
623 
613 
5S4 

63S 
6., 


38564. 
386884 
388 I J9 
389376 

391S76 
393 t 29 
394384 


239483061 
240641848 
241804367 
242970624 
244.40625 
245314376 
246491S83 
247673152 
248858.89 


24.9199 
»4-9399 
24.9600 
24.9800 
25.0000 
25.0200 

25(0400 

25-0599 
25 .0799 


8 
8 
8 

8 
8 
8 
8 
8 
8 


5316 
S362 

5408 
5453 
5499 
5544 

1^ 




61031 
60772 
605.4 
60256 
60000 
59744 
59490 
59*36 
^8q33 


1950-9 
1954 -. 
1957 -I 
1960.4 

i^^:l 
1969.8 
1972.9 

1976.. 


302882 

Si 

307779 
308763 

309748 




6.M 


396900 


350047000 


25.0998 


5726 




^87.10 


1979.2 


3.1725 




63. 
63. 
633 
634 

III 

637 
638 
6jq 


398161 
399424 
400689 
40.956 
403225 
404496 
405769 
407044 
40832c 


aSi23959' 
252435968 
253636137 
254840104 
236047875 
257259456 
258474853 
259694072 


25.1396 
25-1595 
25-1794 
25.1992 
25.2190 
23.2389 
25.2587 
25.2784 


8 
3 
8 
8 
8 
8 
8 


5772 
5817 
5862 
5907 
5952 
5997 
6043 
6oS3 
6.^2 




58479 
58228 
37978 
37729 
57480 
57233 
55986 
56740 
56495 


1982.4 

1991-8 

2004.3 


3.271S 
313707 

314700 
315695 
316692 
317690 
3.8690 
3.9692 
320695 




640 


409600 


262144000 


25.3983 


Ji 


6177 






2010.6 


3S.699 




541 
64. 
843 
644 
SI 

647 
648 

6« 


410881 
4.2164 
413449 

414736 
4.6025 
4173 16 
418609 
419904 
421 301 


2646^288 
265847707 

269386136 

270840023 
272097792 
273359449 


25.3180 
2S-3377 
23-3574 
23-3772 
25-3969 
25.4165 
25.4362 
25-4558 
25-47.5.5 


8 

f 

8 
8 
8 
8 
8 
8 


6222 
6267 
6312 
6357 
6401 
6446 
6490 
6535 
6579 




56006 
55763 
53531 
53280 
55039 
54799 
54360 
5432. 
540S3 


2020.0 

3023 . 2 
2026.3 
2039-3 
2032.6 

203s .8 
2038-9 


322705 
323713 

324732 
335733 
32674s 
327759 
3*8775 
329792 
330810 




650 


422500 


374625000 


25-4931 


8 


6624 




33846 


■.30ta.<l^ 


. 331831 





ITiim1>a^ (651 to 700), Sqnoies, Cn1>eB, Square Roots, Cuba Roots, 261 
Reciprocals, Circumferences and Circular Areas 



H 


H- 


M* 


V, 


</« 


lOOO 

IT 


«n 






65 i 

6S» 
653 
654 
6SS 
656 
657 
658 
6<it» 


4^3801 
426409 

4277'6 
439025 
430336 
431649 
432964 
434281 


i77i678o8 
278445077 
279726264 

282300416 
286191179 


25 

25 

25 

25 

25 

25 
25 

35 

2S 


su; 

5343 
5539 
S734 

6320 
6515 
6710 


8.6668 
8.6713 
8.6757 
8.68or 
8. 684s 
8.6890 
8.6934 
8.6978 


t. 53610 

I. 533 74 
1 .53139 
1.53905 
1,52672 
1 .52439 
'.52207 
'.5'976 
1.51745 


2051 

30S4 


9 

1 


332853 

333876 
334901 
33S9»7 
336955 
337985 
339016 
340049 
341084 




660 




287496000 




WOl 


8.7066 




2071 


S 






661 
662 
663 
664 

667 

668 
66, 


436931 
438144 
439569 
440896 

443556 
444889 
446224 


288804781 
290117528 
291434347 
292754944 

296740963 
298077632 

299418309 


25 

35 
25 

25 
3S 
25 

25 

35 


7099 
7294 

7488 
7682 
7876 
8070 
8263 

84S7 
8650 


8.7198 
8.7241 
8,7185 
8.7329 
8 7373 
8.74'6 
8.7460 


1.S1286 
i-S'os? 
1 .50830 
1.50602 
1.50376 
1.50150 
'.49935 
1.49701 


2076 

2079 
1082 
20E6 
10S9 
2092 

2098 


6 
7 
9 

3 

j 


343' 57 
344196 
345237 
346279 
347333 
348368 
34941S 
350464 




6,0 


448900 


300763000 


25 


8844 


8.7503 


1.49354 


2104 


9 


352565 




6„ 
672 
673 
674 

i;i 
677 
67S 

6;, 


450241 
45' 584 
4529*'9 
454276 

456976 


302111711 
303464448 
304821217 
306182024 

3075468JS 
308915776 
310288733 
313046839 


25 
2S 
3S 
25 
25 
26 
16 
26 
2fi 


9037 
9230 
9422 

0S76 


8.7S47 
8.7590 
8.7634 
8.7677 
8.7721 
8.7764 
8.7807 
8.7850 
8-7893 


1-4903' 
1.48810 
1 .48588 
1.48368 
1 ,48i48 
I .47929 
1.47711 
1.47493 
1.4727s 


»io8 

2114 
1117 

2123 

2126 
2130 




353618 
354673 
3SS730 
356788 

l& 

3S997I 
361035 
361101 




680 


462400 


314433000 


26 


0768 


8.79.17 


1 .47059 


21,6 


^ 


.163168 




681 
682 
683 
684 
6Ss 
686 
687 
688 
689 


463761 

465124 
466489 
467856 
469225 
470596 
471969 

473344 


315821241 

3I72I4568 
3I86II987 
320013504 

332828856 
324142703 
325660672 

327082769 


26 
26 
36 
26 
26 
26 
26 
16 
26 


0960 

"SI 

'343 
'534 

1916 
2107 

It 


8-7980 
8.8023 
8.8066 
8.8109 
S.81S2 
8.8194 
8.8137 
8.8180 
8.8323 


1.46843 
1. 46628 
1,46413 
1-46199 
1 .45985 
1 .45773 
1.45560 
1 .45349 _ 


2139 
2142 
2145 
2148 
2151 
1155 

:;s 

2164 


3 

t 


364237 
367453 

&l 

370684 
371764 




•90 


476100 




26 


2679 


8.8366 


1.44928 


2lfi7 








69, 
69. 
69J 

s* 

69s 

696 

1 


480549 
481636 
483025 
484416 
485809 
487204 
488601 


329939371 
331373888 
332812557 
334255384 
335702375 
337153536 
338608873 
340068392 
34153^099 


26 
26 
16 
26 
26 
16 
26 
26 
26 


1869 
3059 
3249 
3439 
3629 
381S 
400S 
4197 
4186 


8.840B 
8.8451 
8.8493 
8.8536 
8.8578 
8.8621 
8.8663 
S.8706 
5.274S 


1-44718 
1.44509 
1.44300 
1.44092 
1.43^85 
1.43678 
'.43472 
1-43267 
1-43062 


2170 
2174 
2177 
2180 

3183 
2IS6 

2189 

2192 

2196 


6 
I 


375013 
376099 
377187 
378276 
379367 
380459 

383740 




700 


490000 1 34300D000 


26 


4575 


8.8790 


1.41857 


2199 


-' 


38484s 





252 Numbers (701 to 750), Squares, Cubes, Square Roots, Cube Soots, 
Reciprocals, Ciicumfereaces and Circular Areas ' 



a 


H" 


!»• 


vs 


-^H 


^ 


wH 


^ 


701 
701 
703 


491401 
492804 
494209 


344472101 
345948408 
347428927 


26.4764 
26.4953 
26.5141 


8 
g 
8 


8833 
8B75 
8917 


1-42653 
1 .42450 
1,42248 


Si 


385945 
387047 
388151 


704 


495616 


348913664 
350402625 
351895816 


26.5330 
26.5518 
26.5707 


8 
8 
8 


8959 
9001 
9043 


I ,42046 
1.4.844 
1-41643 


2214 8 
2218.0 


389256 
390363 
391471 


III 

709 


499849 

SOI 264 
502681 


353393243 
354894912 
356400829 


26.6271 


8 
8 
8 


908s 
9127 
q.6., 


1-41443 

1:41243 


2224.3 


392580 
393693 

39480s 


710 






26.6458 


8 


9211 


1.4084s 






7ir 
712 
713 


5055=1 
506944 
S08369 


35942543' 
362467097 


26.5646 
26.6833 


8 
8 

a 


9253 
9295 

9337 


1.40647 
1,40449 
1.40253 


2240.0 


397035 
398153 
39927a 


714 


509796 
512656 


363994344 
365525875 
367061696 


26.7208 
26.7582 


8 
8 
8 


9378 
9420 
9462 


1,40056 
.,39860 
..39665 


2246 , 2 
2249,4 


400393 
40151S 
402639 


1:1 

719 


S14089 
516961 


368601813 
370146232 
371694959 


26.7769 

26.7955 
26.8142 


a 

8 
8 


9303 
9545 
9,587 


..39470 
1,39276 
1,39082 


2252.5 
2255.7 
2358,8 


403765 
404892 
406020 


730 


5 18400 


373248000 


26.8328 


8 


9628 


1,38889 


2261.9 




721 

7«! 
723 


519841 
521284 
SJ2729 


374805361 
376367048 
377933067 


26.8514 
26.8701 
26.8887 


8 
8 
8 


9670 
97" 
97SZ 


1,38696 
1 .38504 
.■38313 


2271,4 


408283 
409416 
410550 


734 

III 


524176 
525625 
527076 


379503424 
381078125 
382657176 


26.9072 
26,9238 
26.9444 


8 
8 


9794 
9835 
9875 


1,38122 
.■37931 
1.3774. 


2374 5 
2277,7 
2280,8 


411687 
4.2825 
413965 


727 


528529 
529984 


384240583 
385828352 
387420489 


26.9629 
26-981S 
27.0000 


H 
8 


9918 
9959 


1-37552 
1-37363 


2283.9 
3287-. 


:;is 


730 


532900 


389017000 


27.0.8s 


1 


0041 


1.36986 


3293,4 


418539 


731 
733 


534361 
535824 
537289 


390617891 
392223168 
393832837 


27.0370 
27 oSSS 
i7 ,0740 


9 
9 
9 


0082 


1.36426 


2296,5 
2299.7 
2302,8 


4.9686 


734 
735 
736 


538756 

IS 


395446904 


27.0924 
27,1109 
27.1293 


9 
9 
9 


0287 


1 .36240 
.. 36054 
.■35870 


2305,9 
2309,1 
2312,2 


42313a 
424293 
425448 


737 
738 


543169 
544644 
546121 


400315553 
401947372 
403583419 


27.1477 
27.1662 
27.1846 


9 
9 


0328 
0369 


1-35685 
I .35501 
I -35318 


231S-4 

2318,5 


426604 
427763 
428922 


740 


547600 


405224000 


27,2029 


9 


0450 


1 35135 


2324,8 


4300S4 


741 
742 
743 


549081 
550564 
55 2049 


406869021 
408518488 
410172407 


27.2213 
27,3397 
27-2580 


9 
9 
9 


0491 
0532 
0572 


.■34953 
1.34771 
1 34590 


2327-9 
233.. I 
2334-2 


431247 

4324" 
433578 


744 
745 
746 


553536 

lis 


411830784 


27,2764 
27.2947 
37.3130 


9 
9 

9 


0613 
0654 
0694 


I 34409 
1.34238 
I -34048 


2337-3 

3340. 5 
2343.6 


434746 

435916 
437087 


747 SS8009 

748 SS9S04 

749 561001 


416832723 
418508993 
420189749 


27.3313 
37.3496 
27.3679 


9 
9 
9 


0735 


1.33869 
1 .33690 
I-.335.1 


2346,8 
3349.9 

2,3.53-1 


438259 
439433 
440609 


750 562500 


421875000 


27,3861 


9 


0S56 


1-33333 


2356. » 


44.786 



Numbers {751 to Soo), Squares, Cubes, Square Koots, Cube Roots, 263 
' Reciprocals, Circumferences and Circular Areas 



H 


H' 


H' 


vs 


</s 


r 


ml 


221 

4 


75' 

7S2 
753 
754 
7SS 
7S6 

"^ 
7S8 
759 


564001 
565504 
567009 
568516 
57002s 
571536 
573049 
574564 
576081 


423564751 
425259008 
426957777 
42S661064 
43036887s 
43208.216 

433798093 
435519512 
437245479 


27.4408 
27.4591 

27-4773 
27-4955 
27-5136 
*7.S3t8 
27.5500 


9 
9 
9 
9 
9 
9 
9 
9 
t 


0896 
0937 
0977 
.017 
IOS7 
.098 
1.38 
1178 
13.8 




33156 
32979 
32802 
32626 
32450 
32275 
32100 
31926 
31752 


i 

2368 
2371 
2375 
2378 
238. 
2184 


3 

1 

8 
9 

3 

5 


442965 
444146 

445328 

44888^ 
450072 
451263 
452453 


760 




438976000 


27.568! 


9 


12S8 


1 




2187 


6 


453646 


1 

764 
765 
766 

III 

760 


579"> 

586756 

S8S|39 
589824 
59'36i 


440711081 
442450728 
444194947 
445943744 
447697125 
449455096 
451*17663 
452984832 
454756609 


27.5862 
27-6043 
27.6235 

27;6586 
27.6767 
37.6948 
27.7.28 
17.7308 


9 
9 
9 
9 
9 
9 
9 
9 
9 


1298 
1338 
1378 

1458 
1498 
1537 
1577 
16.7 




31406 
31234 
31062 
30899 
30719 
30548 
30378 
30208, 
.10039 


2390 
2393 
23?7 
2400 
2403 

2409 

2415 


8 
9 

3 
5 
6 

9 


454841 
456037 
4S7»34 
458434 

s; 

462042 
463247 
464454 


770 


592900 


456533000 


37.7489 


9 


ib'!7 




29S70 


2419 




465663 


77 1 
771 
773 
774 

V4 
777 
778 
779 


594441 
595984 
597529 

600625 
602176 
603729 


458314011 

46.8899.7 
463684824 
■'^5484375 
467288576 

469097433 
47<i9 10952 


37.7669 
27.7849 
27.8029 

11.8.^ 
27.8568 
27.8747 
27.8927 
27.9106 


9 
9 
9 
9 
9 
9 
9 
9 


.696 
1736 
1775 

l%l 

1894 
1933 
1973 




39703 
29366 
29199 
29032 
38866 
28700 
28535 
28170 


2422 
3435 
3438 
2431 
2434 
2437 
3441 
2444 
2447 


3 
5 
6 
7 
9 


469298 
470513 
47.730 
472948 
474168 
475389 
476613 


78« 


608400 


474553000 


27.9285 


9 


20S2 




28205 


2450 




477836 


7«. 
782 
783 
7S4 

;ii 

787 
788 

78q 


609961 

611524 

6.30S9 
6.4656 

616225 
617796 
619369 
630944 
622521 


476379541 
47831 1768 

48.890304 
483736625 
485587656 
487443403 
489303872 
491 169069 


27.9464 
27.9643 
^7,9821 
28.0000 
28.0179 
28.0357 
28.0535 


9 
9 
9 
9 
9 
9 
9 
9 
9 


3091 
2130 
2.JO 
3209 
2248 

828; 
2326 
2365 
2404 




2804. 
»7877 
277.4 
27551 

27065 
=6904 
26743 


2453 
2456 
2459 
2463 
2466 
2469 
2472 

2478 


6 
7 
9 

3 

4 
6 

7 


479062 
480290 
481519 
482750 
483983 
485316 


790 


624100 




28 . 1069 


9 


2443 


, 


26582 


248. 




490167 


79' 
792 
793 
794 

;?i 

797 
798 
799 


625681 
627264 
628849 
630436 
632035 
633616 
635209 
636804 
638401 


49491367 I 
496793088 
498677*57 
500566184 
502459875 
504358336 
50626.573 
508169592 
SI0082399 


28.1247 
28.142s 
28 . 1603 
28.1780 
28.1957 
28.2.35 
28.2312 


9 
9 
9 
9 
9 
9 
9 
9 

9 


24S2 
3521 
3560 

*S99 
2638 
2677 
2716 
2754 
2791 




26422 
26263 
26103 
25945 
35786 
35628 
25471 

IWi 


2485 
2488 
2491 
2494 
2497 
2500 

2503 
2507 


3 
4 
6 
7 
8 


491409 
493652 
493897 
495143 
496391 
497641 
498S92 
500145 
501399 


800 


640000 




28.2843 


9 


2833 




25000 


2513 


3 


502655 



54 Numbers (8oi to 850)1 Squares, Cubes, Square Roots, Cube Roots, 
Reciprocals, Ciicumferences and CircnUr Areas 



H 


H" 


N> 


vs 


-cs 


T 


" 


—^ 


801 
802 
803 

809 


641601 
643204 
644809 
646416 
64802s 
649636 
651249 
652864 
654481 


515849608 
517781627 
S19718464 
521660125 
523606616 
SaSSS7943 
5275141" 


28 
28 

28 

28 

33 

»a 
28 


3019 
3196 
3373 
3549 
3725 
3901 
4077 
4»53 


9 

9 
9 
9 
9 
9 
9 
9 


2870 
2909 
2948 
2986 
3025 
3063 
3103 
3140 


1-24533 
1.34378 
1.24224 
I. 14069 
1.23916 
1.23762 
1.23609 


2516 
2519 
2522 
2525 
3529 

253* 
2535 
2538 


t 

7 
8 

3 


503912 
505171 
50643a 
507694 
50S958 
S10223 
S1149* 
512758 
5 14028 


Sio 


656100 


531441000 


28 


4605 






1.23457 








8u 
812 
«I3 

fw 

815 
816 
817 
818 
81, 


6577^1 
659344 
660969 
662596 
664*25 
665856 
667489 
669124 
670761 


53341 I 73 I 
S353873»8 
537367797 
539353144 
54134337s 
543338496 
545338513 
547343432 


28 

3S 
38 
38 

28 
38 
28 
28 
28 


4781 
4956 
5132 
5307 
5482 
5657 

6^7 


9 
9 
9 
9 
9 
9 
9 
9 


3255 
3294 
3333 
3370 
3408 
3447 
348s 
3523 
T;6i 


1.1330S 
i.23'53 

1.32850 
1,32699 

1-32549 

1.33399 

1.32249 


2547 
2551 
2554 
2557 
2560 
2563 
2566 
2569 
2573 


8 

3 

5 
7 
8 


f:5S 

5191 24 

520403 
521681 
522962 
524245 


810 


672400 


SS1368000 


23 


6,s6 


<t 


3599 




2576 


I 


S28,o, 


822 

8>3 
824 
82s 
826 
827 
828 


674041 
675684 
677329 

682276 

683929 
685584 
687241 


553387661 
S554I3248 
557441767 
559476224 
561515625 
563559976 
563609283 
567663552 
569722789 


28 

23 

28 

i 

28 


6531 
6705 
6330 
7054 
7228 
7402 
7576 
7750 
7924 


9 
9 
9 
9 
9 
9 
9 
9 
1 


3637 
367s 
3713 
37Sr 
37S9 
3827 
3865 
3902 
3940 


1.21803 

i.iiess 
1.31507 
1.21359 
1.21065 
1.30919 
1.20773 


2585 
2588 
2591 
2595 

2604 


4 

5 
8 


531973 
533267 
534562 
535858 

539758 


8l» 


688900 


57.787000 


28 


8097 


9 


W78 


1.20482 


2607 


■^ 


541061 


III 
833 

8W 


690561 
693224 
693889 
695556 
697225 
698896 
700569 
702244 


573856:91 
575930368 
578009537 

584277056 
586376253 
58848047* 


23 
33 

38 
28 

23 

28 

38 

28 
28 


17^ 

8617 

896J 
9137 
9310 
9482 

q65S 


9 
9 
9 
9 
9 
9 
9 
9 


4053 
4091 

i\U 

4204 
4241 
4279 
41>6 


I.20337 

V.l^ 

1.19904 
I. 19760 
1.19617 
I. 194 74 
1.19332 
1.19189 


2610 
2613 
3616 
2620 

2639 
2633 
26^5 


7 
8 
9 

4 
5 
7 
8 


542365 
543671 
544979 
546*88 

547599 
548912 

551541 
552858 


S40 


705600 


592704000 


23 


0838 





4354 


I. 19048 


26^8 


9 


554177 


841 
842 
843 
844 

847 
848 


707381 

708964 

710649 
712336 
71402s 

7iS7'6 
717409 
7 19 104 
730801 


594823321 
596947688 
599077107 
601211584 
603351135 
605495736 
607645423 
611960049 


29 

»9 
29 
29 
29 
39 
29 


0172 
0345 

^89 

1031 
1204 
H76 


9 
9 
9 
9 
9 
9 
9 
9 


4391 

Sel 

4503 
4541 
4578 
4615 
4652 
4690 


I. 18906 
1-18765 
1.18634 

T. 18483 
1.18343 
I. 18203 
1. 18064 
1.17925 
...778g 


2642 

3^:1 
365. 
2654 
2657 
2660 
3664 
2667 


4 

1 

9 


555497 
556819 
558142 
559467 
560794 
S6ji2J 

564783 
S66116 


850 


723500 


614125000 


39 


1548 


9 


4727 


1.17647 


2670 


4 


567450 



Ifnmben (851 to 900), Squares, Cubes, Sqnore Roots, Cttbe Kools, 266 
Reciprocals, ClrciimferencM and Circular Areaa 



N 


IP 


II' 


vs 


-«yB 


•»« 


«M 


4 


8S3 
854 
85s 
8S6 
8S7 
8s8 

8sq 


7=4Joi 
725904 
727609 
729316 
73102s 
733736 
734449 
736164 
737881 


616295051 
61S470208 
620650477 
622835864 
625026375 
.627322016 
629422793 

63 162871 s 

633839779 


29 
29 
29 
29 
29 

29 

29 
29 
29 


1719 

'^. 

2233 
2404 

2575 
,746 
2916 
1087 


9 
9 
9 

9 
9 

9 
9 
9 
9 


4764 
4801 
4838 
487s 
4912 
4949 
4986 
5023 
5060 


1-17509 
1. 17371 
1. 1 7233 
1.17096 

t. 16686 
1.16550 
1..6414 


"673 
1676 
.6,9 
16S2 
2686 
2689 

26»2 

Si 


1 
8 
9 

1 


568786 
570124 
S71463 
572803 
574146 
57S490 

& 

S79S30 


S60 




6360^600^ 




12,8 






' 16279 




8 


_58o88o 


861 
86z 
863 
864 
86s 
866 

IS 

86q 


741321 
743044 
744769 
746496 
74822s 
749936 
731689 
753424 
7SSi6i 


638277381 
640503928 
642735647 
644972544 
647214625 
649461896 
651714363 
653972032 
656234909 


29 
29 

29 

29 
29 
29 

29 

29 

29 


3428 
3598 
3769 

3939 
4109 
4279 
4449 
4618 
4788 


9 

9 
9 
9 
9 
9 
9 
9 
9 


5134 
S'7i 
5207 
5244 
5281 
5317 
5354 
5391 


1-15875 

1.15607 
1-15473 
'- 15340 
1.15207 

1.IS07S 


271 1 
2714 
2717 
2720 

mi 

2730 


9 

3 

5 
6 
8 
9 


582332 
S8358S 
584940 
586297 
5876SS 
589014 
59037s 
591738 
S93102 


S70 


756900 


658S03000 




49^8 




■;464 






2 




871 
871 
873 

877 
878 
879 


760384 
762129 
763876 

?& 
769129 
770884 
772641 


660J763I1 

667627624 
669921875 
672221376 
674526133 
676836152 
679'5U39 


29 
29 
29 
29 
29 
39 
39 
29 


B 

563s 
5804 
5973 
6142 
6311 
647a 


9 
9 
9 
9 
9 
9 
9 
9 


S501 
5537 
SS74 

ii° 

5683 

57'9 
5756 


1.14811 
1.14679 
1.14548 
1.14416 
1.14286 
i-'4i5S 
1.1402s 


*736 
2739 
2742 

2748 
2752 
2755 
2758 
2761 


3 

1 

8 

9 

3 


595835 
597204 
598575 

602696 
604073 

606831 


S80 


774400 


6Si472c«o 


29 


6648 


9 


5828 


I.. 3636 


2764 


6 


608211 


S81 
882 

883 
884 

s 
887 

!8» 


776161 
777924 
779689 
78l4S6 


6B3797841 
6S612S968 
688465387 
690807104 
693154125 
695506456 
697864103 
700227072 


29 

29 
29 
29 

29 

29 
29 
29 


6816 
6985 
7153 
7321 

?gi 
782s 
7993 
8161 


9 
9 
9 
9 
9 
9 
9 
9 


586s 
5901 
5937 

'ill 
6046 
6082 
61 18 


1.13507 
1.13379, 

1.13250 
1. 13122 

as, 

1. 13486 


2767 
2770 
2774 
2777 
2780 
2783 
2786 
2789 


7 
9 

3 
5 

6 
7 


609595 
610980 
612366 

613754 

617927 
619321 


8», 


792100 


704969000 


29 


8129 


9 


6190 


,...360 


2796 




622114 


8,1 

8J4 
IS 

*,7 
8t,9 


793881 
795664 
797449 
799*36 
S01025 
802816 

as 

808201 


707347971 
709732288 
71212:957 
714516984 
716917375 
7193*3136 
721734273 
724150792 
726572699 


29 
29 
29 
29 
29 
29 
29 
29 

29 


8496 
8664 
883. 

ill 
9333 

9813 


9 
9 
9 
9 
9 
9 

■1 

9 


6226 
6262 
6298 
6334 
6370 
6406 
6442 
6477 

6,n 


,..I98j 
I -11857 

1.11483 

i-"359 
1.1123s 


2799 
2802 
280s 

2814 
2818 
2S21 
2824 


3 

4 

6 
7 
9 

I 


623513 
624913 
62631s 
627718 
629124 
630530 
631938 
633348 
634760 


9<*o 


810000 


729000000 


30 




9 


6549 




2827 


4 


636173 



250 Hnmben (901 to gso), SqnoreB, Cubes, Square Roots, Cube Roots, 
Reciprocals, Circnmfsreaces and Circulai Areas 



I. 


H* 


M* 


VS 


■ys 


-5- 


wM 


=2 


901 
901 
903 
904 

SI 
SI 

909 


811801 
813604 
815409 
8.72.6 
81902s 
820836 
822649 
824464 
8=6281 


731432701 
733S70808 
736314327 
738763264 
74.217625 
743677416 
746143643 
7486133.2 
75.089429 


30,0167 
30-0333 
30.0500 
30,0666 
30,0832 
30.0998 
30,1.64 
30,1330 
30.. 496 


9 
9 
9 
9 
9 
9 
9 
9 
9 


6656 
669. 

6870 


1.10988 
1.1074a 

1.10497 
1-10375 
1.10254 
1-.0132 


2830 
2840 

z 

2849 

2852 

2855 


6 
9 

3 

6 
7 


637587 
639003 
640421 
641840 
643261 
644683 
646107 
647533 
648960 


910 


8a8ioo 


753S710O0 


30.1662 





6905 


1,09890 


28^8 


8 


650388 


9" 

91a 
913 
914 
9'5 
916 

917 
918 
919 


829921 
83.744 
833569 

8^"f 
839056 
840889 
,842724 
84456. 


756058031 
7585505=8 
761048497 

768575296 
77.0952.3 
773620632 
776151559 


30.. 828 
30.1993 
30.2159 
30.2324 

loJJS 
30 . 2S20 

30.2985 


9 
9 
9 
9 
9 
9 
9 
9 


6941 
6976 
7012 

IX 

7it8 
7224 


I -09769 
1.09649 
1.09529 
1-09409 
1.09290 
1.09170 
1.09051 
1.08933 
1.08814 


2862 

286I 
287. 
2874 
2877 
2880 
2884 
2887 


3 
4 
6 
7 
8 


651818 

656118 
657555 
658993 
660433 
661874 
663317 


gjo 


846400 


77S6S8000 


30.3315 


<* 


7359 


1.08696 


28qo 


^ 


664761 


921 

922 
914 
926 

928 


84824. 
850084 
851939 
853776 

857476 

is 

86,„4. 


781229961 
783777448 
786330467 
788889024 
79145312s 
794022776 
796597983 
te?j65ol9 


30.3480 
30.364s 
30.3809 

30.3974 
30.4138 
30.4302 
30.4467 
30.4631 
30.479s 


9 
9 
9 
9 
9 
9 
9 
9 


7394 
7329 
7364 
7400 
7435 
7470 
7S05 
7540 


1,08578 
1.0S460 
1.08342 

;:S 

1.07991 
I .0787s 

I.077S9 
1.07643 


2899 

l^ 
2909 
2912 
2915 
2918 


4 
5 
7 
8 

3 


667654 
669103 

67°SS4 
573460 
674915 




864900 


804357000 


30.49S9 




7610 


1,07527 








931 

932 
933 
934 
935 
936 
937 
958 
939 


870489 
872356 
874225 
876096 
877969 
879844 ■ 

88,7" 


809557568 
812166237 
814780504 
81740037s 
820025856 
822656953 
823293672 
8279360.9 


30.5123 
30.5287 
30.5450 
30.3614 
30.5778 
30.594. 
30.6105 
30.6268 
30.64,11 


9 
9 
9 
9 
9 
9 
9 
9 
9 


7645 
7680 
7715 
7750 
778s 
7819 
7854 
7889 
7924 


..07411 
I ,07296 
.,0718. 
..07066 

::Si 

I ,06734 
..06610 
..06496 


2924 
2938 
2931 
2934 
2937 
2940 

2946 
2950 


8 

4 
5 
7 
8 


680752 

682i,6 
683680 
685147 
68661s 
688084 
689SSS 
691028 
693502 


940 


883600 


830584000 








1.06383 




. 




941 

942 
943 
944 

SI 

947 
948 
949 


885481 
887364 
889249 
891136 

894916 
896809 
898704 

90060 T 


833237621 
835896888 
83856.807 
841232384 
843908625 
846590536 
849278133 
85i97"92 


30.6757 
30.6920 
30,7083 
30.7246 
30.7409 
30.7571 
30.7734 
30.7896 
30.8058 


9 
9 

9 
9 
9 
9 
9 

9 


'^11 
8063 
8097 
8132 
8167 
8201 
8236 
8270 


1.06157 

1. 0604s 
1.05708 

I .OSS97 
I .OS48S 


2956 

2959 
=962 

llU 

2971 
3975 
2978 
2981 


4 

5 

I 

9 


gIS 

698.JJS 
699897 

7oi>to 
7oaf6s 
704. JJ' 
7OSS140 


950 


902500 


857375000 


30.8221 


9 


8305 


1.03263 


2984 


S 


708 !m 



numbers (951 to iDOo), Squares, Cubes, Sqnan Roots, Cobe Roots, 2fi7 
Reciprocals, Circumferences and Circular Areas 



s 


H» 


M' 


vs 


■yv 


•■¥ 


«H 


wH" 


951 
9S3 
953 
954 

955 
9S7 
958 
959 


904401 
906304 
90S 209 
9101 16 

913936 
915849 


860085351 

862801408 
865523117 
868250664 

87098387s 

8737228.6 
876467493 
879217913 
881974079 


30-8383 
30-8545 
30,8707 

30.8869 

30.9031 
30.9192 
30.9354 
30.9516 
30.9677 


9 
9 
9 
9 
9 
9 
9 
9 
9 


8339 

8443 
8477 
85.1 
8546 




05152 
05042 
04932 
04822 

04603 
04493 
04384 
04275 


2987 
2990 
3993 
3997 
3000 
3003 
3006 
3009 
3012 


I 

9 

S 
6 
8 


713306 
714803 
716303 
71780* 
719306 
7208,0 
7223.6 


q6o 


9=.fioo 


884736000 


30.9839 





8648 


T 




,101s 


9 


723823 


96. 
961 

964 

<.69 


9235=' 
935444 
9=7369 
939296 

93"a5 
933156 
935089 
937024 
938961 


887503681 
890277128 
893056347 
895841344 
898632125 
901428696 
904231063 
907039233 
909853209 


31.0000 

31 .0161 

31.0322 
31-0483 
31-0644 
31 -080s 
31-0966 

3I.II27 

31.. 288 


9 
9 
9 
9 
9 
9 
9 
9 
9 


8683 
8717 
8751 
878s 
8819 

S8S4 

8922 
8P56 




04058 
03950 
03842 
03734 
03637 
03520 
03413 
03306 
03199 


3019 
3023 
3025 
3028 
3031 
3034 
3037 
3041 
3044 


S 
6 
8 
9 


7*5332 
726843 
728354 
739867 
731383 
732899 
734417 
735937 
7374.58 


970 


940900 


9.2673000 


31-1448 


<» 


Sqqo 


1 


03093 


3047 


3 


73898. 


971 
972 
973 
974 

Hi 

977 
97S 
979 


943841 
944784 
946729 
948676 
950625 
952570 
9545*9 
956484 
958441 


9.8330048 
92I1673I7 
9240.0424 
926859375 
929714176 
93*574833 
935441352 
938313739 


3.-1609 

31,1769 
3.. .929 
31.3090 
31-3250 
31.3410 
31.2570 
31.2730 
31-2890 


9 
9 
9 
9 
9 
9 
9 
9 
9 


9024 
9058 
9092 

9136 
9160 
9194 
9337 
9261 
929^ 




0277s 
02669 
02564 

o«4S9 
023S4 

03349 

02.4s 


3050 
3053 
3036 

3066 
3069 

307= 
.3075 


1 

8 
9 

3 
5 
6 


740506 
742032 

743559 

746619 
748151 
74968s 

7S133I 


«8o 


960400 








9129 








8 


754396 


98. 
9«> 
9»3 
984 

% 

987 
988 

98q 


96236. 
964324 
966289 
968256 
970225 
973196 
974169 
976144 
978.2. 


944076I4I 
949863087 
952763904 
955671625 
958585=56 
96.504803 
964430271 
967361669 


31.3209 
31-3369 
31.3528 

31.3688 
31.3847 
3.-4006 
31-4166 
31-4325 
31.4484 


9 
9 
9 
9 
9 
9 
9 
9 


9363 
9396 
9430 
9464 
9497 
953' 
9565 
9598 
Q612 




01729 
01626 
01523 
01420 
013.7 
0.215 


3081 

3091 
3094 
3097 
3100 
3103 
3107 


9 

3 

1 

8 
9 


755837 
757378 
758921 
760466 

SI 

768214 


990 


980.00 


970299000 


31 .4643 


9 


9666 




01 010 


3110 


2 


769769 


991 
992 
993 
994 

999 


98308. 
984064 
986049 
988036 
990035 
99J016 
994009 
996004 
99800. 


973242271 
976191488 
979146657 
982.07784 
985074875 
988047936 
99.026973 
994011992 
997002999 


31 -4802 
31.4960 
31.5119 
31 5378 
31.5436 

31-5595 
31-5753 
31-59" 
31.6070 


9 
9 
9 

1 

9 
9 
9 
9 


9699 

I'M 

9800 
9900 




00908 
00806 
00705 

00503 
00402 
00301 


31 13 

3"6 
3"9 

31»2 

3125 
3129 
3132 


3 

1 

7 
9 

3 
5 


774441 
776003 
777564 
K9w8. 

78226^ 
783828 


1000 


loooooo 


1000000000 


31.6228 




1-00000 


3141 


6 


785398 



D^TMB to RadiuB 



D«CI. 


0^ 


O.I 


0.. 


0.3 


-^ 


0.5 


a6 


0.7 


0.8 


0-9 





J.OOOO 





001 y 





oo^^ 





00^2 





0070 


0.0087 


.0105 


0.0122 




0140 


0.0157 


3 

4 

i 
I 

9 


3.017s 

3. 0349 
3.0524 

>.c>698 
=.0873 
3.1047 

3:1396 
3.IS71 












lit; 

0541 

"39 







0209 

0384 

0559 

°'^ 

1082 

1=57 
1431 
i5o6 





Q40J 

0576 
0750 
0925 

1274 

1449 

1623 


I 


0419 
0593 

0943 

i 
1641 


0.0262 
D.0435 
0,0611 
0.0785 

o;S 

0.1309 
0.1484 
0.1658 


0.027c 
o!o62i 

0,0803 
0.0977 

0.11S3 

0.1326 
0-1501 
0,1676 


0.029? 

o:S 

0,0820 
D.099S 
0.1169 
0.1344 
0.1518 
0,l5q, 





0314 

0489 

0663 
0838 

»87 
1361 
1536 


0.0333 

IX 

o.oSss 
0.1030 
0-1204 

0-1379 
0.15S3 
0.1728 


10 







.763 





1780 





.798 





,8,5 


0.1833 


0,1850 


o.isei 





.885 


0-1902 


13 

15 
16 

18 


3.1910 

:?i 

3.26li 

>.2793 
>.2967 
3.3142 






[937 

2286 

IP 

2810 

298s 

3159 




I 


1955 
2129 

2304 
2478 
3653 
2827 
3002 
3176 
3?5i 






1972 
2147 
2321 
2496 

2670 
2845 

30J9 
3194 

.^68 


a 

a 

a 


2339 

ISi 

2862 
3037 

3211 

3386 


o.JiSi 
0.2356 
0.2531 
0.270s 
0.2880 
0.3054 
0.3229 


0,202s 
0,3199 
0.2374 

0.2548 

0,2723 

0,3897 
0,3073 
0,3246 


0,3043 

0.2391 
0.2566 

0.2915 
0,3089 
0.3264 
0-3418 


I 


20S9 

3334 

2409 
3583 
3758 
3933 
3107 
328. 
3456 


0-2077 
0.3351 
a.2426 
0.2601 
0-2775 
0.2950 
0.3124 
0,3299 


20 


3.349' 





3,5oi 





1526 





3 541 





3560 


0.357* 


0.3595 


0,361, 





3630 


o..64i 


23 

i 

27 


3.366s 
3.3840 
3.4014 
3.4189 
3.4363 
3.4538 
3.4712 
3.4887 
3.S06. 










3683 
3857 

■^^ 
4206 

4381 

4555 

4730 

4904 

W79 


a 


□ 




3700 
3875 
4049 
4224 
4398 
4573 
4747 
4922 
<;ot)6 


I 


3718 

4067 

4416 
4S90 
4765 
4939 
5114 








3735 
3910 
4084 
4259 

4782 

4957 
5111 


0.3753 
0.3927 
0.4102 
0.4276 
0.445' 
0.4625 
0.4800 
0.4974 
0.5149 


0,3770 
0,3944 
0,4119 

0.4643 
0,4817 
0.4992 
0,5166 


0.3787 
0,3963 
0.4136 
0,4311 
0,448s 
0.4660 
0.4835 
0-S009 
0.5184 


I 


380s 
3979 
4154 
4338 

:^7? 
4853 
5027 


0.3822 
0,3997 
0,4171 
0,4346 

IX. 

0-4869 
0.5044 


30 


,.S2,6 





^3^1 





5271 





S28} 





5306 


0..5323 


0,5341 


o,53Sf 





5376 


0,5393 


31 
3^ 
33 
34 

li 

37 
38 
39 


3.3411 
0.5585 
3.5760 
3.5934 
3,6109 
3.6283 
3.6458 
3,6632 
3.6S07 


I 


577? 
S953 
6126 
630. 
647s 





5445 
5620 
5794 

S2 
63.8 
6493 
6667 
6842 


I 


5463 
5637 
58.2 
5986 
6161 
6336 
6510 
6685 

6S^q 





5480 
5655 
5829 
6004 
6178 
6353 
6528 
6J02 
6877 


0.5498 
0.5672 
0.5847 
0.602. 
0.6196 
0.6370 
0.6S4S 
0,6720 
0,6804 


0,5515 
0.5690 
0,5864 
0,6039 

0,6562 
0,6737 
o,6qi2 


0.5S33 
0,5707 
0.5882 
0.6056 
0,6331 
0.6405 
0.6580 
0,6754 
0,6920 


°l 


5S50 
5725 
S899 
6074 
6248 
6423 
6597 
6772 
6946 


0.5568 
0.5742 
0.5917 

0:6266 
0.6440 
0,661s 
0,6789 
0,6964 


40 


>.6q8i 





6999.0 


70,6 


a 


7014 





7051 




0,7086 


0,7103 





7121 


o,7Mf 


41 

42 

43 
44 


3.7156 
3.7330 
3.7505 
3.7679 


I 


J348 





7S40 
7714 





7383 

7557 
7712 


I 


7226 
7400 
7575 


0.7593 


0,7261 
0-7435 
0,7610 
0,7784 


0,7278 
0,7453 
0,7627 
0,7802 





7395 
7470 
764s 
7819 


0,7313 

0,78,7 


46 


3. 73.54 





7871 





78Sg 





7<to6 













a 


7994 


0,8011 






6- 


11' 


18' 


u- 


JO' 


.IS- 


4>' 


48- 


S4' 


90°=!, 5708 radians 
i8o°=3.i4i6 radians 
27o°=4.7i24 radians 
36o'' = 6.2832 radians 


30°=^. 4S''=^« ^°=^' 90° -- radians 

2io"=n, 215°= — . 240°=^. 270''- ^radians 
300°=-^, 315°= — , 330 ''=-T^, 36o°=2Tradians 













Degrees to It 


Bdians 












259 


Dw. 


CO 


o.t 


o.a 




0-4 




0.6 1 O-T 


o3 




4B 


-7854 


0,7871 


0,7889 


0.7906 


0,7934 


0,7941 


0,7959!° 


7976 


0.7994 




801 1 


46 
47 
48 


.8029 
-8203 
.8378 
.855^ 


0.8046 
0.8221 
=>^8395 
0.8570 


0,8063 
0,8238 
0,8413 
0.8S87 


0,8081 
0,8255 
0.8430 
0,8604 


0,8098 
0.8273 
0,8447 
0.8622 


o,8ti6 

o:8l6s 
0,8639 


0,8133 
O.830I 

0:86^? 


I 


8151 
832s 

86m 


0,8168 
0.8343 
0:86^2 


I 


8186 
8360 
8535 
8709 


SO 


■8737 


0.8744 


0.8762 


0,8779 


0.8796 


0,8814 


o,H8,. 





8849 


0,8866 





8884 


5' 

52 

53 
54 
5S 
S6 

■59 


.8901 
.9076 
.9^50 
■9435 
■9599 
■9774 
.9948 
.01 »3 


0909; 
0,9368 
0,9443 
0,96.7 
0,9791 
0,9966 
l,0t40 
I ,03>S 


0.8936 
0,9111 
0.9285 
0.9460 
0,9634 
0,9809 
0,9983 
1,0158 
1,0332 


0,8954 
0,9128 
0.9303 
0.9477 
0.9652 
0.9826 

I .OI.75 
1,0350 


0.8971 

0,9146 
0.9320 

0-9495 
0,9669 
0,9844 
I. 0018 

1 .0367 


0.8988 
0,9163 
0.9338 

IX 
0,9861 
1,0036 

lioiSs 


0,9006 
0,9180 
0,935s 
0,9529 
0-9704 
0-9879 

;:S 

t,04O3 





9023 
9198 
9372 
9547 

0071 
0245 
0420 


0,9041 
0.9215 
0.9390 
0,9564 
0-9739 
0-9913 
1,0088 
1.0263 
I -0437 





9058 
9233 
9407 
9582 
9756 
9931 
0105 
0280 
0455 


60 


.0472 


1,0489 


1,0507 


1 .0524 


1,0543 


1 ossi 




I 




I. 0612 


r 


0629 


61 

62 
63 
54 

67 
68 
69 


.0647 
.0996 

.1345 
■1519 

■ 2043 


1 ,0664 
1.0838 
1.1013 

I:l362 

I. 1537 

[■'£ 

1,3060 


1,0681 
I, 0856 
1,1030 

"■1554 

1,1739 
1-1903 
t.3078 


1.0699 
1,0873 
1,1048 

1,1397 
1.1572 
I. 1746 
1,1921 
1,2095 


E:o8^i 
..1065 
1.1240 
1,1414 
1-IS89 
.-1764 
1,1938 
1,3113 


1,0734 

..0908 
1,1083 

1-12^7 

1,1432 
1-1606 
1.1781 
1,1956 
1-2130 


1,0751 
1,0926 

1,137s 

1,1+49 
1,1624 
1,1798 
1,1973 


; 


0769 
094- 

1292 
1467 
1641 
.816 


r.0786 
1,0961 
1,113s 
1,1310 
1,1484 
i.i6s9 

;:Si 

1,2182 




0804 
0978 
"53 
1327 
1502 
1676 
1851 
2025 


70 


.2217 








:,328j 








2H9 


1-3357 




2174 


71 
72 
73 
74 

11 

77 
.78 


.2392 
.2566 
,2741 

:S 

.3439 
-3014 
.,1788 


1.2409 
..34S6 


1.3437 
1.2601 
1.2776 
1.3950 
1..3125 
'■3299 
1 -3474 
I ■ 3648 

l^l82, 


1,2793 
1,2968 
1.3143 
1,3317 

1,1840 


1:2636 
1,2811 
1,2985 
1,3160 
1 .3334 

1,^858 


1.3479 
1-2654 
1.2828 
1,3003 
i.3'77 
1.3352 
1.3526 

1.387s 


1-2497 
1,2671 
1.2846 
1.3020 
1-319S 
I -3369 
1-35*1 

1.3893 




2i8^ 
2863 
3033 

3212 
3387 
3561 
3736 
19IO 


:;i 

1,3055 
1,3330 
1,3404 

1 -3579 
1-3753 
1,3928 




2549 

3073 
3=47 
3422 
3S96 
3771 
394S 


80 


.1061 


I .3980 


I 3998 


1.4011; 


1,4032 


1,4050 


1,4067 




4085 


1,4102 




4120 


81 

83 

83 
84 

1 

i 

89 


■4137 
■ 4312 
.4486 
.4661 
■4835 
.5010 
.5184 
■5359 

■5533 


',4155 
1.4329 

1-4504 
1.4678 
1,4853 
1.5027 

I.S302 
1.5376 
1,5551 


1,4172 
1,4347 
t.4521 
1,4696 
1 ,4870 
1,5045 
1.5219 
1 5394 
1.^^68 


1 4539 
1.4713 
1 .4888 
..5062 
1.5237 
1.5411 
i,5S86 


1 .4207 

1 ,4382 
1-4556 

1-4731 
1 .4905 
..5080 
1,5254 


1,4324 
1.4399 
1.4S73 
1,4748 
1.49^3 
1,5097 
1,5272 
1,5446 
I., 621 


1,4242 
1.4416 
1 -459' 
1,4765 
1,4940 
1.5115 
1.5289 
1 . 5464 
1.^6,8 




4259 

4434 
4608 
4783 
4957 
S'33 
5307 
5481 
S6s6 


1.4377 
1,4451 
1,4626 
1.4800 
1.4975 
1.5149 
1.5324 
1 .5499 
1 5673 




4643 
4818 
4992 
5167 

S341 


90 


.'!708 






1.5760 


.,W7S 




r.5813 




<;8io 


..^848 




5865 




<y 


ff 


ij' 


iS- 


H' 


30' 


■ jft' 


4J' 


48- 


^' 1 


9o°='i,5jo8 radians 
i8o°=3.i4i6 radians 
370°— 4.7124 radians 
36o°='6.2833 radians 


3o°-|. 45°=^. ^°^^' go-^^radiaos 
120°- — , 135°= i-, 150° = ^, 180°= IT radians 
210"= ^, 225°= ^. 240'= ^, 370-= H radians 
300°-^, 315° = ^, 330 ''=i^, 36o°-27r radians 



Natural Sines, Comnes and Tangsnts 























<f'U.r 
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FnnctliHi 


-.- 


o..- 


0.3- 


0.3° 


<M* 


0.5- 


0.6' 


o.»" 


^' 


0^' 





■in 


o.oooo 


0.0017 


0,OOJS 


OO0S3 


0.007! 


O.OOBT 


o.oiai: 


0,0133 


0.0140 


TZi 


















0,9999 


09999 




9999 




tm 


o.oooo 


0.0017 


0,op3S 


O0OS3 


00070 


0.00*7 


0.0105 




O.OHO 







1 


■ill 


o.ai7s 


0.0193 


O-0309 


00337 


0.0344 


0.0363 


0.0379 


0.0397 


0.0314 





0331 




0.9998 




0.999B 








0.9W6 


0,9996 


0.999J 




99K 




un 


o 017s 


0,0193 


0.0309 


0,0337 


0.0144 


0.0163 


0.O379 











2 


•III 


0-0349 


0,0356 


O.03&4 


ootoi 


0.0419 


0.0436 


0.0454 


0.0471 


0.0488 





0506 


a» 








o,99»J 




0.9990 


0,9990 


0.9989 


0.9988 




9987 






O.0M9 


0,036, 


0,0384 


0.0403 


0.0419 




0.0454 


0.0473 


0.0489 





0507 




■In 


0.0533 


0,0541 


O.0SS8 


o.osrt 


0.059: 


0.0610 


O.C638 


0.0645 


0.0663 





0680 


3 




0.99B6 


0.99SS 


0.99&4 


0.9983 


0-9983 


0,9981 


0.99S0 


0.9979 


0-9978 




9977 




Un 


0.0534 


0.0541 


O.05S9 


0.0577 


O.OS94 


0.0613 


0.0519 


0.0647 


0.0664 





0«B3 


4 


' aln 


0.0S9B 


0.071s 


0.0731 


0.07SO 


0.0767 


0.078s 


OOgOJ 


0.C819 


0.0837 





0854 


coe 


o.99rt 


0,9974 


0.9973 




0.997> 


0,9969 


0.9968 


0-9966 


0.9965 




9953 






0.0699 






0.O7S3 


0-0769 


0-OT87 




0.0B13 


0.0840 





08S7 




■in 


0.0S71 


0.08*9 


0,0906 


0.0934 


0.0941 


0.09S8 


0.0976 
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9.8923 
9.7960 
0.0963 


9.8929 
0.097a 


I 


s 


9*941 


9.8947 


9.7913 
0.I04I 


9.S959 
9.7903 
0.IOS6 


fi2 


loSidn 
logeoB 

lact>n 


9.S96S 
9.7893 


9.8971 
o.loSS 


9.897T 
9.7*74 


9.89*3 
9.7S64 


9898? 
9.7*5 


I 


H 


9783s 
0.1166 


99006 
9.782s 


9.78IS 


9.9018 
laij 


53 


lOfriD 

lOftU 


9.90»3 


9.9029 
9J7SS 
0.124s 


V.2 


9.904J 
9.7764 
0,1276 


9.9046 
9 775 


I 


s 


l-TZ 


9,9063 


99069 
0.1356 


9 7T03 


64 


logrin 
kilcoi 

lofUn 


9.9C80 
9.769J 
0.1387 


9.908s 
9.7W 


Si 


9.9096 
9.7661 
0.113s 


99101 
9.76SC 


I 


s 


9.7639 
0,1483 


9.7618 


9.7607 
0.1516 


9,9128 
9 7597 
0,1532 


66 


log^bi 
loKUn 


9.9134 
9.75S6 
O.IS48 


9.9139 
0.1564 


9 7564 
0.IS80 


9 9149 
o,IS96 


9.9155 
9.754= 


I 


916. 

1629 


99165 
0,164s 


g.9170 


97498 
0,1677 


9,9181 
9.7487 
0.1694 


66 


lofBln 
loscoo 

log dm 


9.9186 
9.74Tfi 


9.J464 
o,I7j6 


9.9196 
0.1743 


9.7442 
0.1759 


9.920« 
0.177( 


I 


I7W> 


9.9216 
0.1*09 


9.7396 
O.lSJS 


9,9M6 
97384 
0.1842 


0.1858 


67 


log (in 
logeoa 
logtu 


9.9336 
9-J36I 
0.1S75 


o:i«91 


9.9J46 
9.733* 
0.1908 


9.7326 
0,19!5 


0,1941 


I 


9360 
1958 


99J6S 
9.7290 
0.1975 


9.9'70 
9.7278 


9.7266 
0.200B 


0.202s 


68 


log sin 
log CO. 
log ton 


9 9aB4 


993*9 


99194 
9.7JI* 
0,2076 


9.9J9* 
o.aoM 


9,7193 


I 


930B 
7181 


97168 


9.7156 
0.2161 


0,2178 


9.9326 
9.7131 

0.219S 


69 


log Bin 
log™ 
log tea 


9.7118 


9.7106 

Q.13J9 


9 7^3 


9.7f*l 
0,2364 


9 7C68 
0.2381 


^ 


2299 


9.9358 
9.7042 
02316 


9.9362 
9.7029 


9.9367 
9,7016 


9.7003 
0.2368 


Deo. 


Function 


~ 


6- 


~ 


~ 


24' 


30' 


36' 


42' 


^S" , 


^54' 



Common Logaiithms of Sinea, Cosines and Tangents 



DaiB. FnnctlaD 



Common LogarithmB of Sines, Coynes and Tangents 

























76 


-t9.V 


D«g«. 


l.^ 


0.0" 


0..= 


0.,. 


0.3" 


(K4" 


«■ 


0.6° 


O.T 


0.8- 


0.9' 


76 
76 
77 
78 
79 
SO 
81 
82 
S3 
84 
88 
86 
87 
88 
89 


lot ma 

tog COB 

logtu 
logaia 
toicoa 

log tan 
losdn 
log CO. 
loEtU 
lot Bin 

lOf CO. 

logtui 
logmn 

log COB 

log to 
log Bin 
log cos 

logUn 
log Bin 

log COB 

logtim 
log Bin 

log COB 

log tan 
log Bin 
log CO. 
log Ma 
kg Bin 

log COB 

log tan 
logdn 
h«eoB 
log tan 
log Bin 
leg cos 
log tan 
log Bin 

log COB 

logUn 
log sin 

log COB 

log tan 
log Bin 

log COB 

log tan 


9 9*49 
9.«30 

99869 
9.383T 

9.98*7 
o.6j66 
99904 
0,6715 
9.i«c6 

9.9946 
9-1943 
0.S003 
9.9958 
9.'«6 

0.8S22 

9.9968 

9.0SS9 

9.9976 
9.0.9J 
D,97S4 
9.99B3 
8.9«3 
I.OSSO 

9.9989 
8.8«6 

9.9991 
8.7188 

9999) 
S,S4ae 
I.4S69 
9.9999 
1.7S8I 


99851 
9.410J 

99871 
9.38^ 
0.6d65 

9.9889 
9-3488 
0,6401 
9.9906 
93143 
0.6763 
9.9931 

9.99ai 
0-7581 

9.189s 
cSosa 

9.1381 
O.SS77 
9,99*8 
0,9I7J 

0,9857 
9,9984 
8,931s 
.,0669 

S,S3>6 
1. 1664 

9.9998 
8.s»6 

9.9999 
8.I96I 
1.8038 


9.9853 
9 4073 
OS7S0 

9.9S73 
0:6097 
9 9891 
9.34SS 
0.6436 

9,9907 
93107 

9,99JJ 

9.9936 

o.76a6 

9.9949 
9.1847 

99960 
9.1326 
0,8633 
9,9969 
o'9*j6 
99978 
9-0046 
0.9932 
9.998s 
B,9H6 

9-9990 
8,8113 

9 9995 
8.6889 

9-9998 
a. 4971 

1.8SSO 


9-9855 
94044 
0-S811 

9.987s 
9.374S 
0,6130 

9.989= 
93421 

D.647I 
9.9909 

9.9924 
9,2687 

0.TJ36 
9.9937 
9 767J 

o,8.SJ 
9,9961 

9-0670 
0,9301 
9.9978 
8.9970 
1.0008 
9.9985 
8.913s 
1.0850 

99991 
S.8098 
1.1893 

8,6731 
1.3264 
9.9998 
8.47J3 

8,=«70 

1.9130 


99857 
0.584J 
9.9»76 
9-3713 

0.6.63 

9.9894 
9.3387 

::: 

D.6S77 
9.992s 
9-2647 
0.7278 

99939 

0.771a 
99951 

O.8J03 
9.9962 
o,B748 
9-9971 

9.0605 

0,9367 

8-9894 
I-C08S 
9.998( 
8-904; 
1.0944 

9.9996 
8.6S67 
1-3429 
9.9998 
I.S539 

1:9800 


9 

< 

< 

< 
9 

9 

9 

9 


9859 
3986 
S873 
9S78 
3682 
6.96 
9896 
6S4J 
99IJ 
fi9iS 

9927 
2606 

9940 
2176 
7764 
99» 
1697 

9963 

9972 

9980 
9816 
0164 
9987 
8946 

9992 

78S7 

313S 

6397 

3599 
9999 

SS19 

9408 
0591 


99861 
9-3957 
0.590s 
9,988. 
9-3650 
0.6230 
9,98W 
o,6s78 
9,9913 
9.2959 
0.69S4 
9.9928 
9.2565 
0.7363 
9,9941 
9.2131 
0.7811 

9,9953 
9-1646 
0,8J57 
9,9964 
O.SS65 
9,9973 

9,9981 
8,9736 

9.9987 
8.8849 
1-.113B 

9.9992 

i.»6i 
99996 

8.3830 
1.6II9 

7.8439 
2-1561 


9-9863 
9.3927 
O.S936 
9.9881 
9.3618 
0.6264 

9.9899 
9,3184 
0-6615 
9.991s 
9.1921 
06994 

0,7406 

9,9943 
9,1085 
0,7858 
9.9954 
9-1S94 
0.8360 

9.996s 
0.89M 

9.9981 
8.9655 
1.OJ16 
9.9988 
88749 

9.9993 
9.9996 

i:2 

8.3S58 
1.6441 


9.986s 

9-3897 
0.5968 

9.9884 
93586 

0.6298 
9-9901 
9.3250 
0.6651 
9.9916 
9.1883 

9.9931 
9.1482 

9,9944 
9.2038 
9.7906 

9.995S 
9.154» 
o.8»I3 
9.9966 
9.0981 
0.898s 
99975 
0.9640 
9.9982 

1-0409 

9.9988 
8.8647 

9,9993 

9.9997 
8,5841 

9.9999 

1.6789 


9.9867 
9.3867 
0.6000 

9.9885 
93554 
0-63J1 
9.9901 
0.6688 
99918 
9.1845 

9.9931 

9.9945 

9.99S6 
9.1489 
0.8467 
9.9967 
0.9046 
9.99TS 

9.9983 
89489 
1.0494 
9.9989 
8,8543 
1,1446 
9,9994 
1-2663 

9-9997 
8.5640 

9.9999 
8.1832 
1.7167 

2-7S81 


Deg.. 


Ptmctton 


o" 


«- 


.,■ 


... 


M' 


.. 


3& 


42- 


48' 


S4' 



HTperbolic Sines, Cosines and Tangents 



1.0300 o. 
:.ooos 

1203I0.1304 
1.008s 
19410.1293 



.0400 0.0 
.0008 1.0. 

.0400 O.O; 



1.31500. 

1.3004 0. 



.3360 0. 
.05491- 
.3185 °- 

0-4434 0- 
.0939 I. 
■40530- 



cosh 
slnh 



.6367 D.6. 
-iSssi.i! 
-5370 o- 5' 

3.7586 0.7' 

1.2SS2I.2( 

3.6044 0.6. 



.66050.67250.61 
[9841.20511.2 
.55810.5' 



■7381 

.0053 

0.86430.8668 

1.9259,1,9477 
^ ,:.i70O]2.i894. 
3.88540.88750.8894 



. 56431- 
.85681, 
.84260. 

-75831- 
.00282. 
.86930. 



>-oS99 3.o699|o.0798|o. 

..16070 
■.0128 1 
..15870 



l.OMIl. 
0.36270. 



'■S«S4]o-S^27D.5299 

(6 0.7461 
1.2476 
0.5980 

0.8748 
1.3286 
0.6584 



.9015 0.9150 0.9286 0.9423 



-0409 I-OSS4 I- 
.4434|t.4539i- 
>. 7259 0.7; 

:.2o63 
:.S669 
1.7699 

■3693 
.5956 
1.8076 

■'.sl ° 

'-8397 



0.97000. 
:-3932 1. 
).6963 0. 



.984c D.I 

40291... 
70140,70640. 



1-3190 
16552 
0.7969 



.455811.47351. 
.7662'!. 7808!. 
0.82430.82750. 



,8538 a856s 0.8 
.86171.8; 



-89570.8977J0-J 



3.08272. 
2.31032. 
0.90150. 



Hyperbolic Slnei, Corinea md Tangenta 



1.1293 
'■3S*4 
3.905] 



.401S 3.4: 
.6013 2.6 



.20083.2251 
"-4395 
,910410.91 

>.48o6 
1.6746 
■■9275 



-324s ■■ 
■SD74i.S30Sa 
.9i7aD.9i-" 



■3499 
.5538 



r.64s6 2.6: 
•.8283 3.8; 
1.9354 3.9; 



tanh 3.94680.94780.94881 



. -7317: 

[82.9090: 

.9379p.939i 

1.0367 

.1973 

1.949a 

-372' 
■5173 
'-9587 

.■74M3- 
-8727 J- 
1.966^ 



3-10133 ,. 

585,3-2897 
0-9^i8j0.952; 

3.44323.479: 
3-58553-6201 
.96030.9611 



..93160.93290.9342 



.16713-20053,5341 
-32i2i3.3;3a3,3852 
.95360,95450.9554 



10564.14804, 
22564.26684. 
)7l6 0.97230, 



M57: 
4-5673 
9757 



1,5030 4- 5- 
1.61274.6, 
).976io.9 

4.98765. 
0868 1. 
98051 



19094. 

30S5 

■9727 

-6434 
•7499 
'-9776 



23424.37794.32a 
-35074.39334- ' 
.9733D.9738JO.. 

.69134,7. 
.79664.8, 
.9780 0,9' 



'3875.0903. 
:370 5.18765- 
.9S09, " 



0.984010.9843 0.9846 1 

. . 5,33696.3004 

6.25455.31666.3793 

0,9874 0.9S76 

.83156 

.9043 S 

0.989s 0, 



8.19198.2749:8.3586 



-75105. 
-83735. 
^9853 0. 

6-3645 S- . 
6.4426 6. s< 
.9879 0.91 



'0^5-356^5.4 . 
;4 5-448 7ls.5035 
170.9830(0.9834 

.80975,86! 
■89515-95; 
■98550.98; 

3936.494616-560 7J6.627 



3-os969.i_ . .„. 
},ii46 9.305619.3976 
0.9940 0.9941 



9-337: 
9-3905 
0.9943 



7.78947.81 
7-85337.9: 
.99190.91 



'-9945|0.9946i 



9-81859.9177 
9.77169.869319-9680 
.9948:0.99490.9950 



Hyperbolic Sines, Cosines and Tangents 



Angle Fiinctioii 



0.06810.1 
'-9951 =-9! 

..9960 0.91 

2.24612.; 
2.28; I M 
..996J D.9C 



IO-S34 
99SS 



.74810.8561 
,687 10,794 10.90 i 
>-9956o-99S7o-99S* 



0.9973 
3.116 



13.9s: 
3-987 
>-9974 



8.470 
18.497 
9985 



7.ilt : 
7.248 ■ 
1.998; < 

9.03; 19.22419- 



7-567 I 

7-S961. .. . „ 

■9984 0.9984 0-9985 



0.9987 3.9987 D.9987 



2.79123. 

2,81323,04* 

.99900.999 



24-939 
24-959 
,9992 

27-561 
i7-583 
9993 



30.162 30.465 
- 33-48: 
0,9995 



■999.S 

33-33^ 
33-351 
.9996 



30.77: 

30- 788 

9995 



40.71941.12941,54; 



.99970.99970.9997 



3-486 
23-5'>7 

'■999' 

S.9S8I26. _ 
5,97726.238 

'■9993|0-9993 



1.70932.1 
1.72532-' 
.99950.9. 



,99890.91 
23.96124.: 



'4-445 
0.9993 



•.80843.2, 

!.393|42-8i943-2 

'■9997 0-99' 



9994 0-9994 0.9994 

J-35032-67S 
1.36532.691 
:i-999S 

336-476 
36.490 
.9996 

1,9^340-31 . 
10.326 
5.9997 

-673]44- 
.68444,123 
■9997 0-9997 



Hjpeibolic Sines, Cosines and Tangents 



4S-46fi4S-923 +6.38546. 



S2-8J3, 
,9998 [ 



J.26748-75i4. . 
J.27748.762't9-2S2 
99980.99983.. " 

_}.344S3.88o 54.422 
53.354 S3-89^54.43> 
.99980.' 



57.78BsS.369s8.9SS 



60.751 
60,759 
■9999 



62,60. 
9999 



65.81 

65.819 

0.9999I0.9999 



66.473 
66.^81 
0.9999 



67.816 
67.823 
;9999! 



.83; . 
4^82.838^8: 
" 9999 



69.1931 
,99990.99991 

, . 76.463 

;,7f>9|76. 

99990.9999. 

S3. 665 84.5. 

".3.67184.5 

99990.99 



92,46493-3 
2-47093-3 
.99990.99 



,999g(o,9999|o.9999 0,9999 0-9999 
f?o.3848i.i92 
~ .39081.198 
'-9999|o.9999°-9999 
86.31387.079S7.9s5S8.839 89.732 
" " " ,96088.84489.73; 
1.999909999 



J1S8.68160. 27161.881163.51 



[9i.88!i93.8o'i95.75 197.72199-71 
191. 88 t93.81i19s.75l197.72 199-71 
[.ooodi.ooodi.ooooii.ooodi.oooc 



Values of t* and (^ 



- 


Func- 
tion 


o.„ 


.... 


.„ 


DJIJ 


0.04 


0.0s 


<>.o« 


«, 


OJ* 


0.09 


.• 

«- 


1:^ 


0.9900 


ijg' 


I-O3OS 
0.9704 


1.0408 
0.9608 


1-0513 
0.9512 


i.o6i( 
0.9418 


10725 
0.9324 


1.0833 
0.9231 


1.0942 
0-9139 


0.. 


/• 
^ 


t.tOS2 
0.9048 


1.1163 
0.8958 


iss 


1.1388 
0.8781 


1.1503 
0.8694 


i.i6i8 
0.8607 


i^^ 


iS 


1.1972 
0-8353 


1.2093 
0.8270 


'■' 


^ 


O.SI87 


I.IIU 


1.2461 
0.8025 


..2S86 
0-794S 


1.2712 

a 7866 


1.2840 
0.7788 


1.2969 
0.7711 


i?S 


1-3231 

0-75S8 


1-3364 

0.7483 


0-3 




1-3499 
0.7408 


■■3634 
0.7334 


1.3771 
0.7261 


i.39id 
0.7189 


i.4rft9 
0.7118 


1.419" 

0.7047 


1-4333 
0.6977 


'-4477 
0.6907 


0-683? 


1.4770 


..4 


^ 


1.4918 
0.6703 


1.5068 

0.6637 


•Ji'i 


1.S373 
0.6505 


1.5527 
0.6440 


1.0 


1.S84. 
0-6313 


1.6000 
0.6250 


1.6161 
0.6188 


olili 


o-S 


** 


1.6487 
0.6065 


i.66'53 
0.6005 


1.6820 

O.S94S 


::S 


1.T160 
0.5827 


'■7333 
0-5769 


1-7507 
0.5712 


.-768i 
0-5655 


i.78'6o 
0.5599 


1.8040 

O.S543 


0.6 


^ 


1.8221 
0.5488 


1.8404 
0-S434 


.-85S9 
0-S379 


1.8776 
0-5326 


1.8965 
0-5273 


1-9155 
0.5220 


1.9348 
0.5169 


1-9542 
0.51.7 


1.9739 
0.5066 


1.9939 
0.5017 


..7 




IS 


2.0340 
0.4916 


o::a 


2.0751 
0.4819 


2-09S9 
0-4771 


2.1170 
0.4724 


iX 


2-1598 
0.4630 


2.1815 
0-4S84 


2.2034 
0.4538 


0.8 




1.2255 

0-4493 


0.444; 


2.270s 

a4404 


3.4360 


2.3i'64 
0-4317 


2.3396 
0.4274 


0.4232 


2.3869 
0.4190 


2.4109 
0.4148 


2.43S1 
0.4107 


0.9 




1.4596 
0.4066 

2.71/3 
0.3679 


2.4843 
0.402s 


2-S093 
0.398; 


0-394* 


2.5600 
0.3906 


2.5857 
0.3867 


..6.., 
0.3829 


2.6379 
0.379' 


2.6645 
0.37S3 


2.6912 
0.3716 


,.0 




2.74'56 
0.3642 


i.l& 


2.8011 

3.3S70 


2.8292 
0-3535 


2.8S77 
0-3499 


2.8864 

0-3465 


3-91S4 
0-3430 


2-9447 
0-3396 


2-9743 
0.3362 


... 




3.0042 
0.3329 


3-0344 
0.3296 


3-0649 
0.3263 


3.0957 
D.3230 


3.1268 
0.3198 


3-IS82 
0.3166 


3-1899 
0-3135 


3..,2'o 

0-3104 


3-2/44 
0.3073 


3-2871 

0.3042 


... 




3-3201 
0.3012 


tiui 


3.3S72 
0.2952 


3.4212 
0.2923 


IX 


3-4903 
0.2865 


3-5254 
0.2837 


i.& 


3-5966 
0.2780 


3-6328 
0-27 S3 


'•3 




3.6693 
0.2725 


3.7062 
0.2698 


3-7434 
0.2671 


3-7810 
0-2645 


3-8196 

0.26.8 


3.8574 
0.2592 


3-8962 

0.2S67 


3-9354 

0-2S41 


3-9749 
0.2516 


4.0149 
0.2491 


1.1 




4-0552 
0.2466 


4.0960 


4.137' 


4.1787 
0-2393 


4.2207 

0.2369 


4.263. 
0.2346 


4-3060 
0.2322 


4-349? 

0.2299 
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b.2276 


4-M71 
0.2254 
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4.48.7 
0.2231 


4.3*67 
D.2209 


4-S7S2 
0.2187 


4.6182 
0.2165 


4.6646 
0.2144 


4-71.5 


4-7588 


4.8066 
0.2080 


4.8550 
0.2060 


4-9037 
0.2039 


1.6 


t' 


4-9S30 
0,2019 


s-0028 

0.1999 


S-0S3I 
0-1979 


S-1039 
3.1959 
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0.1940 
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0.1920 


5-2593 
0.1901 


5.3122 
0.1882 


5.3656 
0.1864 


5-4195 
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0.1827 


5-5290 

0.1809 


S-S84S 
0.1791 
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3.1773 
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0-17SS 
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0.1738 
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D.1703 
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0.1686 
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<" 


6.0496 


6.1104 
0.1637 


6.1719 
0.1620 


3.2339 
0.1604 
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0.1S72 


6.4237 
0.1557 


6.4883 
0..541 


6-5535 
0.1526 


6.6194 
0.1511 
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0.1481 
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0.1466 
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0-1451 


6.9S88 
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7.0993 
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0.1381 
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0.0s 


^ 


,^- 


<M» 


0.09 


f- 


9-I3S3 


7-4633 
0.1340 
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0^ 
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0.1 273 
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?" 
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9.9742 
0.1003 


10.074 
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0.0973 


10.381 
0.0963 


10.486 
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10.591 
0.0944 


10.697 
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10.805 
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f- 
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II. 70s 
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13.061 
0.0829 
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^ 


11.1S2 
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12.554 
0.0797 


12.680 
0.0789 


12.807 
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13.936 
0.0773 


13.066 
0.0765 


13.197 
0.0758 


13-330 
0.0750 


2.6 


^ 


13-464 
0.0743 


'3599 
0.073s 


.3.738 
0.0738 


13.874 
0.0721 


14.013 
0.0714 


14.154 
0.0707 


.4.296 
0.0699 


0.0693 


l^^^t 


14-732 
0.0679 


2.7 


^ 


14.880 
0.0672 


;si 


0-0659 


ss 
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1SJ43 
0.0639 


15J00 
0.0633 


1S-9S9 
0.0627 


^6^19 


16.281 
0.0614 


2.8 


^ 


tt^ 


16.610 


.6.777 
0.0596 


16.94s 
0.0590 


17-116 
0.0584 


i7.»88 
0.0578 


17.462 
0.0573 


0.0367 


17.8U 
0.0561 


17.993 
0.0556 


2.9 


f- 


18.174 
3.0550 


■8.3S7 
0.0545 


.8.54. 
0-0539 


18.728 
0-OS34 


18.91.6 
0.0529 


19. 106 
0.0523 


19-298 
0.0518 


19-492 
0.OS13 


19.688 
0.0508 


19.886 
0.0503 


3.0 
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20.086 


0.0493 


Si 


0-0483 


0.047S 


31.115 

0.0474 


21.328 
0.0469 


2I.S43 

0.0464 
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21.977 
0.04S5 
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* 


22.198 

3.0450 


0.<i446 


32.646 
0.0442 


22,874 
0-0437 


33.104 
0-0433 


23-336 
0.0429 


23.571 
0.0424 


23-807 


34.047 


24.2S8 
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**-S33 
3.0408 


34-779 
0.0404 


35.028 


0.0396 


25-534 
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36.050 
0.0384 


26.311 

0.0380 


26.576 
0.0376 


36.843 
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37.113 
3.03(19 


27.385 
0.036s 


»7.66o 
0.0362 


27.938 
0-0358 


28.219 
0.0354 


28.503 
0-0351 


28.7S9 
0.0347 


39.079 
0.0344 


39.371 
0.0340 


29.666 
0.0337 
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39^964 
3-0334 


30.265 
0.0330 


30-569 
0.0327 


30.877 
0.0324 


31.187 
0.0321 


31.500 
0.0317 


31-817 
0.0314 


32.137 
0.03 1 1 


33-460 
0.0308 


32.786 
0.0305 


3-S 
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33i'5 
D.0302 


33-448 
0.0209 


33784 
0.0296 


34-..4 
0.0293 


34-467 
0.0290 
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35- 1 S3 
0.0284 


35.S'7 
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35-874 
0.0279 


36.234 
0.0376 


3-6 
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J6.598 
J.0273 


36.966 
0.0271 


37-338 
0.0268 
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0.0265 


38.092 
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0.0260 


38.861 
0.0257 


39.353 
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39.646 
0.0252 


40.04s 
0.0350 
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f- 


40.447 

D.0247 


40.854 
0.0245 


41.264 

0.0242 
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0.0240 


42.098 
0.0338 


42.521 
0.0335 


42.948 
0.0233 


43.380 
□.0231 


43.816 
0.0228 


44.356 
C.0226 
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?- 


M.70I 

3.0324 


45.150 
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0.0219 


46,063 
0.0217 


46-525 
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46.993 
0.0213 


47-465 


47-943 
0.0309 


48.424 
0.0207 


48.911 
0.0204 


3'9 


f- 


(9.402 


49-899 
0,0200 


50.400 
0.0198 


50.907 


51.419 
0.019s 


51.935 
0.0193 


52-457 
0.019 1 
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0.01 
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IhO] 


0.04 
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0.06 


.„ 
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0.09 


4.0 


t' 


^x 


i'.\V. 
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0.0180 


56.16. 
0,0178 


56.836 
0,0.76 


57-397 
0.0174 


57-974 
0.0173 
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0.0171 


59- '45 
0.0.69 


59- 740 
0.0167 
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60.340 

D.OI66 


ao?^ 


61.55; 


62.178 
0,0161 


62.803 
0.0159 


63.434 
0.0158 


64.072 
0,0,56 


64.71s 
0.015s 


65.366 
0.0153 


66,023 
0.01 5 1 
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r 
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0.0150 


67-357 
0.0148 


68.033 
0.0147 


68.717 
0.0146 


69.408 

0,0144 


70.105 
0-OI43 


70.810 
0.0141 


;i.S*2 
0.0.40 


72,340 
0.013S 


72.966 
0.0137 


4-3 


** 


73.700 
0.D136 


74.440 
0.0134 


75.189 
0.0133 


75-944 
0.0132 


76.708 

0.0130 


77-478 
0,0129 


78.257 
0,0128 


79-044 
0.0127 


79-838 
0.0125 


80.640 
0.01 24| 


4.4 


e 


81.451 
0.0113 


82.269 


83.096 


83.931 
0.C119 


^i;;i 


85.537 
0.0117 


86.488 
0.01 16 


87-357 
0.0114 


8R.23S 
0.01.3 


89-12 
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90.017 


90.922 


91.836 
0.0109 


s;ii 


93-691 
0,0107 


94.632 
0.0106 


95.583 
0.0105 


96.544 
0,0104 


97-514 
0.0.03 
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4.6 


^ 


99-484 


1 00. 48 


101.49 
0.0099 


i°^i 


103-54 
0.0097 


104.58 
0.0096 


105.64 
0.009s 


106.70 
0.0094 


107.77 
0.0093 


108.83 
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109-95 
0.0091 


1 11.05 
0.0090 


0.0089 
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0.0087 


0.0086 


.17.92 
0.0085 


-a: 


i'S^ 




4.8 


<* 


121.51 
0.008J 


132.73 

0.0081 


113.97 
0.0081 


IIS-21 
0.0080 


.26,47 
0.0079 


;s;j 


0.0078 


.30,32 
0.0077 


S'^ 


'32-95 
0.007s 




4-9 




134- J9 
D.0074 


135.64 


137.00 
0.0073 


138.38 
0.0072 


139.77 
0.0072 


141..7 
0.0071 


142.59 
0.0070 


144.03 
0.0069 


145-47 
0.0069 


146.94 
0.0068 




S-o 


«* 
«- 


148.41 
0.0067 


149-9° 


151.4' 

0.0066 
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iSi: 


157.59 
0.0063 


■59- 17 
0.0063 


160.77 


162.39 




S-i 


:- 


164.02 
0.0061 


165.67 


iSS 


.69,02 

O.OOS9 


.70.72 
0.0059 


s;i 


174.16 
0.0057 


175-91 
0.0057 


.77.68 
o,ocs6 


179-47 
0,0056 




S.2 


t' 


18..J7 
0.0055 


183.09 
0-0055 


184-93 
0.0054 


.86.79 
0.0054 


188.67 
O.OD53 


190.57 
0,0052 


192.48 
0.00s 2 


194.43 
0,0051 


196,37 
0.0051 


98-34 
0.0050 




S.3 


«- 


300.34 
0.0050 


203.3 5 
0.0049 


304.38 
0.0049 


106.44 
0,0048 


208,51 
0,004s 


210.61 
0.0047 


212.72 


o,'<^7 


217,03 


19-20 
3,0046 




5.4 


e' 


0.004s 


233.63 
0.0045 


335,88 
0,0044 


328,15 

0,0044 


230.44 
0,0043 


232.76 
0,0043 


235-10 
0.0043 


237,46 


339.8s 
0.0043 


42,36 
3.0041 




S-S 


^ 


=44.69 
0.0041 


247.15 
0.0040 


349,64 


353.14 


354.68 
0.0039 


257-24 
0.0039 


259-82 
0.0038 


262.43 
0.0038 


365.07 
0,0038 


67.74 
J.003J 




S.6 


^ 


270.43 
0.0037 


373-14 
0.0037 


275.89 
0.0036 


378.66 

0.0036 


381.46 


3^4,29 
0,003s 


287.15 
0.0035 


290.03 
0.0034 


292,9s 
0,0034 


95.89 
1.0034 
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e' 


298.87 
0.0033 


301.87 
0.0033 


304.90 
0.0033 


307-97 
0.0032 


3J.-06 
0,0032 


314.19 
0.0033 


317-35 
0,0032 


320,54 
0.0031 


323.76 
0.0031 


27.01 
.0031 




5-8 


(* 


330.30 
0.0030 


333.62 
0.0030 


336-97 
0.0030 


340.36 

0.0029 


343.78 
0,0029 


347-23 
0,0029 


350.73 
0.0029 


354.25 
0.0028 


357.81 
0.0028 


61,41 
.oosS 




5.9 


,* 


365.04 
0.0027 


368.71 
0,0027 


372.41 
0.0027 


376,15 


379.93 


383.7 s 
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dou 
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a 
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A 
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if 
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34375 
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) 
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} 
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u 
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u 
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0.21875 
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Nu 
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a c 


Xi 
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Pi 


E t 
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Tau 
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Theta 
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Upsilon 
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» ^ 


Phi 


K , 


Kappa 


X X 


Chi 


A k 


Lambda 


t f 


Psi 


M ,. 


Mu 


a «i 


Omega 
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Length of an 


(L), length of chord (C), hei^t of s^ment (H) and srett 




Circle of radius (R) 


9 


L 


c 


H 


A 
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0.017 
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46 
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035 










47 
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OOOOI 


48 
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04731 
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49 
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SO 
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■OS 
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7 
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52 
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0.877 





IOI2 
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8 
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S3 


0,925 
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» 
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» 
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54 
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00044 


55 


0,960 
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1 130 
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00059 


56 


0,977 


0.939 




II71 




07417 


13 
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209 





OOS5 





00076 


57 


0.99s 


0.954 










07808 
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227 
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0064 





00097 


58 


1.012 


0.970 





1254 
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2H 
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59 


1.030 
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1296 
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0086 





00149 


60 


1.047 







1340 
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27S 





0097 





OOI8I 


61 


1.06s 


1-015 





1384 
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297 
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62 


I.oS2 


1.030 




1428 
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iS 





314 


° 
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» 
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° 
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63 
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1.045 





1474 
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0137 





00302 


64 
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1.060 
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349 




347 




0153 




00352 


6S 


I -134 


1.075 




1566 




1140S 


31 





367 





364 





0167 





00408 


66 


1.132 


1.089 





1613 





11919 


22 





384 





382 





0184 





00468 


67 


1-169 


1,104 
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12443 


33 




401 




399 








OOS3S 


68 


1.187 


1,118 




1710 




12982 
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416 





0319 





00607 


69 


1.204 


1.133 





1759 





13S3S 


25 





436 





433 





0^37 





00686 


70 


1.222 


1.147 





1808 





14102 


26 
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4SO 




0256 




00771 


71 


1,239 


1,161 




1859 




14683 


37 





471 





467 





0276 





00862 72 


1.257 


1,176 





1910 





■5279 


38 





489 





484 





0297 





00961 73 


1.274 


1,190 





196. 





.5889 


29 




S06 




501 




0319 




01067 74 


1.29* 


1.204 




2014 




16514 


30 





524 





518 





0341 





01180 75 


1.309 


1.318 





3066 





17154 


31 





541 





534 





0364 





01301 76 


i,3s6 


1,231 





2130 





17808 


32 




559 




5SI 




0387 




01429 77 


1.344 


1.245 




2174 




18477 


33 





576 





568 





0412 





01566 78 


1.361 


1.2S9 





2239 





19160 


34 





593 





S85 





0437 





01711 79 


1.379 


1.372 





2384 
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35 
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601 




0463 




01864 80 


1.396 


1,286 




2340 
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36 





628 





618 
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02027 81 


1.414 


1.299 
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0517 
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82 
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a 
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38 
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651 
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02378 


83 


1.449 


1.32s 
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° 
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0574 





03568 


84 


1,466 


1.338 
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23578 
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85 
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24367 
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0633 




02976 


86 


1.501 


1.364 




2686 




25171 


42 
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0664 





0319s 


87 


1.518 


1.377 





2745 





25990 


43 
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0342s 


88 


1-536 


1.389 
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36835 


44 
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03664 


89 


1553 


1.402 
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27677 


45 


0.785 
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0.076. 
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90 
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1,414 


0,2929 


0,28540 1 



Leagfii of arc (L), lengtb of chord (C), height of segment (H) and area 
of B^ment (A) subtending an angle (9) in a drde of radius (R) 
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3"6 


• 
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• 
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3639 
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° 
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* 
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1.932 


^ 


73*8 
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'74 


3,002 
3.OJ9 
3-037 


1-995 
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'7S 
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Wrists of MBteriats 
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Air* 

acetylene gas * 

alabaster 

alcohol 

alununum, pure 

antimony 

asbestos 

aspbaltum 

basalt 

bismuth 

bromine 

Cadmium 

caesium 

calcium 

carbon 

" bisulphide 

" dioxide* 

" monoxide • 

celluloid 

chalk.. y,'.'.'.'.'.'.'.'.'..... 

charcoal 

chlorine * 

chromium 

clay, hard 

" soft.... 

coal, anthracite 

" bituminous 

cobalt 

columbium 

concrete (i : a: i) 

" (i:ii:3).... 

" (1 = 3:55 



copper, pure. . 



Feldspar. . 

flint 

fluorine *.. 



530-563 
6J-I0S 
^3-32 



granite 

gum arabic — 

gun metal 

gutta percha. . 
gypsum 

Hydrogen*.,. 



gray cast... 
white cast., 
wrought 



limestone. . 
lithium. . . . 



I aCmosphehc pressure. 



Wflic^ts of Materiiils 



mortar, hard 

Naptha 

nickel 

aitrogen* 

nitrous oiide • 

Oil, cotton-seed 

" lard 

" linseed 

" lubricating 

" petroleum 

" transfonner 

" turpentine 

osmium 

oxygen * 

Palladium 

paper; 

paraffin 

phosphorus 

plaster of Paris 

pi""™™ 

porcelam 

potassium 

pumice stone 

Quartz 

Resin 

rhodium 

rubber, pure 

" compound., 
" ebonite 

rubidium 

ruthenium 

Salt 

sandstone 

selenium 

silicon 

snow, fresh fallen . . . 
" wet compact. 

soapstone 

sodium 

spermaceti 



60.1 
57.4 
S8.8 

S6.3-S7-7 
54-8- 

S2-6-S4. 
54-3 
57.3 

0.089s 



steel , 

strontium. . 



58,0-60.5 
74 ■ 9-78 .c 



15-50 

162-175 

60. s 



tellurium . . 
thallium.. . 
thorium 



turf 

Uranium 

Vanadium 

Water, man. dens... 



wood, ash 

" bamboo 

" butternut.. 

" chestnut 

" cypres 






fir.. 

hemlock 

hickory 

lig. vibe. . , . 
mahogany.. 



red wood. . 

walnut.. .. 
willow 



0° Cent, iiad atmospheric presaiue. 
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Coefficients d discharge (e) for circular orifices, with full contractions * 
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Coefficients of discharge (c) for square orifices 


with full contractioos * 
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Friction Factors 
Values (tf friction factor (/) for clean cast-iron [npes • 
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• From RoBcU's " Teitbaolc on HTdniulics.'; 





Values of friction factor (J) for old e 


ist-iron pipes • 
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s of coefficients (c) in Bazin's Formula • 
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PropertieB of Saturated Steam * 
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Average values (o° to loo" Cent.) of c in the formula, Q« kda (ti — ti), 

C being measured in gram-calories per gram per degree Cent, or Britiab 

thermal units per pound per degree Fahr. See page 183. 
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alcohol ilo'C.) 

aluminum 

ammonia (liq. o'C.) . . 



bronze 

Carbon, gas 

carbon, graphite. . 
carbon oionide '. . . 
carbon dioxide t- - . 
carbon monoxide *. 
carbon monoxide f- 
cement, Portland. . 

chalk 

chloroform (liq. 30° C.). 
" (gas 100° ' ° '^ ~ 

cobalt 

copper 

cotton 

Glass 

Hydrogen*. . 
hydrogen t... 



O- 



Lead.... 
Marble. . 



Nickel 

nitrogen *. . 
nitrogen t- . 



Paraffin 

petroleum 

platinum 

Rubber, hard 

Selenium , 

steam (100° to aoo° C.)*. 

steel 

Tantalum 

tungsten 

Water (30° C.) 

Zinc 
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Abbreviations, mathematical, 232 
Acceleration, linear, 68 

" angular, 70 

Adiabatic change, 154 
Admittance, electrical, 214 
Air compressors, 173 
" energy to heat, 180 
" expansion of, 152 
" flow through pipes, 161 
'* humidity of, 180 
" refrigeration, 175 
Algebra, i 

Allowable stress, 114 
Alternating currents, harmonic, 209 
Alternating currents, non-harmonic, 

318 
Alternating currents, three-phase, 215 
Alternating-current machinery, 222 
Analytic geometry, plane, 20 
" " solid, 29 

Angle of repose, lOi 

" " sliding friction, 103 
" " static friction, lOi 
Angles, structural ateel, 84, 139, 131 
Annuities, 7 
Area of circles, 238 

" " circular segments, 280 
" " plane figures, 15, 52 
" " surface of solids, 18, 54 
Annature reaction, d.-c., 220 
a.-c., 223 

Bazin (channel) formula, 149 
Beams, 119 

" under various loadings, 121 
Bearings, pivot, 105 
Belt friction, 106 



Bending it 

" strength, table, II4 
Bernouilli's theorem, 141 
Binomial equation, 6 

" expansion, I 

Biquadratic equation, 5 
Blowers, 181 
Boilers, 169 
Boiling points, 293 



Calorimeters, 167 

Canals, 148 

Capacitance, electrical, 198 

Cardioid, 27 

Carnot cycle, 165 

Catenary, 17, 26,67 

Center of gravity, 74 
" " percussion, 97 
" ■ " pressure, 138 

Channel coefficients, 287 

Channels, structural steel, 85, 133 

Chezy (channel) formula, 148 

Chimney draft, i8r 

Chords, length of, 280 

Circle, 16, 21, 81, 280 

Circuits, direct current, 200 
" a.-c., single-phase, 209 
" a.-c., three-phase, 215 

Circular areas, 238 
" motion, 69 

Circumferences of circles, 238 

Cissoid, 24 

CoefRcient of expansion, 292 
" " friction, I 

Columns, 135 

Complex quantities, 61 



103 



312 



Compressed air engines, 175 
Compression refrigeration, 177 
Compressive strength, table, 114 
Condensers, electric, 199 

steam, 167 
Conductance, electrical, 3oi, 313 
Conductivity, thermal, 179, 182, 394 
Conductors, resistance of, 297 



Cone 



(,93 



Conic, 33 
Conversion factors, 296 
Converter, synchronous, 225 
Cosecant curve, 25 
Cotangent curve, 25 
Couple, loS, III 
Cube, 18, 89 
Cubes of numbers, 238 
Cube roots of numbers, 238 
Cubic equation, 4 
Cubical parabola, 24 
Curvature, radius of, 33 
Cycloid, 17, 27 
Cylinder, 18, 90 

Decimal equivalents, 279 
Degrees to radians, 258 
Derivatives, table, 31 
Dielectric constants, 297 
Differential calculus, 31 

" equations, 56 

" gage, 140 

Direct currents, 200 
Direct-current machinery, 230 
Dynamic action of jets, 150 
Dynamos, 220 

Eddy current loss, 226 
Elastic curve of a beam, 120 

" limit, 114 
Electricity, 184 
Electromagnetism, 187 
Electromotive force, 200, 220, 23 
Electrostatics, 195 
Ellipse, 17, 23, 83 
^lipatdd, 19, 92 . 
Enwgy, kinetic, 95, 97, 98 

" potential, 95 



Engine, compressed air, 175 
" internal combustion, 171 
" steam, 165 

Entropy, 154 

Epicycloid, 27 

Equilibrium of forces, ill 

Euler (column) formula, 135 

Expansion, linear, 183 

Exponential curve, 26 
series, 35 

Factor of safety, 114 

Factors, 2 

Fans, 181 

Field intensity, electrostatic, 195 

" " magnetic, 184, 188 

Flow in open channels, 148 

" of fluids, 160 

" " gases, 161 

" " saturated vapor, 162 

" " superheated vapor, 164 

" through pipes, 146 
Flux density, electrostatic, 197 

" " magnetic, 186 

Force, 94 

Forces, parallelc^ram of, 108 
" triangle of, 108 
" parallelopiped of, 109 
Friction, loi 

Friction factors (pipes), 386 
Fteley and Stearns (weir) formula, 145 
Fuels, 170 
Functions of angles, 8 

Gas engines, 171 
Gases, perfect, 152 
Generator, direct-current, 220 
Generator, alternating-current, 222, 

238 

Girders, 119 

Gordon (column) formula, 135 

Grate area, 170 
Greek alphabet, 279 

Hamilton Smith (weir formula), 145 
Harmonic alternating currents, 209 



Heat, 153 

Heating o{ buildings, 179 

Helix, 30 

Humidity, 180 

Hydraulic gradient, 148 

Hydraulics, 138 

Hydrodynamics, 141 

Hydrostatics, 138 

Hyperbola, 33 

Hyperbolic functions, 65; table, 272 

Hypocycloid, 27 

Hystereus loss, 1S7 

I beams, structural steel, 84, 137 
Impact, 107 

Impedance, electrical, 3io, 314, 220 
Impulse, linear, 95 

angular, 96 
Inclined plane, 103 
. Indeterminates, evaluation of, i, 37 
Induction machines, 228 
Inertia, moment of, plane, 75 
" " " polar, 77 

" " " solid, 87 

Inductance, self', 193 

" mutual-. 194 

Injectors, 168 



[13,99 



I: 

Insulatio 

Integral calculus, 39 

" table, 40 
Integrals, definite, 51 
Intensity of stress, II3, II4 
Interest, 7 

Internal combustion engines, 171 
Inverse. trigonometric functions, il 
Involute, 38 
Isothermal change, 153 

Kelvin's law, 306 

Kinematics, 68 

Kinetics, 94 

KirchhofI 's laws, 304 

Kutter (channel) formula, 149 

Lemniscate, 38 

Length of circular arcs, 380 



Linear expansion. 183 
Li^arithnuc curve, 36 
series, 35 
Logarithms, base 10, 3; table, 234 
" base t, 3; table, 236 

" of trigonometric func- 

tions, 366 

Madaurin's theorem, 34 
Magnetism, 184 
Magnetization curves, 296 
Magnetomotive force, 190 
Mass, 74 

" center of, 74 
Mathematics, i 
Maximum and minimum, 33 
Mechanics, 68 
Melting points, 393 
Mensuration, plane. 15 
" solid, 18 

Modulus of elasticity, 114, II5 
Moment, 74, 96. no 

" of inertia, plane, 75 
" " polar. 77 

' solid, 87 

" ."momentum, 96 
Momentum, linear, 95 

" angular, 96 

Motion, laws of. 94 
Motors, direct -current, 220 

" synchronous, 222 

" induction, 328 
Mutual-inductance. 194 

Natural sines, etc^, 260 
N-leaved rose, 38 
Neutral axis, beam, I30 

" plane, beam, 119 
Non-harmonic alternating 
318 

Ohm 's law, 303 
Orifices, 142 
Orifice coefficients, 284 
Oscillatory wave, 36 

Parallel circuit, d.-c., 203 



314 



Parabola, 17, 33,;B3 
Paraboloid, 19, 93 
ParaUelogram, 15 
Partial derivatives, 38 
Pendulum, 99 
Perfect gases, 152 
Permeability, magnetic, 186 
Percus»on, center of, 97 
Phase angle, an, 214 
Pipes, flow in, 146 
Pivot friction, 105 
Plane sections, properties of, 78 
Points of inflection, 34 
Poiaaon '9 ratio, 114 
Polar coordinates, 20 
Polygon, 16 

Polynomial expansion, 2 
Potential difference, d.-c., 303 
" a.-c., ai3 
Power, 95 
Power factor, a 
Powers and roo 
Pratt truss, Ii3 
Principal axes, plane, 77 

" " solid, 88 

Prism, 18, 89 
Prismatoid, 19 
Product of inertia, plane, 76 

" " " solid, 87 






Projectile, path of a, 71 
Prony brake, 101 
Properties of materials, 1 13 

" ;; pl.m Kction,, ; 

" ' various solids, 8 
Pumps, 183 
Pyramid, 18, 93 



: equation, 4 



Quadra 

Radians to degrees, 258 

Radius of curvature, 33 

" " gyration, plane, 76 
" " " solid, 87 

Ranldne cycle, 165 

Ratio and proportion, 2 

Reactance, electrical, 210, 214, 330 



Reaction, armature, 220, 223 
Reciprocals of numbers, 238 
Rectangle, 15, 79 
Rectangular coordinates, 30 
Rectilinear motion, 68 
Refrigeration, air, 175 



Reluctance, magnetic, 187 
Resistance, electrical, aoi, 214, 219 
Resistivity, electrical, 201; table, 297 
Riveted joints, 116 
Rolling friction, 106 
Roof truss, 113 
Rotation, 96 

Safety valves, 168 
Saturated steam, 155 

" vapor, 155 
Screw, square-threaded, 104 
" sharp-threaded, 104 
Secant curve, 25 
Section modulus, beam, 135 
Segments, area of, 380 

" height of, 300 

Self-inductance, 192 
Semicubical parabola, 24 
Series, 35 
Shafts, 136 
Shearing strength, table, 114 

Sinking fund, 7 
Slope of a curve, 33 
Sliding friction, 103 
Solid angle, 19 
Specific heat, 183 

" " table, 291 
Sphere, 19, 91 
Spirals, 28 . 
Square, 15, 78 

" roots of numbers, 338 
Squares of numbers, 238 
Static friction, 101 
Statical moment, plane, 74 
Statics, 107 
Steam engine. 165 

" table, 288 
Straight line, 21 , >a\c 



Strain, 115 
Stray power, aai 
Strength of material, 113 

" " riveted joints, 117 
Stress, 113 

Stress-strain diagram, 115 
Stresses in framed structures, 1 12 
Strophoid, 34 
Structural shapes, 127 
Structures, reactions in, 112 
Susceptance, electrical, 213 
Superheated ateam, 159 

" vapor, 159 

Symbols, mathematical, 232 
Synchronous converter, 225 . 

" machines, 222 

Tangent curve, 25 
Taylor's theorem, 34 
Temperature coefficient of expan^on, 
183; table, 293 
Temperature coefficient of resistance, 
201; table, 297 
Tensile strength, table, 114 
Thermal conductivity, 179, 182, 294 

" properties, 182 
Three-moment equation, 124 
Three-phase circuits, 215 
Torque, 96, 188, 221 
Torus, 20, 92 
Transformers, 226 
Transient currents, 206 
Translation, 94 

" and rotation, 98 

Transmisuon line, d.-c, 205 

" " a,-c., single-phase, 

315 



Transmission line, a.-c., three-phase. 

218 
Trapezium, 16 
Trapezoid, 15. 80 
Triangle, oblique, 14, 80 
" plane, 13 
right, 13 
Trigonometric functions, 8 

, " " table, 260 

" equation, 12 

Trigonometry, 8 
Trusses, 112 

Ultimate strength, table, II4 

Values of ^ and «'^, 276 
Vapor, saturated, 155 

" superheated, 159 
Vectors, 62 
Velocity, linear, 6ft 

angular, 69 
Ventilation, 179 
Venturi meter, 146 
Vertical shear, 119 

Wedge, 104 

Weights of materials, 2S2 
Weir coefficients, 285 
Weirs, 144 
Wire table, 295 
Witch, 24 
Work, 95, 97, 98 
Working stress, II4 

Yield point, 1 14 
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